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Foreword

The book is devoted to investigating the particles with spins in external fields and non-
Euclidean space-time backgrounds. The key problems are:

Extended Cox scalar particle in the external magnetic field in the spaces of constant
curvature: Euclid, Riemann, Lobachevsky; the Cox particle in the Coulomb field; the tun-
nelling effect through the Schwarzschild barrier for a spin 1/2 particle; electromagnetic field
in Schwarzschild space-time, matrix Duffin – Kemmer and Majorana – Oppenheimer ap-
proaches; the spin zero particle with polarisability in the Coulomb field; the Dirac particle
in the Coulomb field on the background of hyperbolic Lobachevsky and spherical Riemann
models; particles with spin 1 in the Coulomb field; geometrical modelling of the media in
Maxwell electrodynamics; P-asymmetric equation for a spin 1/2 particle in external fields;
fermion with two mass parameters in the Coulomb field; the theory of a fermion with three
mass parameters and the geometric modelling of the neutrino oscillations. In the book
there will be presented a number of exact solutions for new problems in electrodynamics, in
quantum-mechanics of particles with different spins in presence of external electromagnetic
fields and curved space-time background. The book will provide the readers with many
technical tools for treating the physical problems and a number of new physical ideas.

The book may be interesting for researchers; it may well serve as a pedagogical tool for
either self study or in courses at both the undergraduate and graduate levels. Bibliographies
complete many chapters, and an index covers the entire book.
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Preface

The book is devoted to investigating the particles with spins in external fields and non-
Euclidean space-time backgrounds.

Chapter 1. An extended Cox scalar particle in the external uniform magnetic field on the
background of the Lobachevsky space. Generalised Schrödinger equation for a scalar Cox
particle is studied in the presence of a magnetic field on the background of a 3-dimensional
Lobachevsky space. Separation of the variables is performed. An equation describing motion
along the axis z turns out to be much more complicated than that when describing the Cox
particle in Minkowski space. The form of the effective potential curve says that we have
a quantum-mechanical problem of tunnelling type. The derived equation has six regular
singular points. To the physical domains z = ±∞, there correspond the singular points
0 and 1 of the derived equation. Solution of the equation are constructed with the help
of power series. Convergence of the series is examined by Poincaré–Perron method. These
series are convergent in the whole physical domain z belongs (−∞,+∞). Visualisation of
constructed solutions and numerical study of the tunnelling effect are performed.

Chapter 2. An extended Cox scalar particle in the external uniform magnetic field on
the background of the spherical Riemann space. Generalised Schrödinger equation for a
spin zero particle with intrinsic structure by Darwin–Cox is studied in the presence of a
magnetic field on the background of 3-dimensional spherical Riemann space. The separation
of the variables is done. An equation describing the motion of the particle along the axis z
is studied. The form of the effective potential indicates that we have a quantum-mechanical
problem with the complicated box-type potential. Frobenius solutions of the equation are
constructed. The convergence of the relevant series is proved by Poincaré–Perron method.
These series are convergent in the all physical domain of the variable z, which belongs
to [−π/2,+π/2]. Due to the compactness of the spherical space, the existence of discrete
energy levels is assumed; however, any exact quantization rule is not known. An approximate
method for producing the discrete spectrum for energy is developed, it is based on the use of
polynomials instead of power series involved in exact Frobenius solutions. Numerical study
and visualisation of constructed solutions are performed.

Chapter 3. Quantum-mechanical scalar particle with the Cox structure in the Coulomb
field. Generalised Klein–Fock–Gordon equation for a scalar particle with the Darwin–Cox
structure, which takes into account the distribution of the electric charge of the particle
inside a finite spherical region is studied in the presence of the external Coulomb field.
There are constructed exact Frobenius-type solutions of the derived equations, and the
convergence of the relevant power series with 8-term recurrent relations is studied. As the
analytical quantization rule takes so-called transcendency conditions. It provides us with
a 4th-order algebraic equation with respect to energy values, which has four sets of roots.
One set of roots, 0 < Enj < 1, depending on the angular momentum j = 0, 1, 2, ... and the
main quantum number n = 0, 1, 2, ..., may be interpreted as corresponding to some bound
states of the particle in the Coulomb field. In the same manner, a generalised nonrelativistic
Schrödinger equation for such a particle is studied, and the final results are similar.

Chapter 4. The tunnelling effect through the Schwarzschild barrier for a spin 1/2 par-
ticle. For massless Dirac particle, the general mathematical and numerical study of the

xi



xii Preface

tunnelling process through the effective potential barrier generated by Schwarzschild black
hole geometry is done. The study will be based on the use of eight Frobenius solutions
of related 2nd-order differential equations with nonregular singularities of rank 2. We con-
struct these solutions in explicit form and prove that the power series involved in them are
converged in all physical regions of the physical region of the variable r, which belongs to
(1,+∞). Results for the tunnelling effect significantly differ for two situations: one when the
particle falls on the barrier from within and another when the particle falls from outside.
The mathematical structure of the derived asymptotic relations is exact; however, analyt-
ical expressions for involved convergent powers series are not known, and further study
is based on numerical summing of the series. The calculations are implemented using the
Mathematica system.

Chapter 5. On Maxwell equations in Schwarzschild space-time. It is shown that the
generally covariant extended method of Riemann–Silberstein–Majorana–Oppenheimer in
electrodynamics, specified in Schwarzschild metrics, after separating the variables provides
us with the possibility to reduce the problem to a differential equation similar to that arising
in the case of a scalar field in the Schwarzschild space-time. This differential equation is
recognised as a confluent Heun equation. We have considered the electromagnetic field on the
basis of the 10-dimensional Duffin–Kemmer approach, when in addition to six components
of the strength tensor one uses four components of an electromagnetic potential. After the
separation of the variable, we have arrived at a system of ten radial equations, which were
simplified by the use of additional constraints followed by an eigenvalue equation for spatial
parity operator Π̂Ψ = PΨ; the radial system has been divided into two subsystems of four
and six equations, respectively. In this second approach, the problem of electromagnetic
field has been reduced to the confluent Hein differential equation as well. In particular,
we have shown explicitly how solutions found in complex form are embedded into matrix
10-dimensional formalism; besides, we determine radial functions that are responsible for
gauge degrees of freedom.

Chapter 6. Quantum mechanical spin-zero particles with polarisability in the Coulomb
field, analytical, and numerical consideration. Methods for solving the differential equation
describing the wave functions of a polarisable particle in the Coulomb potential are dis-
cussed. Relations between the coefficients under which the general solutions of this equation
can be found in analytical form are detailed. For the case of zero polarisability, the general
solution to this equation in terms of special functions is obtained; for the first values of
the parameter j, plots of the corresponding solutions are presented. For nonzero polarisabil-
ity and certain specially chosen values of the parameters, solutions possessing the required
physical properties are constructed with the use of numerical methods and functional ob-
jects of the type Differential Root. Instructions in Mathematica are presented which permit
to apply elaborated methods in studying other problems in physics and mathematics.

Chapter 7. Dirac particle in the Coulomb field on the background of hyperbolic
Lobachevsky and spherical Riemann models. The known systems of radial equations de-
scribing relativistic hydrogen atom on the basis of Dirac equation in spherical Riemann
spaces are investigated. The relevant 2nd-order differential equations have six regular sin-
gular points, there solutions of Frobenius type are constructed. To produce the quantisation
rule for energy values, we use the known condition separating transcendental Frobenius so-
lutions. This provides us with energy spectra which are physically interpretable and similar
to those arising from the scalar Klein–Fock–Gordon equation in these geometrical models.
The spectra coincide with those previously found when studying the same radial equations
within the semi-classical method. The convergence of the series involved is proved analyt-
ically and numerically. The squared integrability of solutions is demonstrated numerically.
Visualisation of the results is given.
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Chapter 8. Particles with spin 1 in the Coulomb field, exact wave functions, and the
energy spectra. We have studied the system of six equations which describe the quantum
states of a spin 1 particle with parity P = (−1)j in an external Coulomb field. It is shown
that, due to the Lorentz condition, one of the radial functions must be equal to zero. Any
of the five remaining functions may be taken as a primary one. For such a primary func-
tion, we derive two different 2nd-order differential equations. Their Frobenius solutions are
constructed, and the convergence of the involved power series is studied. As a quantisation
rule, we apply so called transcendency condition to Frobenius solutions. In this way, for
both equations, we have found different reasonable, from physical point of view, energy
spectra.

Chapter 9. Geometrical modelling of the media in Maxwell electrodynamics. It is known
that vacuum Maxwell equations are being considered in the background of any pseudo-
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but
specified in some effective medium, which constitutive relations are determined by metric of
curved space-time. In that context, we will consider space-time models with event horizon.
All of them have a metric of one the same structure, we restrict ourselves to spherically
symmetric case, and consider the de Sitter, anti de Sitter, and Schwarzschild models. Also
we will study hyperbolic Lobachevsky and spherical Riemann models, parameterised coor-
dinates with spherical and cylindric symmetry. We will construct these solutions explicitly,
applying Maxwell equations in spinor form.

Chapter 10. The P-asymmetric equation for a spin 1 particle in external fields. Within
the theory of relativistic wave equations with extended sets of Lorentz group representations,
a new P-noninvariant 20-component wave equation for the spin 1/2 particle is proposed.
The presence of an external electromagnetic field and a Riemannian space-time background
have been taken into account. Due to internal structure of the particle, additional interaction
terms appear, it relates to anomalous magnetic moment of the particle. Exact solutions of
the equation in presence of the external Coulomb field have been constructed, radial wave
functions are expressed in terms of confluent Heun functions.

Chapter 11. Fermion with two mass parameters in the Coulomb field, relativistic and
non-relativistic theories. Generalised wave equation for a spin 1/2 particle with two mass
parameters is studied in the presence of an external Coulomb field. After separating the
variables the problem reduces the system eight differential equations of the 1st-order. Taking
into account the diagonalisation of the space reflection operator, we derive two independent
systems of four equations, referring to states of opposite parity. When considering these
equations on a large distance from the centre, they take the form of two subsystems for two
ordinary Dirac particles in an external Coulomb field, with masses of M1 and M2, respec-
tively. To simplify the problem, we perform a transition to the nonrelativistic description
of the system. In this way, we derive two systems of linked 2nd-order equations, referring
to states with different parities. They lead to 4th-order differential equations for separate
functions. Their solutions of the Frobenius type have been constructed; they involve power
series with 10-term recurrent relations. Two solutions are appropriate to describe bound
states. As a quantisation rule, we apply the known transcendency condition; in this way,
we derive two analytical formulas for energy spectra. They are similar to nonrelativistic
spectra for ordinary spin 1/2 particles, but are governed by masses M1 and M2. Results on
constructing solutions end obtaining the energy spectra are extendable to relativistic theory
as well.

Chapter 12. On modelling neutrinos oscillations by geometry methods in the frames of
the theory for a fermion with three mass parameters. In this chapter, starting from the
general Gel’fand–Yaglom approach a new wave equation for spin 1/2 fermion, which is
characterised by three mass parameters, is derived. On the basis of the 20-component wave
function, three auxiliary bispinors are introduced. In absence of an external field, these
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bispinors obey three separate Dirac-like equations with different masses M1, M2, and M3.
It is shown that in the presence of external fields, electromagnetic fields, or gravitational
non-Euclidean backgrounds with non-vanishing Ricci scalar curvature, the main equation
is not split into separated equations; instead, a quite definite mixing of three Dirac-like
equations arises. It is shown that a generalised equation for a Majorana particle with three
mass parameters exists as well; such a generalised Majorana equation is not split into three
separate equations in a curved background if the Ricci scalar of the space-time model does
not vanish.

Chapter 13. The eigenvalue problem for the helicity operator for a spin 2 particle in the
presence of an external magnetic field. The explicit form of the helicity operator for a sym-
metric 2nd-rank tensor describing the spin 2 particle is specified in cylindrical coordinates.
After separating the variables the system of 10 differential 1st-order equations is derived. It
is split into two independent subsystems of four and six equations. The system of four equa-
tions is solved straightforwardly in terms of confluent hypergeometric functions; there are
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be reduced
to one ordinary differential equation of the 4th-order. The corresponding 4th-order operator
is factorised into permutable 2nd-order operators, so the problem reduces to solving two
differential equations of the 2nd-order. Their solutions are constructed in terms of Bessel
functions. This analysis is extended to the presence of an external uniform magnetic field
when solutions are constructed in terms of confluent hypergeometric functions.
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1

Cox scalar particle in the magnetic
field in the Lobachevsky space

Generalised Schrödinger equation for scalar Cox particle is studied in presence of
magnetic field on the background of 3-dimensional Lobachevsky space. Separation
of the variables is performed. An equation describing motion along the axis z turns
out to be much more complicated than that when describing the Cox particle in
Minkowski space.

The form of the effective potential curve says that we have a quantum-mechanical
problem of tunnelling type. The derived equation has six regular singular points. To
physical domains z = ±∞, there correspond the singular points 0 and 1 of the
derived equation. Solution of the equation are constructed with the help of power
series. Convergence of the series is examined by Poincaré–Perron method. These
series are convergent in the whole physical domain z ∈ (−∞,+∞). Visualisation of
constructed solutions and numerical study of the tunnelling effect are performed.

The chapter is based on [1–14].

1.1 Introduction

In the frames of the theory of generalised relativistic wave equations, a special model for
scalar particles was proposed by Cox [1]. Updated treatment of this theory has been seen
in a recent book [2]. Such wave equations, being constructed on the basis of extended sets
of representations of the Lorentz group, in the presence of external electromagnetic fields,
describe after excluding additional components particles which interact non-minimally and
in various ways with the electromagnetic field through electromagnetic tensor. Such addi-
tional interaction terms are referred to intrinsic electromagnetic structure of the particle.
In particular, the Cox electromagnetic structure may be associated with the Darvin inter-
action term in nonrelativistic Schrödinger equation, this additional interaction is related to
the non-point-like distribution of the electric charge in the finite volume inside the particle
(see, for instance, in the book [3]. In recent papers [4, 5], the behaviour of such a particle
in external magnetic and electric fields, and in spaces with non-Euclidean geometry was
studied. In particular, a generalised Schrödinger wave equation for the Cox particle was
derived.

In this chapter we examine the Cox particle in external magnetic field on the background
of 3-dimensional Lobachevsky space. Influence of the curved space model becomes very
significant at large distances. The problem reduces to a rather complex system of differential
equations in two variables. The main attention is paid to studying the equation describing
the motion of the particle along the axis z. Here we are to examine the quantum tunnelling
effect through an effective barrier.
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2 Cox scalar particle in the magnetic field in the Lobachevsky space

In the special system of cylindric coordinates in the Lobachevsky space, analogue of the
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates):

dS2 = c2dt2 − ch2z(dr2 + sh2rdφ2) + dz2,
√
−g = ρ3 sh r ch2z, Aφ = −Bρ2(ch r − 1), Frφ = −Bρ sh r,

B3 = −Bρ sh r, B3 = − B

ρ sh r ch4z
, BiB

i = B2ch−4z. (1.1)

We start with the known form of the generalised Schrödinger equation for a Cox scalar
particle

DtΨ =
1

2Mρ2

[ ◦
D1

∗
D1 +

◦
D2

1

sh2r

∗
D2 +

◦
D3

∗
D3

]
Ψ,

where
D1 = i~∂r, D2 = i~∂φ +

e

c
Bρ2(ch r − 1), D3 = i~∂z,

◦
D1= i~(∂r +

ch r

sh r
),

◦
D2= i~∂φ +

e

c
Bρ2(ch r − 1),

◦
D3= i~(∂z + 2

sh z

ch z
),

∗
D1=

1

1 + Γ2B2ch−4z

[
i~∂r −

ΓBch−2z

shr
(i~∂φ +

e

c
Bρ2(ch r − 1))

]
,

∗
D2=

1

1 + Γ2B2ch−4z

[
(i~∂φ +

e

c
Bρ2(ch r − 1)) + i~ΓBch−2z sh r∂r

]
,

∗
D3=

(D3 + Γ2B3 B3D3)

1 + Γ2B2ch−4z
= i~∂z.

Below we use notations Bρ2/~c = bt, ΓBch−2z = γ(z). With the use of the relations

1

2Mρ2

◦
D1 g

11
∗
D1= − ~2ch−2z

2Mρ2(1 + γ2(z))

×
(
∂2
r + (

ch r

sh r
+ iγ(z)b

ch r − 1

sh r
)∂r −

γ(z)

sh r
∂r∂φ + iγ(z)b

)
,

1

2Mρ2

◦
D2 g

22
∗
D2= − ~2ch−2z

2Mρ2(1 + γ2(z))

×
[ 1

sh2r
[∂φ − ib(ch r − 1)]2 + γ(z)[∂φ − ib(ch r − 1)]

1

sh r
∂r

]
,

1

2Mρ2

◦
D3 g

33
∗
D3= − ~2

2Mρ2
(∂z + 2

sh z

ch z
)∂z.

and of the substitution for wave function

Ψ = e−iEt/~eimφZ(z)R(r), ε =
E

~2/2Mρ2
; (1.2)

we derive the following equation (by physical reason we make the change γ =⇒ iγ)[ ch−2z

1− γ2(z)

(
∂2
r +

ch r

sh r
∂r −

[m− b(ch r − 1)]2

sh2r
+ bγ(z)

)
+ε+ (∂z + 2

sh z

ch z
)∂z

]
R(r)Z(z) = 0. (1.3)
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After separation of the variables we arrive at two equations (note that γ = BΓ)( d2

dr2
+

ch r

sh r

d

dr
− [m− b(ch r − 1)]2

sh2r
+ Λ

)
R = 0, (1.4)

( d2

dz2
+ 2

sh z

ch z

d

dz
+ ε+

bγ − Λ ch2z

ch4z − γ2

)
Z = 0. (1.5)

1.2 The usual scalar particle in Lobachevsky space

First, let us consider the motion of the usual scalar free particle in Lobachevsky space along
the axes z: ( d2

dz2
+ ε− 1− U(z)

)
f(z) = 0 ,

U(z) = +
Λ

ch2z
, U(z → ±∞) = +0 . (1.6)

This is a Schrödinger-type equation in the effective (generated by geometry) potential of
the barrier type, so there exists the possibility of the tunnelling effect.

First, we use the most simple variable Z:

ch2z = Z ,
d

dz
= 2sh z ch z

d

dZ
,

d2

dz2
=

d

dz
2sh z ch z

d

dZ

= 4sh2z ch2z
d2

dZ2
+ 2(ch2z + sh2z)

d

dZ
= 4Z(Z − 1)

d2

dZ2
+ 2(2Z − 1)

d

dZ
;

so the above equation takes the form[
Z(Z − 1)

d2

dZ2
+ (Z − 1

2
)
d

dZ
+
ε− 1

4
− Λ/4

Z2

]
f(Z) = 0 . (1.7)

This is an equation of the hypergeometric type. With the use of the substitution f(Z) =
Za (Z − 1)b F (Z), we derive

Z (Z − 1)
d2F

dZ2
+
(

(2 a+ 2 b+ 1)Z − 2 a− 1

2

) dF
dZ

+
(ε− 1

4
+ (a+ b)2 +

1

2

b(2 b− 1)

Z − 1
+

1

4

−4 a2 + 2 a− Λ

Z

)
F = 0 .

At the following restrictions

a =
1

4
± i

4

√
4 Λ− 1 , b = 0,

1

2
(1.8)

it is simplified to the canonical form

Z (1− Z)
d2F

dZ2
+
(

2 a+
1

2
− (2 a+ 2 b+ 1)Z

) dF
dZ
−
(ε− 1

4
+ (a+ b)2

)
F = 0

with parameters

α = a+ b+
i

2

√
ε− 1 , β = a+ b− i

2

√
ε− 1 , γ = 2 a+

1

2
; (1.9)

below for brevity we use the notation
√

4Λ− 1 = λ.



4 Cox scalar particle in the magnetic field in the Lobachevsky space

First, let us consider a pair of complex conjugate solutions

b = 0, a =
1 + iλ

4
, f1(Z) = Zau1(Z)

= Z(1+iλ)/4F (
1 + iλ

4
+
i
√
ε− 1

2
,

1 + iλ

4
− i
√
ε− 1

2
, 1 +

iλ

2
;Z);

b = 0, a =
1− iλ

4
, f∗1 (Z) = Zau5(Z)

= Z(1−iλ)/4F (
1− iλ

4
+
i
√
ε− 1

2
,

1− iλ
4
− i
√
ε− 1

2
, 1− iλ

2
;Z);

(1.10)

symbol ui represents different Kummer solutions for hypergeometric equation.
Obviously, when using the variable Z, one can construct only solutions which are sym-

metrical relative to replacement z → −z. By evident procedure, from two conjugate solu-
tions, we can construct two independent real-valued ones.

Solutions (1.10) have simple asymptotic behaviour near the singular point Z = 0:

f1(Z → 0) = Z(1+iλ)/4, f∗1 (Z → 0) = Z(1−iλ)/4;

however, the point Z = 0 lies outside the physical region of the variable, Z ∈ (1,+∞).
The limit Z → +∞ corresponds to different physical infinities z → ±∞; besides the region
Z ∈ (−∞,+1) does not lie in the physical domain of the coordinate Z.

To find behaviour of the solutions at Z → +∞, we apply the known Kummer formula

u1 =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
u3 +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
u4 , (1.11)

where the standard notations are used

u1(Z) = F (α, β, γ;Z) ,

α =
1

4
+
iλ

4
+
i
√
ε− 1

2
, β =

1

4
+
iλ

4
− i
√
ε− 1

2
, γ = 1 +

iλ

2
,

u3(Z) = (−Z)−αF (α, α+ 1− γ, α+ 1− β;
1

Z
) ,

u4(Z) = (−Z)−bF (β, β + 1− γ, β + 1− α, 1

Z
) .

(1.12)

In the region Z →∞, formula (1.11) takes the form

u1 =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(−Z)−α +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(−Z)−β .

Multiplying the last relation by Za, we find asymptotic behaviour of the complete function
f1(Z) at infinity

f1(Z →∞) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(−Z)a−α +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(−Z)a−β ,

or differently

f1(Z →∞) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(−Z)−i

√
ε−1/2

+
Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(−Z)(−Z)+i

√
ε−1/2 . (1.13)
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The formula (1.13), translated to the original variable z ∈ (−∞,+∞), looks as follows:

z → +∞ , Z → 1

4
e2z ,

√
ε− 1 ≡ k ,

f1(z → +∞) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(
e2z+iπ

4
)−ik/2 +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(
e2z+iπ

4
)+ik/2

=
(Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
e+πk/2eik ln 2

)
e−ikz

+
(Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
e−πk/2e−ik ln 2

)
e+ikz; (1.14)

z → −∞ , Z → 1

4
e−2z ,

f1(z → −∞) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(
e−2z+iπ

4
)−ik/2 +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(
e−2z+iπ

4
)+ik/2

=
(Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
e−πk/2e−ik ln 2

)
e−ikz

+
(Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
e+πk/2eik ln 2

)
e+ikz . (1.15)

At both infinities z → ±∞, we have superpositions of the plane waves:

f1(z → +∞) = Ae+πk/2eik ln 2 e−ikz +Be−πk/2e−ik ln 2e+ikz ,

f∗1 (z → +∞) = B∗e−πk/2e+ik ln 2e−ikz +A∗e+πk/2e−ik ln 2 e+ikz ;
(1.16)

f1(z → −∞) = Be−πk/2e−ik ln 2 e−ikz +Ae+πk/2eik ln 2e+ikz ,

f∗1 (z → −∞) = A∗e+πk/2e−ik ln 2e−ikz +B∗e−πk/2e+ik ln 2 e+ikz .
(1.17)

Let us detail the behaviour of the functions f1 and f∗1 at z → +∞, schematically it is

f1(z → +∞) = Me−ikz +Ne+ikz, f∗1 (z → +∞) = N∗e−ikz +M∗e+ikz.

Let us introduce a linear combination of them, so that

F (z) =
( 1

M
f1(z)− 1

N∗
f∗1 (z)

)
z→+∞ =

(N
M
− M∗

N∗
)
e+ikz. (1.18)

However, at negative infinity z → −∞ we have for the main terms in asymptotic only the
following:

F (z) =
(f1(z)

M
− f∗1 (z)

N∗
)
z→−∞

=
Ne+ikz +Me−ikz

M
− N∗e−ikz +M∗e+ikz

N∗

= (
N

M
− M∗

N∗
)e+ikz + (1− 1 + ...)e−ikz ;

which means that the function F (z) does not lead to description of the tunnelling effect
through the barrier.
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Initial equation (1.6) can also be investigated with the use of the other variable, x =
cosh z:

d

dz
= sinh z

d

dx
,

d2

dz2
= sinh z

d

dx
sinh z

d

dx

= sinh2 z
d2

dx
+ cosh z

d

dx
= (x2 − 1)

d2

dx2
+ x

d

dx
;

the basic equation takes on the form1

( d2

dx2
+

x

(x2 − 1)

d

dx
+

ε− 1

(x2 − 1)
− Λ

x2(x2 − 1)

)
f = 0 .

It can be transformed to

d2f

dx2
+
( 1/2

x+ 1
+

1/2

x− 1

) df
dx

+
( Λ

x2
+

(Λ− ε+ 1)/2

x+ 1
− (Λ− ε+ 1)/2

x− 1

)
f = 0; (1.19)

here we have four singular points x = −1, 0, 1, ∞; they all are regular, so we have the
general Heun equation [7], [8].

First, let us find the behaviour of its solutions in the neighbourhood of the singular point
x = 0 (this point lies outside the physical region of the variable):

x→ 0,
( d2

dx2
− x d

dx
+

Λ

x2

)
f = 0, f = xA,

A(A− 1) + Λ = 0, A =
1± i

√
4Λ− 1

2
. (1.20)

In the neighbourhood of the points x = −1 and x = +1, solutions behave as

x→ −1, f = (x+ 1)ρ, ρ = 0,
1

2
;

x→ +1, f = (x− 1)σ, σ = 0,
1

2
.

(1.21)

The behaviour of solutions in the neighbourhood of the point x → ∞ (z → ±∞) is of
the most interest. We make the change of variable

1

x
= X,

d

dx
=
dX

dx

d

dX
= −X2 d

dX
,

d2

dx2
= X4 d2

dX2
+ 2X3 d

dX
;

d2

dX2
+

2

X

d

dX
− 1

2

( 1

X(1 +X)
+

1

X(1−X)

) d

dX

+
( Λ

X2
− (Λ− ε+ 1)

X2

1

X2 − 1

)
f = 0 . (1.22)

Near the point X = 0, the equation and its solutions have the form

X → 0,
( d2

dX2
+

1

X

d

dX
+
ε− 1

X2

)
f = 0 , f ≈ X±i

√
ε−1 = x∓i

√
ε−1 . (1.23)

1The structure of this equation implies the possibility to use the variable x2 = u; so the power series
below will have 2-term recurrent formulas.
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With the use of notation
Λ− ε+ 1

2
= L,

eq. (1.22) can be rewritten shorter as( d2

dX2
+ (

1

X
+

1/2

X − 1
+

1/2

1 +X
)
d

dX
+
ε− 1

X2
+

L

X − 1
− L

X + 1

)
f = 0 ; (1.24)

recall that
z ∈ (−∞,+∞), x ∈ (1,+∞), X ∈ (0, 1) .

Let us construct Frobenius solutions in the neighbourhood of x =∞ (X = 0):

f(X) = XA F (X) ;

allowing for

d

dX
f = AXA−1F +XAF ′ ,

d2

dX2
f = A(A− 1)XA−2F + 2AXA−1F ′ +XAF ′′ ,

we derive an equation for F (X):

F ′′ +
(2A

X
+

1

X
+

1/2

X − 1
+

1/2

X + 1

)
F ′

+
(A(A− 1)

X2
+

A

X2
+

A/2

X(X − 1)
+

A/2

X(X + 1)
+
ε− 1

X2
+

L

X − 1
− L

X + 1

)
F = 0 .

The condition
A2 + ε− 1 = 0, A = ±i

√
ε− 1

removes terms with X−2 and we get

F ′′ +
(2A+ 1

X
+

1/2

X − 1
+

1/2

X + 1

)
F ′ +

(L+A/2

X − 1
− L+A/2

X + 1

)
F = 0 . (1.25)

For brevity below we use notation K = L+A/2; so eq. (1.25) is written as

X(X2 − 1)F ′′ + (X2 − 1)(2A+ 1)F ′ +
1

2
X(X + 1)F ′ +

1

2
X(X − 1)F ′

+KX(X + 1)F −KX(X − 1)F = 0 ;

its solutions may be constructed in the form of a power series:

F =

∞∑
n=0

cnX
n, F ′ =

∞∑
n=1

ncnX
n−1, F ′′ =

∞∑
n=2

n(n− 1)cnX
n−2 .

In usual way, we derive

∞∑
n=3

(n− 1)(n− 2)cn−1x
n −

∞∑
n=1

(n+ 1)ncn+1x
n

+(2A+ 1)
∞∑
n=2

(n− 1)cn−1x
n − (2A+ 1)

∞∑
n=0

(n+ 1)cn+1x
n
∞∑
n=2

(n− 1)cn−1x
n
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+2K
∞∑
n=1

cn−1x
n = 0;

so we get recurrent relations for coefficients:

n = 0, −(2A+ 1)c1 = 0, c1 = 0 ;

n = 1, −2 · c2 + 2Kc0 − 2(2A+ 1)c2 = 0 ;

n = 2, −6c3 + (2A+ 1)c1 − 3(2A+ 1)c3 + c1 + 2Kc1 = 0 =⇒ c3 = 0 ;

n = 3, 2c2 − 12c4 + 2(2A+ 1)c2 − 4(2A+ 1)c4 + 2c2 + 2Kc2 = 0 .

Therefore, the main 2-term recurrent formula is

[(n− 1)(n− 2) + (2A+ 1)(n− 1) + (n− 1) + 2K]cn−1

+[−n(n+ 1)− (2A+ 1)(n+ 1)]cn+1 = 0 . (1.26)

We investigate the convergence of this series by using the Poincaré–Perron method. To
do this, we divide relation (1.26) by cn−1:

[(n− 1)(n− 2) + (2A+ 1)(n− 1) + (n− 1) + 2K]

+[−n(n+ 1)− (2A+ 1)(n+ 1)]
cn+1

cn

cn
cn−1

= 0 .

The radius of convergence R of the power series is determined by the formula

R = lim
n→∞

ck+1

ck
, Rconv =

1

| R |
.

To find an algebraic equation for R, the resulting equation is multiplied by n−2 and let n
tend to infinity, n→∞. This results in a simple algebraic equation

1−R2 = 0 =⇒ R = ±1 =⇒ Rconv = 1. (1.27)

Therefore, the series converges in the entire physical area of the variable:

z ∈ (−∞,+∞), x = cosh z ∈ (1,+∞), X =
1

x
∈ (0, 1).

Obviously, the power series contains only even degrees

X2, X4, ... .

Let us try to use yet another variable

x = sinh z,
( d2

dz2
+ ε− 1− Λ

cosh2 z

)
f(z) = 0 ; (1.28)

equation is transformed into(
(1 + x2)

d2

dx2
+ x

d

dx
+ ε− 1− Λ

1 + x2

)
f = 0 .

We introduce a new variable

y =
1− ix

2
, x =

1− 2y

i
, 1 + x2 = 4y(1− y),

d

dx
= − i

2

d

dy
;

z → +∞, x→ +i∞ ; z → −∞, x→ −i∞ ;

(1.29)
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then above equation takes the form[ d2

dy2
+
( 1/2

y − 1
+

1/2

y

) d
dy

+
ε− 1

y − 1
− ε− 1

y

+
Λ/4

(y − 1)2
+

Λ/4

y2
− Λ/2

y − 1
+

Λ/2

y

]
f = 0 . (1.30)

The singular points y = 0 and y = 1 are regular; they lie outside the physical domain of
the variable. Near the point y = 0, the equation and its solutions have the form:

y → 0,
( d2

dy2
+

1

2y

d

dy
+

Λ

4y2

)
f = 0 , f = yA, A =

1± i
√

4Λ− 1

4
.

Near the point y = 1, the equation and its solutions have the form

y → 1,
( d2

dy2
− 1

2(1− y)

d

dy
+

Λ

4(1− y)2

)
f = 0 , f = (1− y)B , B =

1± i
√

4Λ− 1

4
.

Let us investigate the behaviour of solutions in the vicinity of the point y = ∞. In the
variable Y = y−1, the equation takes the form

d2f

dY 2
+
( 1

Y
+

1/2

Y − 1

) df
dY

+
(
− ε− 1

Y − 1
+
ε− 1

Y 2
+

1

4

Λ

(Y − 1)
2 +

ε− 1

Y

)
f = 0 . (1.31)

In the neighbourhood of Y = 0, the equation takes the form

Y → 0,
( d2

dY 2
+

1

Y

d

dY
+
ε− 1

Y 2

)
f = 0 , f(Y ) ∼ Y ±i

√
ε−1;

the point y =∞ is regular.
Evidently, the equation with three regular singular points must be reduced to the hy-

pergeometric functions. With the use of the substitution

f(y) = yA(1− y)BF (y) (1.32)

we get

F ′′ +
(2A

y
− 2B

1− y
+ (

1/2

y − 1
+

1/2

y
)
)
F ′

+
[A(A− 1)

y2
− 2AB

y(1− y)
+

B2

(1− y)2
+
( 1/2

y − 1
+

1/2

y

)(A
y
− B

1− y

)
+
ε− 1

y − 1
− ε− 1

y
+

Λ/4

(y − 1)2
+

Λ/4

y2
− Λ/2

y − 1
+

Λ/2

y
−− B

(1− y)2

]
F = 0 .

We choose the parameters A and B as follows:

A =
1

4
± i

4

√
4 Λ− 1 , B =

1

4
± i

4

√
4 Λ− 1

and thereby eliminate the quadratic terms:

F ′′ +
(2A+ 1/2

y
+

2B + 1/2

y − 1

)
F ′ +

(
− 2AB +A/2 +B/2

y(1− y)
+
ε− 1− Λ/2

y(y − 1)

)
F = 0 .

This equation can be identified with the equation of hypergeometric type

y(1− y)F ′′ + [(2A+ 1/2)− (2A+ 2B + 1)y]F ′

− [2AB +A/2 +B/2 + ε− 1− Λ/2]F = 0
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with parameters

a = A+B +
1

2

√
4A2 + 4B2 − 2A− 2B + 2 Λ− 4 ε+ 4 ,

b = A+B − 1

2

√
4A2 + 4B2 − 2A− 2B + 2 Λ− 4 ε+ 4 , c = 2A+

1

2
.

Expressions for parameters a, b can be written differently

a = A+B +

√
A(A− 1

2
) +B(B − 1

2
)− (ε− 1) +

Λ

2
,

a = A+B −
√
A(A− 1

2
) +B(B − 1

2
)− (ε− 1) +

Λ

2
.

Here exist four possibilities, and for each we find the expressions for the parameters
a, b, c (using the notation λ = +

√
4Λ− 1, λ > 0):

A =
1

4
+
iλ

4
, B =

1

4
− iλ

4
,

a =
1

2
+ i
√
ε− 1 , b =

1

2
− i
√
ε− 1 , c = 1 +

iλ

2
;

(1.33)

A =
1

4
− iλ

4
, B =

1

4
+
iλ

4
,

a =
1

2
+ i
√
ε− 1 , b =

1

2
− i
√
ε− 1 , c = 1− iλ

2
;

(1.34)

A =
1

4
+
iλ

4
, B =

1

4
+
iλ

4
,

a =
1

2
+
iλ

2
+ i
√
ε− 1 , b =

1

2
+
iλ

2
− i
√
ε− 1 , c = 1 +

iλ

2
;

(1.35)

A =
1

4
− iλ

4
, B =

1

4
− iλ

4
,

a =
1

2
− iλ

2
+
√

1− ε , b =
1

2
− iλ

2
−
√

1− ε , c = 1− iλ

2
.

(1.36)

Since only two linearly independent solutions can exist, we should choose two of them.
Let us take the first two. They correspond to complex conjugate solutions, so it is enough
to follow only one of them:

F (y) = y(1+iλ)/4(1− y)(1−iλ)/4F (a, b, c; y), y =
1− i sinh z

2
,

a =
1

2
+ i
√
ε− 1 , b =

1

2
− i
√
ε− 1 , c = 1 +

iλ

2
.

(1.37)

This solution has the simple behaviour near the point lying in the nonphysical region:

y =
1− i sinh z

2
= 0 =⇒ i = sinh z , F (y → 0) ∼ y(1+iλ)/4 → 0.
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To find solutions with simple behaviour at y → ∞, we use other Kummer solutions of
the hypergeometric equation, depending on the argument

1

y
=

2

1− i sinh z
, z → ±∞, 1

y
→ 0 .

We use solutions u3 and u4:

u3(y) = (−y)−aF (a, a+ 1− c, a+ 1− b; 1

y
) ,

u4(y) = (−y)−bF (b, b+ 1− c, b+ 1− a;
1

y
) ,

which generate two complete solutions of the initial equation

F3(y) = y(1+iλ)/4(1− y)(1−iλ)/4 (−y)−aF (a, a+ 1− c, a+ 1− b; 1

y
) ,

F4(y) = y(1+iλ)/4(1− y)(1−iλ)/4 (−y)−bF (b, b+ 1− c, b+ 1− a;
1

y
) .

(1.38)

At infinity 1
y → 0, these solutions behave:

F3(y) = y(1+iλ)/4(−y)(1−iλ)/4 (−y)−
1
2−i
√
ε−1 ∼ y−i

√
ε−1 ∼ (1− i sinh z)−i

√
ε−1 ,

F4(y) = y(1+iλ)/4(−y)(1−iλ)/4 (−y)−
1
2 +i
√
ε−1 ∼ y+i

√
ε−1 ∼ (1− i sinh z)+i

√
ε−1 .

At infinities opposite in sign, z → +∞ and z → −∞, solutions behave

F3(z → +∞) ∼ e−i
√
ε−1z, F3(z → −∞) ∼ e+i

√
ε−1z ;

F4(z → +∞) ∼ e+i
√
ε−1z , F4(z → −∞) ∼ e−i

√
ε−1z .

From the last asymptotic equations, we conclude that this variable is also hardly suitable
for analysing the tunnelling effect.

Finally, we apply the variable that is used as the standard one for the analysis of the
Schrödinger equation with the potential U ∼ cosh−2 z. This is variable y = tanh z; note
that this variable distinguishes between the points z = +∞ and z = −∞. Allowing for
identities

y = tanh z,
d

dz
=
dy

dz

d

dy
=

1

cosh2 z

d

dy
= (1− y2)

d

dy
,

we transform the above equation to

(1− y)(1 + y)
d2f

dy2
− 2 y

df

dy
+
(
− Λ +

1

2

ε− 1

y + 1
+

1

2

−ε+ 1

y − 1

)
f = 0;

whence in the variable

x =
1− y

2
=

1− tanh z

2
we get [

x(1− x)
d2

dx2
+ (1− 2x)

d

dx
− Λ +

(ε− 1)/4

1− x
+

(ε− 1)/4

x

]
f = 0 . (1.39)

Using the substitution f(x) = xA(1− x)BF (x) , we arrive at

x(1− x)
d2F

dx2
+ [2A+ 1− (2A+ 2B + 2)x]

dF

dx
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+
[
− (A+B)(A+B + 1)− Λ +

1

4

4A2 + ε− 1

x
+

1

4

4B2 + ε− 1

1− x

]
F = 0 .

At the following restrictions

A = ± i
2

√
ε− 1 , B = ± i

2

√
ε− 1 , (1.40)

we get the equation of hypergeometric type

x(1− x)
d2F

dx2
+ [2A+ 1− (2A+ 2B + 2)x]

dF

dx
− [(A+B)(A+B + 1) + Λ]F = 0

with parameters (for brevity, let λ =
√

4Λ− 1)

a =
1

2
+A+B +

iλ

2
, b =

1

2
+A+B − iλ

2
, c = 2A+ 1 ,

f(x) = xA(1− x)BF (a, b, c;x) , x =
1− tanh z

2
. (1.41)

We choose solutions with given behaviour in the z → +∞ (x → 0) as a plane wave
moving to the right

A = −i
√
ε− 1/2, B = +i

√
ε− 1/2,

f(x) = x−i
√
ε−1/2(1− x)+i

√
ε−1/2F (a, b, c;x),

a =
1

2
+
iλ

2
, b =

1

2
− iλ

2
, c = −i

√
ε− 1 + 1 ,

f(x→ 0) = x−i
√
ε−1/2 = e+iz

√
ε−1/2. (1.42)

In order to find behaviour for this solution at z → −∞ (x → 1), we use the Kummer
formula

u1 =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

u2 +
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
u6 , (1.43)

where
u1 = F (a, b, c;x), u2 = F (a, b, a+ b+ 1− c; 1− x),

u6 = (1− x)c−a−bF (c− a, c− b, c+ 1− a− b; 1− x) .

In the region z → −∞ (x→ 1), we have

u1(z → −∞) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

+
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− x)c−a−b,

note that c− a− b = −i
√
ε− 1. After multiplying it by

x−i
√
ε−1/2 (1− x)i

√
ε−1/2

we obtain

f(z → −∞) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

(1− x)−i
√
ε−1/2

+
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− x)+i

√
ε−1/2 . (1.44)
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In other form it reads

f(z → −∞) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

e+iz
√
ε−1/2 +

Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)

e−iz
√
ε−1/2 . (1.45)

This formula describes the effect of particle tunnelling which moves from the left on
barrier:

(z → −∞) Me+iz
√
ε−1/2 +Ne−iz

√
ε−1/2 −→ e+iz

√
ε−1/2 (z → +∞) . (1.46)

The corresponding transmission coefficient D is defined by the formula

D =
|M |2

|N |2
=

∣∣∣∣ Γ(a)Γ(b)

Γ(c− a)Γ(c− b)

∣∣∣∣2 , (1.47)

where

Γ(a) = Γ(
1

2
+
iλ

2
), Γ(b) = Γ(

1

2
− iλ

2
),

Γ(c− a) = Γ(
1

2
− i(
√
ε− 1 + λ/2)), Γ(c− b) = Γ(

1

2
− i(
√
ε− 1− λ/2)) .

We could proceed with calculation, using the well-known formula for Γ-functions:

Γ(
1

2
+ iZ)Γ(

1

2
− iZ) =

π

cos iπZ
=

π

coshπZ
.

The situation, when a particle falls from the right on the barrier can be investigated
similarly, using solutions with the following asymptotic at z → −∞ (x→ 1):

A = −i
√
ε− 1/2, B = +i

√
ε− 1/2,

g(x) = xA(1− x)Bu6(x) = x−i
√
ε−1/2(1− x)+i

√
ε−1/2

×(1− x)c−a−bF (c− a, c− b, c+ 1− a− b; 1− x) ,

a =
1

2
+
iλ

2
, b =

1

2
− iλ

2
, c = −i

√
ε− 1 + 1 ,

g(z → −∞(x→ 1)) = (1− x)−i
√
ε−1/2 = e−iz

√
ε−1/2 . (1.48)

To find the asymptotic behaviour of solutions when z → +∞ (x = 0), one needs to use the
Kummer formula

u6(x) =
Γ(c+ 1− a− b)Γ(1− c)

Γ(1− a)Γ(1− b)
u1(x) +

Γ(c+ 1− a− b)Γ(c− 1)

Γ(c− a)Γ(c− b)
u5(x), (1.49)

where
u6(x) = F (a, b, a+ b+ 1− c; 1− x), u1(x) = F (a, b, c;x),

u5(x) = x1−cF (a+ 1− c, b+ 1− c, 2− c;x)

in the limit x→ 0 this relationship gives

u6(x) =
Γ(c+ 1− a− b)Γ(1− c)

Γ(1− a)Γ(1− b)
+

Γ(c+ 1− a− b)Γ(c− 1)

Γ(c− a)Γ(c− b)
xi
√
ε−1, 1− c = +i

√
ε− 1 .

Multiplying it by x−i
√
ε−1/2 we obtain

g(z → +∞ (x→ 0))
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=
Γ(c+ 1− a− b)Γ(1− c)

Γ(1− a)Γ(1− b)
x−i
√
ε−1/2

+
Γ(c+ 1− a− b)Γ(c− 1)

Γ(c− a)Γ(c− b)
x+i
√
ε−1/2 , (1.50)

or differently
g(z → +∞ (x→ 0))

=
Γ(c+ 1− a− b)Γ(c− 1)

Γ(c− a)Γ(c− b)
e−iz

√
ε−1/2

+
Γ(c+ 1− a− b)Γ(1− c)

Γ(1− a)Γ(1− b)
e+iz

√
ε−1/2 . (1.51)

Thus, the wave moving from the right partially passes through and partially reflects from
the barrier:

M ′e−iz
√
ε−1/2 +N ′e+iz

√
ε−1/2 (z → +∞). (1.52)

The transmission coefficient D′ = 1−R′ equals

D′ =
|M ′|2

|N ′|2
=

∣∣∣∣Γ(1− a)Γ(1− b)
Γ(c− a)Γ(c− b)

∣∣∣∣2 , (1.53)

where

Γ(1− a) = Γ(
1

2
− iλ

2
), Γ(1− b) = Γ(

1

2
+
iλ

2
),

Γ(c− a) = Γ(
1

2
− i(
√
ε− 1 + λ/2)), Γ(c− b) = Γ(

1

2
− i(
√
ε− 1− λ/2)) ;

calculations can be continued with the known formula for Γ-functions:

Γ(
1

2
+ iZ)Γ(

1

2
− iZ) =

π

cos iπZ
=

π

coshπZ
.

1.3 Particle in the Lobachevsky space

In the special system of cylindric coordinates in the Lobachevsky space, analogue of the
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates):

dS2 = c2dt2 − ch2z(dr2 + sh2rdφ2) + dz2,
√
−g = ρ3 sh r ch2z, Aφ = −Bρ2(ch r − 1), Frφ = −Bρ sh r,

B3 = −Bρ sh r, B3 = − B

ρ sh r ch4z
, BiB

i = B2ch−4z.

(1.54)

We start with the known form of the generalised Schrödinger equation for a Cox scalar
particle

DtΨ =
1

2Mρ2

[ ◦
D1

∗
D1 +

◦
D2

1

sh2r

∗
D2 +

◦
D3

∗
D3

]
Ψ,

where
D1 = i~∂r, D2 = i~∂φ +

e

c
Bρ2(ch r − 1), D3 = i~∂z,
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◦
D1= i~(∂r +

ch r

sh r
),

◦
D2= i~∂φ +

e

c
Bρ2(ch r − 1),

◦
D3= i~(∂z + 2

sh z

ch z
),

∗
D1=

1

1 + Γ2B2ch−4z

[
i~∂r −

ΓBch−2z

shr
(i~∂φ +

e

c
Bρ2(ch r − 1))

]
,

∗
D2=

1

1 + Γ2B2ch−4z

[
(i~∂φ +

e

c
Bρ2(ch r − 1)) + i~ΓBch−2z sh r∂r

]
,

∗
D3=

(D3 + Γ2B3 B3D3)

1 + Γ2B2ch−4z
= i~∂z;

below we apply notations Bρ2/~c = b , ΓBch−2z = γ(z). With the use of the relations

1

2Mρ2

◦
D1 g

11
∗
D1= − ~2ch−2z

2Mρ2(1 + γ2(z))

×
(
∂2
r + (

ch r

sh r
+ iγ(z)b

ch r − 1

sh r
)∂r −

γ(z)

sh r
∂r∂φ + iγ(z)b

)
,

1

2Mρ2

◦
D2 g

22
∗
D2= − ~2ch−2z

2Mρ2(1 + γ2(z))

×
[ 1

sh2r
[∂φ − ib(ch r − 1)]2 + γ(z)[∂φ − ib(ch r − 1)]

1

sh r
∂r

]
,

1

2Mρ2

◦
D3 g

33
∗
D3= − ~2

2Mρ2
(∂z + 2

sh z

ch z
)∂z,

and of the substitution for wave function

Ψ = e−iEt/~eimφZ(z)R(r) , ε =
E

~2/2Mρ2
; (1.55)

we derive the following equation (by physical reason we make the change γ =⇒ iγ)(
ch−2z

1− γ2(z)

(
∂2
r +

ch r

sh r
∂r −

[m− b(ch r − 1)]2

sh2r
+ bγ(z)

)
+ε+ (∂z + 2

sh z

ch z
)∂z

)
R(r)Z(z) = 0 . (1.56)

After separating the variables, we arrive at two equations (note that γ = BΓ):( d2

dr2
+

ch r

sh r

d

dr
− [m− b(ch r − 1)]2

sh2r
+ Λ

)
R = 0, (1.57)

( d2

dz2
+ 2

sh z

ch z

d

dz
+ ε+

bγ − Λ ch2z

ch4z − γ2

)
Z = 0. (1.58)

In the following, we consider only the differential equation in the variable z. Let Z =
(cosh z)−1f(z), then we have the equation( d2

dz2
+ ε− 1− U(z)

)
f(z) = 0 ,

U(z) = − bγ − Λ ch2z

ch4z − γ2
, U(z → ±∞) = +0 ,

(1.59)



16 Cox scalar particle in the magnetic field in the Lobachevsky space

which can be viewed as the Schrödinger equation in the effective potential field U(z). The
corresponding effective force is determined by the formula

Fz = −dU
dz

= 2 ch z sh z
Λ ch4z − 2bγ ch2z + γ2Λ

(ch4z − γ2)2
. (1.60)

We readily find the points at which the force vanishes: those are z = 0 and the roots of a
quadratic equation

Λ ch4z − 2bγ ch2z + γ2Λ = 0 =⇒
(
ch2z

)
|1,2 =

b

Λ
γ ±

√
(
b2

Λ2
− 1)γ2 . (1.61)

It is known from considering the bound states (for motion in the variable r) that the
inequality Λ2 > b2 must hold. This means that the square roots in eq. (1.61) are imaginary.
Consequently, the points of zero force except z = 0 cannot exist. The situation is illustrated
in Fig. 1.1.

To proceed with differential equation, we introduce the new variable

y = tanh z,
d

dz
= (1− y2)

d

dy
,
d2

dz2
= (1− y2)2 d

2

dy
− 2y(1− y2)

d

dy
,

below we will apply the notation bγ = β. The use of this variable allows us to put physical
points z = −∞ and z = +∞ in different singular points of the differential equation:

cosh2 z =
1

1− y2
,

β − Λ cosh2 z

cosh4 z − γ2
=

(1− y2) [β(1− y2)− Λ]

1− γ2(1− y2)2
;

the equation takes the form

(1− y2)
d2f

dy2
− 2y

df

dy
+
(1

2

ε− 1

1− y
+

1

2

ε− 1

1 + y

+
1

2

−Λ γ + β

[1− γ(1− y2)] γ
+

1

2

−Λ γ − β
[1 + γ(1− y2)] γ

)
f = 0 . (1.62)

We introduce the new variable x:

x =
1− y

2
=

1− tanh z

2
, y = 1− 2x ,

z → −∞ =⇒ x→ 1; z → +∞ =⇒ x→ 0;
(1.63)

then the above equation transforms into[ d2

dx2
+
( 1

x
− 1

1− x

) d
dx

+
1

4

ε− 1

x2
+

1

2

−2 Λ + ε− 1

x
+

1

4

ε− 1

(1− x)2
+

1

2

ε− 1− 2 Λ

1− x

+
2β + 2 Λ γ

1 + 4 γx(1− x)
+

2β − 2 Λ γ

1− 4 γx(1− x)

]
f = 0 . (1.64)

To study the point x =∞, we transform equation (1.64) to the variable X = x−1:

d2f

dX2
− 1

1−X
df

dX
+
[1

2

(Λ γ + β) (X + 4 γ + 1)

((4X − 4) γ +X2) γ
+

Λ

1−X

+
1

4

ε− 1

(1−X)
2 +

1

2

(Λ γ − β) (X − 4 γ + 1)

((−4X + 4) γ +X2) γ

]
f = 0 .
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Near the point X = 0 it reads

d2f

dX2
− df

dX
+
[
− (Λ γ + β)(4 γ + 1)

8γ2
+ Λ +

1

4
(ε− 1) +

(Λ γ − β)(−4 γ + 1)

8γ2

]
f = 0;

so the point x =∞ is an ordinary (non-singular) one.
Two quadratic expressions in the denominators of the equation (1.64) give four regular

singular points:

1

1 + 4 γx(1− x)
= − 1

4γ

1

(x− x1)(x− x2)
, x1,2 =

1±
√

1 + γ−1

2
,

1

1− 4 γx(1− x)
= +

1

4γ

1

(x− x3)(x− x4)
, x3,4 =

1±
√

1− γ−1

2
;

two identities hold

1

(x− x1)(x− x2)
=

1

x1 − x2

( 1

x− x1
− 1

x− x2

)
,

1

(x− x3)(x− x4)
=

1

x3 − x4

( 1

x− x3
− 1

x− x4

)
.

Equation (1.64) can be represented as[ d2

dx2
+ (

1

x
− 1

1− x
)
d

dx
+

1

4

ε− 1

x2

+
1

2

−2 Λ + ε− 1

x
+

1

4

ε− 1

(1− x)2
+

1

2

ε− 1− 2 Λ

1− x
− 2β + 2 Λ γ

4γ

1

x1 − x2
(

1

x− x1
− 1

x− x2
)

+
2β − 2 Λ γ

4γ

1

x3 − x4
(

1

x− x3
− 1

x− x4
)
]
f = 0 . (1.65)

Recalling that β = bγ, eq. (1.65) can be rewritten as[ d2

dx2
+ (

1

x
− 1

1− x
)
d

dx
+

1

4

ε− 1

x2
+

1

2

−2 Λ + ε− 1

x
+

1

4

ε− 1

(1− x)2
+

1

2

ε− 1− 2 Λ

1− x

−2 b+ 2 Λ

4

1

x1 − x2
(

1

x− x1
− 1

x− x2
)

+
2 b− 2 Λ

4γ

1

x3 − x4
(

1

x− x3
− 1

x− x4
)
]
f = 0 . (1.66)

Thus, we have an equation with six regular singular points:

0, 1, x1,2 =
1±

√
1 + γ−1

2
, x3,4 =

1±
√

1− γ−1

2
. (1.67)

Taking in mind that the physical range of the variable is

z ∈ (−∞,+∞) ⇐⇒ x ∈ (0, 1) , (1.68)

and in view of the smallness of the parameter γ, we conclude that the four singular points
x1, x2, x3, x4 (two real and two complex and conjugate) do not fall inside the circle of the
radius 1 about the point x = 0 (see Fig. 1.2).
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Let us find behaviour of the solutions near two points x = 0, x =∞:

z → +∞, x→ 0,
(d2

x2
+

1

x

d

dx

(ε− 1)/4

x2

)
f = 0, f = xA, A = ± i

√
ε− 1

2
;

z → −∞, x→ 1,
(d2

x2
+

1

x− 1

d

dx

(ε− 1)/4

(x− 1)2

)
f = 0, f = xB , B = ± i

√
ε− 1

2
.

Let us find the behaviour of solutions near singular points x1, x2, x3, x4. They are of the
same type, so it suffices to consider only one case. Near the point x1, the equation has the
following structure

f ′′ + αf ′ +
β

x− x1
f = 0, f = (x− x1)ρ ;

for the index ρ we obtain an algebraic equation with simple solutions:

ρ(ρ− 1) = 0 =⇒ ρ = 0, 1.

Thus, near four points x1, x2, x3, x4 solutions behave in accordance with the relations:

x→ x1, f = (x− x1)ρ, ρ = 0, 1 ;

x→ x2, f = (x− x2)ρ, ρ = 0, 1 ;

x→ x3, f = (x− x3)ρ, ρ = 0, 1 ;

x→ x4, f = (x− x4)ρ, ρ = 0, 1 .

(1.69)

For eq. (1.64) [ d2

dx2
+
( 1

x
− 1

1− x

) d
dx

+
1

4

ε− 1

x2
+

1

2

−2 Λ + ε− 1

x

+
1

4

ε− 1

(1− x)2
+

1

2

ε− 1− 2 Λ

1− x
+

2β + 2 Λ γ

1 + 4 γx(1− x)
+

2β − 2 Λ γ

1− 4 γx(1− x)

]
f = 0 ,

let us build Frobenius solutions near the point x = 0 in the form

f(x) = xA(x− 1)BF (x) = ϕ(x)F (x) .

We get an equation for F (x):[ d2

dx2
+
(2A+ 1

x
+

2B + 1

x− 1

) d
dx

+
A2

x2
+

2AB +A+B

x(x− 1)
+

B2

(x− 1)2

+
1

4

ε− 1

x2
+

1

2

ε− 1− 2 Λ

x
+

1

4

ε− 1

(1− x)2
+

1

2

ε− 1− 2 Λ

1− x

+
2β + 2 Λ γ

1 + 4 γx(1− x)
+

2β − 2 Λ γ

1− 4 γx(1− x)

]
f = 0 .

Already known constraints are imposed on the parameters A and B:

A = ± i
√
ε− 1

2
, B = ± i

√
ε− 1

2
, (1.70)

then terms x−2 and (x− 1)−2 vanish and we get[ d2

dx2
+
(2A+ 1

x
+

2B + 1

x− 1

) d
dx

+
2AB +A+B

x(x− 1)
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+
1

2

ε− 1− 2 Λ

x
+

1

2

ε− 1− 2 Λ

1− x
+

2β + 2 Λ γ

1− 4 γx(x− 1)
+

2β − 2 Λ γ

1 + 4 γx(x− 1)

]
f = 0 .

We multiply the equation by the expression

x(x− 1) · [1− 4 γx(x− 1)] · [1 + 4 γx(x− 1)] ;

the result is
x(x− 1) [1− 16 γ2x2(x− 1)2]F ′′

+[1− 16 γ2x2(x− 1)2] [(2A+ 1)(x− 1) + (2B + 1)x])F ′

+
{

(2AB +A+B) [1− 16 γ2x2(x− 1)2]

+
1

2
(ε− 1− 2 Λ) (x− 1) [1− 16 γ2x2(x− 1)2]

+
1

2
(ε− 1− 2 Λ) x [1− 16 γ2x2(x− 1)2]

+(2β − 2 Λ γ) x(x− 1) [1− 4 γx(x− 1)]

+ (2β + 2 Λ γ) x(x− 1) [1 + 4 γx(x− 1)] }F = 0 . (1.71)

Note that this equation is symmetric with respect to replacement

x ⇐⇒ (x− 1) , A ⇐⇒ B , (1.72)

this allows simultaneously to build the series expansion both in the variables x and (x− 1).
With the use of notations

ε− 1− 2Λ

2
= M, 2β − 2Λγ = K, 2β + 2Λβ = L,

4γ = Γ , 2A+ 2B + 2 = α, 2AB +A+B = β ,
(1.73)

the above equation is written as

x(x− 1) [1− Γ2x2(x− 1)2]
d2F

dx2
+ [1− Γ2x2(x− 1)2] (αx− 2A− 1)

dF

dx

+
{
β [1− Γ2x2(x− 1)2] +M (x− 1) [1− Γ2x2(x− 1)2] +M x [1− Γ2x2(x− 1)2]

+K x(x− 1) [1 + Γx(x− 1)] + L x(x− 1) [1− Γx(x− 1)] }F = 0 . (1.74)

The equation for F (x) can be symbolically represented as

PF ′′ +QF ′ +RF = 0,

where
P = −Γ2x6 + 3Γ2x5 − 3Γ2x4 + Γ2x3 + x2 − x

= p6x
6 + p5x

5 + p4x
4 + p3x

3 + p2x
2 + p1x ,

Q = −Γ2αx5 + Γ2(2A+ 1 + 2α)x4 − Γ2(α+ 4A+ 2)x3 + Γ2(2A+ 1)x2 + αx− (2A+ 1)

= q5x
5 + q4x

4 + q3x
3 + q2x

2 + q1x+ q0 ,

R = −2Γ2Mx5 + (−Γ2β + 5Γ2M + ΓK − ΓL)x4 + (2Γ2β − 4Γ2M − 2ΓK + 2ΓL)x3

+(−Γ2β + Γ2M +K + ΓK + L− ΓL)x2 + (2M −K − L)x+ (β −M)
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= r5x
5 + r4x

4 + r3x
3 + r2x

2 + r1x+ r0 .

So we can work with the equation

(p6x
6 + p5x

5 + p4x
4 + p3x

3 + p2x
2 + p1x) F ′′

+(q5x
5 + q4x

4 + q3x
3 + q2x

2 + q1x+ q0) F ′

+(r5x
5 + r4x

4 + r3x
3 + r2x

2 + r1x+ r0) F = 0 .

Solutions are built in the form of a power series

F =
∞∑
n=0

cnx
n, F ′ =

∞∑
n=1

ncnx
n−1, F ′′ =

∞∑
n=2

n(n− 1)cnx
n−2,

performing necessary calculations, we obtain the equation

p6

∞∑
n=6

(n− 4)(n− 5)cn−4x
n + p5

∞∑
n=5

(n− 3)(n− 4)cn−3x
n + p4

∞∑
n=4

(n− 2)(n− 3)cn−2x
n

+p3

∞∑
n=3

(n− 1)(n− 5)cn−1x
n + p2

∞∑
n=2

n(n− 1)cnx
n + p1

∞∑
n=1

(n+ 1)ncn+1x
n

g5

∞∑
n=5

(n− 4)cn−4x
n + g4

∞∑
n=4

(n− 3)cn−3x
n + g3

∞∑
n=3

(n− 2)cn−2x
n

+g2

∞∑
n=2

(n− 1)cn−1x
n + g1

∞∑
n=5

ncnx
n + g0

∞∑
n=0

(n+ 1)cn+1x
n

r5

∞∑
n=5

cn−5x
n + r4

∞∑
n=4

cn−4x
n + r3

∞∑
n=3

cn−3x
n

+r2

∞∑
n=2

cn−2x
n + r1

∞∑
n=1

cn−1x
n + r0

∞∑
n=0

cnx
n = 0 ;

whence the recurrence relations for coefficients cn follow

n = 0, r0c0 + g0c1 = 0,

n = 1, r1c0 + (r0 + g1)c1 + 2g0c2 = 0,

n = 2, r2c0 + (g2 + r1)c1 + (r0 + 2g1 + 2p2)c2 + (6p1 + 3g0)c3 = 0,

n = 3, r3c0 + (g3 + r2)c1 + (2p3 + 2g2 + r1)c2 + (r0 + 6p2 + 3g1)c3 + (4g0 + 12p1)c4 = 0,

n = 4, r4c0 + (g4 + r3)c1 + (r2 + 2p4 + 2g3)c2 + (r1 + 6p3 + 3g2)c3

+(r0 + 4g1 + 12p2)c4 + (5g0 + 20p1)c5 = 0,

n = 5, r5c0 + (g5 + r4)c1 + (r3 + 2g4 + 2p5)c2 + (r2 + 3g3 + 6p4)c3

+(r1 + 4g2 + 12p3)c4 + (r0 + 5g1 + 20p2)c5 + (6g0 + 30p1)c6 = 0,

n = 6, ... r5cn−5 + [p6(n2 − 9n+ 20) + g5(n− 4) + r4]cn−4
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+[p5(n2 − 7n+ 12) + g4(n− 3) + r3]cn−3 + [p4(n2 − 5n+ 6) + g3(n− 2) + r2]cn−2

+[p3(n2 − 3n+ 2) + g2(n− 1) + r1]cn−1 + [p2(n2 − n) + g1n+ r0]cn

+[p1(n2 + n) + g0(n+ 1)]cn+1 = 0.

Thus, the 7-term recurrence relation is found. We divide the last expression by cn−5,
multiplied by n−2, and tend n → ∞; this results in a simple algebraic equation for the
quantity associated with the possible convergence radii of the power series

R = lim
n→∞

cn
cn+1

, Rconv = |R|, p1 + p2R+ p3R
2 + p4R

3 + p5R
4 + p6R

5 = 0. (1.75)

This equation can be rewritten differently

P (R) = 0 or (R− 1)[1− 4 γR(R− 1)] [1 + 4 γR(R− 1)] = 0 ;

its roots are

R = 1, R1,2 =
1±

√
1 + γ−1

2
, R3,4 =

1±
√

1 + γ−1

2
. (1.76)

The minimal radius of convergence Rminconv = 1, it is sufficient to cover the entire physical
domain for the variable x ∈ (0, 1).

We write down solutions with the power series in the variable x (of the type I), and
solutions (of the type II) with the power series in the variable (x− 1) (they have a simple
asymptotic behaviour in different singular points):

Solutions I,

A = +
i
√
ε− 1

2
, B = +

i
√
ε− 1

2
,

f = x+i
√
ε−1/2(x− 1)+i

√
ε−1/2F (x), f̄ = x+i

√
ε−1/2(x− 1)+i

√
ε−1/2F (1− x);

(1.77)

A = − i
√
ε− 1

2
, B = − i

√
ε− 1

2
,

f∗ = x−i
√
ε−1/2(x− 1)−i

√
ε−1/2F ∗(x); f̄∗ = x−i

√
ε−1/2(x− 1)−i

√
ε−1/2F ∗(1− x);

(1.78)

Solutions II,

A = +
i
√
ε− 1

2
, B = − i

√
ε− 1

2
,

g = x+i
√
ε−1/2(x− 1)−i

√
ε−1/2G(x), ḡ = x−i

√
ε−1/2(x− 1)+i

√
ε−1/2G(1− x),

(1.79)

A = − i
√
ε− 1

2
, B = +

i
√
ε− 1

2
,

g∗ = x−i
√
ε−1/2(x− 1)+i

√
ε−1/2G∗(x), ḡ∗ = x+i

√
ε−1/2(x− 1)−i

√
ε−1/2G∗(1− x).

(1.80)

Remember that

x =
1− tanh z

2
=

1

1 + e2z
, 1− x =

1 + tanh z

2
=

1

1 + e−2z
,

z → +∞, x→ e−2z, 1− x→ 1 , z → −∞, x→ 1, 1− x→ e+2z .

(1.81)
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Analysis of the main differential equation can be performed also with the use of the
variable

ch2z = Z ,
d

dz
= 2sh z ch z

d

dZ
, 2

sh z

ch z

d

dz
= 4(Z − 1)

d

dZ
,

d2

dz2
=

d

dz
2sh z ch z

d

dZ

= 4sh2z ch2z
d2

dZ2
+ 2(ch2z + sh2z)

d

dZ
= 4Z(Z − 1)

d2

dZ2
+ 2(2Z − 1)

d

dZ
,

note that this variable does not distinguish the regions z → −∞ and z → +∞. In this
variable the basic equation takes the form[ d2

dZ2
+
(1/2

Z
+

1/2

Z − 1

) d

dZ
+
( b

4γ
− ε− 1

4

) 1

Z
+
(ε− 1

4
+

bγ − Λ

4(1− γ2)

) 1

Z − 1

+
Λ− b

8γ(1− γ)

1

Z − γ
− Λ + b

8γ(1 + γ)

1

Z + γ

]
F (Z) = 0 . (1.82)

This equation has five singular points; four of them are regular Z = −γ, +γ, 0, 1. Points
Z = 0,±γ, | γ |<< 1 lie outside the physical range of the variable Z : Z = ch2z ∈ [1,+∞).
The character of the singularity in the point Z =∞ will be investigated below.

Note that the summing of the simple fractions in eq. (1.82) leads to( b

4γ
− ε− 1

4

) 1

Z
+
(ε− 1

4
+

bγ − Λ

4(1− γ2)

) 1

Z − 1

+
Λ− b

8γ(1− γ)
· 1

Z − γ
− Λ + b

8γ(1 + γ)
· 1

Z + γ
= −1

4

−
(
Z2 − γ2

)
(ε− 1) + ΛZ − bγ

(Z − 1)Z (Z2 − γ2)
.

In short form, eq. (1.82) is written as follows[ d2

dZ2
+
(1/2

Z
+

1/2

Z − 1

) d

dZ
+
A

Z
+

B

Z − 1
+

C

Z − γ
+

D

Z + γ

]
F (Z) = 0, (1.83)

where

A =
b

4γ
− ε− 1

4
, B =

ε− 1

4
+

bγ − Λ

4(1− γ2)
,

C =
Λ− b

8γ(1− γ)
, D = − Λ + b

8γ(1 + γ)
.

Since the equation does not contain complex quantities, we conclude that each complex-
valued solution will be accompanied by its counterpart, the complex-conjugate one.

Now let us investigate the type of the singular point ∞. To do this, we transform the
above equation to the variable y = Z−1:[ d2

dy2
+
(1

y
− 1/2

1− y

) d

dy
+
A

y3
+

B

y3(1− y)
+

C

y3(1− γy)
+

D

y3(1 + γy)

]
F (y) = 0.

After decomposing all fractions into elementary ones:

B

y3(1− y)
=
B

y3
+
B

y2
+
B

y
+

B

1− y
,

C

y3(1− yγ)
=
C

y3
+
Cγ

y2
+
Cγ2

y
+

Cγ3

1− yγ
,
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D

y3(1 + yγ)
=
D

y3
− Dγ

y2
+
Dγ2

y
− Dγ3

1 + yγ
,

we arrive at the most symmetrical form[ d2

dy2
+
(1

y
− 1/2

1− y

) d

dy
+
A+B + C +D

y3

+
B + Cγ −Dγ

y2
+
B + Cγ2 +Dγ2

y
+

B

1− y
+

Cγ3

1− yγ
− Dγ3

1 + yγ

]
F (y) = 0 .

An important identity is proved:
A+B + C +D

=
b

4γ
− ε

4
+
ε

4
+

bγ − Λ

4(1 + γ)(1− γ)
+

Λ− b
8γ(1− γ)

− Λ + b

8γ(1 + γ)

=
b− bγ2 + bγ2 − λγ

4γ(1− γ2)
+
λ+ λγ − b− bγ − λ+ λγ − b+ bγ

8γ(1− γ2)

=
b− bγ2 + bγ2 − λγ − b+ λγ

4γ(1− γ2)
= 0 .

Therefore, the equation simplifies[ d2

dy2
+ (

1

y
− 1/2

1− y
)
d

dy
+
B + Cγ −Dγ

y2
+
B + Cγ2 +Dγ2

y

+
B

1− y
− Cγ2

y − γ−1
− Dγ2

y + γ−1

]
F (y) = 0, (1.84)

the structure of eq. (1.84) indicates that Z =∞ is the regular singular point.
We turn to eq. (1.84) and find behaviour of its solutions in the neighbourhood of the

point y = 0: ( d2

dy2
+

1

y

d

dy
+
B + Cγ −Dγ

y2

)
F (y) = 0 ,

f = ya, a2 +B + (C −D)γ = 0 , a = ±
√
−B − (C −D)γ .

Hence, taking into account the explicit form of the coefficients, we get

a1 =
+i
√
ε− 1

2
, a2 =

−i
√
ε− 1

2
. (1.85)

Thus, we obtain

y → 0, F (y) = ya = Z−a = (cosh z)−2a =
(ez + e−z

2

)∓i√ε−1

. (1.86)

We have two possibilities:

z → −∞, F ∼ e±i
√
ε−1 z ; z → +∞, F ∼ e∓i

√
ε−1 z . (1.87)

Let us find approximate solutions near the point y = 1:( d2

dy2
+

1/2

y − 1

d

dy
− B

y − 1

)
F (y) = 0 ,

F = (y − 1)b, b(b− 1) +
b

2
= 0, b1 = 0, b2 =

1

2
.

(1.88)
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Similarly, we find the possible behaviour of solutions near singular points +1/γ and −1/γ:

y −→ +1/γ, F − (y − 1/γ, )ρ, ρ1,2 = 0, 1 ;

y −→ −1/γ, F − (y + 1/γ, )σ, σ1,2 = 0, 1 .
(1.89)

The physical domain for the variable is the interval Z ∈ (1,∞) or y ∈ (0, 1).
Let us construct local Frobenius solutions of eq. (1.84)[ d2

dy2
+ (

1

y
− 1/2

1− y
)
d

dy
+
B + Cγ −Dγ

y2

+
B + Cγ2 +Dγ2

y
+

B

1− y
− Cγ

y − 1/γ
− Dγ2

y + 1/γ

]
F (y) = 0 (1.90)

near the point Z = ∞ (y = 0). Taking into account the established asymptotics these
solutions are built in the form

F = ya(y − 1)bf(y); (1.91)

we obtain the equation for f(y):

f ′′ +
(2a+ 1

y
+

2b+ 1/2

y − 1

)
f ′ +

[a2 +B + (C −D)γ

y2
+
b(b− 1) + b/2

(y − 1)2

+
−2ab− a/2− b+B + (C +D)γ2

y
+

2ab+ a/2 + b−B
y − 1

+
Cγ3

1− yγ
− Dγ3

1 + yγ

]
f = 0 .

Now apply already known restrictions

a2 +B + (C −D)γ

y2
= 0 =⇒ a = a1, a2 ,

b(b− 1) + b/2

(y − 1)2
= 0 =⇒ b = 0,

1

2
;

so we arrive at

F = ya(y − 1)bf(y), f ′′ +
(2a+ 1

y
+

2b+ 1/2

y − 1

)
f ′

+
(−2ab− a/2− b+B + (C +D)γ2

y
+

2ab+ a/2 + b−B
y − 1

− Cγ2

y − 1/γ
− Dγ2

y + 1/γ

)
f = 0 . (1.92)

There arises possibility to construct four solutions (remind that Z = cosh2 z)

1. a1 =
+i
√
ε− 1

2
, b1 = 0, F(1) = (cosh z)−i

√
ε−1 f(1)(

1

Z
) ;

1′. a2 =
−i
√
ε− 1

2
, b1 = 0, F(1′) = (cosh z)+i

√
ε−1f(1′)(

1

Z
) ;

(1.93)

and

2. a1 =
+i
√
ε− 1

2
, b2 =

1

2
, F(2) = +i(cosh z)−i

√
ε−1 sinh z

cosh z
f(2)(

1

Z
);

2′. a2 =
−i
√
ε− 1

2
, b2 =

1

2
, F(2′) = −i(cosh z)+i

√
ε−1;

sinh z

cosh z
f(2′)(

1

Z
).

(1.94)
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We note that these solutions are divided into two pairs of conjugate ones.
All four functions fi(y) are subject to the equation with the general structure (see eq.

(1.92))

f ′′ +
(α1

y
+

β1

y − 1

)
f ′ +

(α
y

+
β

y − 1
+

c

y − 1/γ
+

d

y + 1/γ

)
f = 0 . (1.95)

Multiplying eq. (1.95) by y (y − 1) (y − 1/γ) (y + 1/γ), we get

y (y − 1) (y − 1/γ) (y + 1/γ) f ′′

+
[α1 y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
β1 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1
]f ′

+
[α y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
β y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1

+
c y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1/γ
+
d y (y − 1) (y − 1/γ) (y + 1/γ)

y + 1/γ

]
f = 0

or

[y4 − y3 − y2/γ2 + y/γ2] f ′′ +
[
(α1 + β1) y3 − α1y

2 − α1 + β1

γ2
y +

α1

γ2

]
f ′

+
[

(α+ β + c+ d) y3 −
(
α+ c+ d− c− d

γ

)
y2 −

(α+ β

γ2
+
c− d
γ

)
y +

α

γ2

]
f = 0 .

Solutions can be constructed as power series

f =

∞∑
n=0

any
n, f ′ =

∞∑
n=1

nany
n−1, f ′′ =

∞∑
n=2

n(n− 1)any
n−2 .

From the equation for f we get

∞∑
n=2

n(n− 1)any
n+2 −

∞∑
n=2

n(n− 1)any
n+1 − 1

γ2

∞∑
n=2

n(n− 1)any
n +

1

γ2

∞∑
n=2

n(n− 1)any
n−1

+(α1 + β1)
∞∑
n=1

nany
n+2 − α1

∞∑
n=1

nany
n+1 − α1 + β1

γ2

∞∑
n=1

nany
n +

α1

γ2

∞∑
n=1

nany
n−1

+ (α+ β + c+ d)
∞∑
n=0

any
n+3 −

(
α+ c+ d− c− d

γ

) ∞∑
n=0

any
n+2

−
(α+ β

γ2
+
c− d
γ

) ∞∑
n=0

any
n+1 +

α

γ2

∞∑
n=0

any
n = 0 ,

further changing the summation indices we derive

∞∑
k=4

(k−2)(k−3) ak−2 y
k−

∞∑
k=3

(k−1)(k−2) ak−1 y
k− 1

γ2

∞∑
k=2

k(k−1) ak y
k+

1

γ2

∞∑
k=1

k(k+1) ak+1 y
k

+(α1 + β1)

∞∑
k=3

(k− 2) ak−2 y
k −α1

∞∑
k=2

(k− 1) ak−1 y
k − α1 + β1

γ2

∞∑
k=1

k ak y
k +

α1

γ2

∞∑
k=0

(k+ 1) ak+1 y
k
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+ (α+ β + c+ d)
∞∑
k=3

ak−3 y
k −

(
α+ c+ d− c− d

γ

) ∞∑
k=2

ak−2 y
k

−
(α+ β

γ2
+
c− d
γ

) ∞∑
k=1

ak−1 y
k +

α

γ2

∞∑
k=0

ak y
k = 0 .

Equate to zero the coefficients of all powers of yk:

k = 0,
α1

γ2
a1 +

α

γ2
a0 = 0 ,

k = 1,
2

γ2
a2 −

α1 + β1

γ2
a1 + 2

α1

γ2
a2 −

(α+ β

γ2
+
c− d
γ

)
a0 +

α

γ2
a1 = 0 ,

k = 2, − 1

γ2
2a2 +

1

γ2
6a3 − α1a1 −

α1 + β1

γ2
2a2 +

α1

γ2
3a3

−
(
α+ c+ d− c− d

γ

)
a0 −

(α+ β

γ2
+
c− d
γ

)
a1 +

α

γ2
a2 = 0 ,

k = 3 , −2a2 −
1

γ2
6a3 +

1

γ2
12a4 + (α1 + β1)a1 − α12a2 −

α1 + β1

γ2
3a3 +

α1

γ2
4a4

+ (α+ β + c+ d) a0 −
(
α+ c+ d− c− d

γ

)
a1 −

(α+ β

γ2
+
c− d
γ

)
a2 +

α

γ2
a3 = 0

k = 4 , 2a2 − 6a3 −
12

γ2
a4 +

20

γ2
a5 + (α1 + β1)2a2 − α13a3 −

α1 + β1

γ2
4a4 +

α1

γ2
5a5

+ (α+ β + c+ d) a1 −
(
α+ c+ d− c− d

γ

)
a2 −

(α+ β

γ2
+
c− d
γ

)
a3 +

α

γ2
a4 = 0,

k = 5, 6, 7, ... (k − 2)(k − 3)ak−2 − (k − 1)(k − 2)ak−1 −
1

γ2
k(k − 1)ak +

1

γ2
k(k + 1)ak+1

+(α1 + β1)(k − 2)ak−2 − α1(k − 1)ak−1 −
α1 + β1

γ2
kak +

α1

γ2
(k + 1)ak+1

+ (α+ β + c+ d) ak−3 −
(
α+ c+ d− c− d

γ

)
ak−2 −

(α+ β

γ2
+
c− d
γ

)
ak−1 +

α

γ2
ak = 0.

Thus, we arrive at the 5-term recurrence relations for coefficients an:

k = 5, 6, 7, ... (α+ β + c+ d) ak−3

+
[
(k − 2)(k − 3) + α1 + β1)(k − 2)−

(
α+ c+ d− c− d

γ

)]
ak−2

−
[
(k − 1)(k − 2) + α1(k − 1) +

(α+ β

γ2
+
c− d
γ

)]
ak−1

+
[
− 1

γ2
k(k − 1)− α1 + β1

γ2
k +

α

γ2

]
ak

+
[ 1

γ2
k(k + 1) +

α1

γ2
(k + 1)

]
ak+1 = 0 . (1.96)
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The Poincaré–Perron approach is used to analyse the convergence radii of the series. To
this end, the recurrence relation is divided by ak−3:

(α+ β + c+ d) +
[
(k − 2)(k − 3) + (α1 + β1)(k − 2)−

(
α+ c+ d− c− d

γ

)]ak−2

ak−3

−
[
(k − 1)(k − 2) + α1(k − 1) +

(α+ β

γ2
+
c− d
γ

)]ak−1

ak−2

ak−2

ak−3

+
[
− 1

γ2
k(k − 1)− α1 + β1

γ2
k +

α

γ2

] ak
ak−1

ak−1

ak−2

ak−2

ak−3

+
[ 1

γ2
k(k + 1) +

α1

γ2
(k + 1)

]ak+1

ak

ak
ak−1

ak−1

ak−2

ak−2

ak−3
= 0 .

The radius of convergence is the inverse to the quantity

r = lim
k→∞

ak+1

ak
, Rconv =

1

| r |
.

To find an algebraic equation for r, we multiply the above equation by k−2 and tend k to
∞. This result in

r − r2 − 1

γ2
r3 +

1

γ2
r4 = 0 =⇒ r(r − 1)(r − γ)(r + γ) = 0 ;

the roots are

r = 0, 1, −γ, +γ; (1.97)

the possible convergence radii are

Rconv = 1,
1

|γ|
, ∞ . (1.98)

The minimal radius of convergence Rconv = 1 of the series in the variable y covers the entire
physical range of the variable y ∈ (0, 1) (which corresponds to Z ∈ (1,∞)).

It is possible to explore the most general substitution

F = ya(y − 1)b(y − 1/γ)ρ(y + 1/γ)σf(y) ; (1.99)

the function f(y) obeys the equation

d2f

dy2
+
[ 2σ

y + γ−1
+

1/2 + 2 b

y − 1
+

2 ρ

y − γ−1
+

1 + 2 a

y

] df
dy

+
[−2γ2

[
1/2Dγ2 + ((a+ ρ/2 + 1/2)σ +D/2) γ + σ (a+ b+ ρ/2 + 3/4)

]
(γy + 1) (γ + 1)

+
1

2

b (2 b− 1)

(y − 1)
2

+
1

2

[(4a+ 4ρ+ 4σ + 2) b− 2B + a+ ρ+ σ] γ2 + 4 (ρ− σ) (b+ 1/4) γ + (−4a− 2) b+ 2B − a
(y − 1) (γ − 1) (γ + 1)

−
γ2
[
Cγ2 + ((−2a− σ − 1) ρ− C) γ + 2 (a+ b+ σ/2 + 3/4) ρ

]
(γy − 1) (γ − 1)
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+
1

2

(2C + 2D) γ2 − 4 (a+ 1/2) (ρ− σ) γ + (−4b− 1) a+ 2B − 2b

y

+
ργ2 (ρ− 1)

(γy − 1)
2 +

Cγ + a2 −Dγ +B

y2
+
σγ2 (σ − 1)

(γy + 1)
2

]
f = 0 . (1.100)

The evident restrictions should be imposed on the parameters

a2 +B + (C −D)γ

y2
= 0 =⇒ a = a1, a2 ,

b(b− 1) + b/2

(y − 1)2
= 0 =⇒ b = 0, 1/2 ,

ρ γ2 (ρ− 1)

(γy − 1)
2 = 0 =⇒ ρ = 0, 1 ,

σ γ2 (σ − 1)

(γy + 1)
2 = 0 =⇒ σ = 0, 1;

(1.101)

as a result, we have the ability to build 16 solutions. For the function f(y), we get a simple
equation

d2f

dy2
+
[1 + 2 a

y
+

1/2 + 2 b

y − 1
+

2 ρ

y − 1/γ
+

2σ

y + 1/γ

] df
dy

+
[ (C +D)γ2 − 2(a+ 1/2)(ρ− σ)γ + (−2b− 1/2)a+B − b

y

+
[(4a+ 4ρ+ 4σ + 2)b− 2B + a+ ρ+ σ]γ2 + 4(ρ− σ)(b+ 1/4)γ + (−4a− 2)b+ 2B − a

2(γ − 1)(γ + 1)

1

y − 1

+
−γ[Dγ2 + ((2a+ ρ+ 1)σ +D)γ + 2σ (a+ b+ ρ/2 + 3/4)]

γ + 1

1

y + 1/γ

−γ[Cγ2 + ((−2a− σ − 1)ρ− C)γ + 2ρ(a+ b+ σ/2 + 3/4)]

γ − 1

1

y − 1/γ

]
f = 0 .

The equation can be written briefly as follows

d2f

dy2
+
(A1

y
+

B1

y − 1
+

C1

y − 1/γ
+

D1

y + 1/γ

) df
dy

+
(A2

y
+

B2

y − 1
+

C2

y − 1/γ
+

D2

y + 1/γ

)
f = 0. (1.102)

We give the explicit form of the coefficients A1, B1, C1, D1, A2, B2, C2, D2 for all 16
cases. The following method can be used: we select eight options for each case depending
on a = a1, a2 being complex conjugate by-cases (we give only for a1):

a1 = +i
√
ε− 1/2, b = 0, ρ = 0, σ = 0 ,

F(1) = (cosh z)−i
√
ε−1 f(1)(y) ,

A1 = 1 + i
√
ε− 1 , B1 =

1

2
, C1 = 0 , D1 = 0 ,

A2 =
1

4
(−i
√
ε− 1 + Λ− ε− 1) ,
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B2 =
1

4

(
γ2 − 1

)
i
√
ε− 1 + (ε+ 1) γ2 + β γ + Λ− ε− 1

(γ − 1) (γ + 1)
,

C2 = −1

8

γ (Λ + β)

γ − 1
, D2 = −1

8

γ (Λ− β)

γ + 1
;

a1 = +i
√
ε− 1/2, b = 1/2, ρ = 0, σ = 0 ,

F(2) = +i (cosh z)−i
√
ε−1 sinh z

cosh z
f(2)(y),

A1 = 1 + i
√
ε− 1 , B1 =

3

2
, C1 = 0 , D1 = 0 ,

A2 =
1

4

(
−3i
√
ε− 1 + Λ− ε− 3

)
,

B2 =
3

4

(
γ2 − 1

)
i
√
ε− 1 + (1/3ε+ 1) γ2 + 1/3β γ + 1/3Λ− 1/3 ε− 1

(γ − 1) (γ + 1)
,

C2 = −1

8

γ (Λ + β)

γ − 1
, D2 = −1

8

γ (Λ− β)

γ + 1
;

a1 = +i
√
ε− 1/2, b = 0, ρ = 1, σ = 1 ,

F(3) = (cosh z)−i
√
ε−1 γ − cosh2 z

γ cosh2 z

γ + cosh2 z

γ cosh2 z
f(3)(y) ,

A1 = 1 + i
√
ε− 1 , B1 =

1

2
, C1 = 2 , D1 = 2 ,

A2 =
1

4
(−i
√
ε− 1 + Λ− ε− 1) ,

B2 =
1

4

(
γ2 − 1

)
i
√
ε− 1 + (ε+ 5) γ2 + β γ + Λ− ε− 1

(γ − 1) (γ + 1)
,

C2 =

[
(γ − 1) i

√
ε− 1− 1/8 Λ− 5/2 + 2 γ − 1/8β

]
γ

γ − 1
,

D2 =
−8 i (γ + 1) γ

√
ε− 1− γ (16 γ + Λ− β + 20)

8 γ + 8
;

a1 = +i
√
ε− 1/2, b = 1/2, ρ = 1, σ = 1 ,

F(4) = +i (cosh z)−i
√
ε−1 sinh z

cosh z

γ − cosh2 z

γ cosh2 z

γ + cosh2 z

γ cosh2 z
f(4)(y),

A1 = 1 + i
√
ε− 1 , B1 =

3

2
, C1 = 2 , D1 = 2 ,

A2 =
1

4

(
−3i
√
ε− 1 + Λ− ε− 3

)
,

B2 =
3

4

(
γ2 − 1

)
i
√
ε− 1 + (1/3ε+ 5) γ2 + 1/3β γ + 1/3Λ− 1/3 ε− 1

(γ − 1) (γ + 1)
,
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C2 =

[
(γ − 1) i

√
ε− 1− 1/8 Λ− 7/2 + 2 γ − 1/8β

]
γ

γ − 1
,

D2 =
−8 i (γ + 1) γ

√
ε− 1− γ (16 γ − β + Λ + 28)

8 γ + 8
;

a1 = +i
√
ε− 1/, b = 0, ρ = 0, σ = 1 ,

F(5) = (cosh z)−i
√
ε−1 γ + cosh2 z

γ cosh2 z
f(5)(y) ,

A1 = 1 + i
√
ε− 1 , B1 =

1

2
, C1 = 0 , D1 = 2 ,

A2 =

(
γ − 1

4

)
i
√
ε− 1− 1

4
ε− 1

4
+ γ +

1

4
Λ ,

B2 =
1

4

(
γ2 − 1

)
i
√
ε− 1 + (ε+ 3) γ2 + (β − 2) γ + Λ− ε− 1

(γ − 1) (γ + 1)
,

C2 = −γ (Λ + β)

8 γ − 8
,

D2 =
−8 iγ (γ + 1)

√
ε− 1− γ (8 γ − β + Λ + 12)

8 γ + 8
;

a1 = +i
√
ε− 1/2, b = 1/2, ρ = 0, σ = 1 ,

F(6) = +i (cosh z)−i
√
ε−1 sinh z

cosh z

γ + cosh2 z

γ cosh2 z
f(6)(y),

A1 = 1 + i
√
ε− 1 , B1 =

3

2
, C1 = 0 , D1 = 2 ,

A2 =

(
γ − 3

4

)
i
√
ε− 1− 1

4
ε− 3

4
+ γ +

1

4
Λ ,

B2 =
3

4

(
γ2 − 1

)
i
√
ε− 1 + (1/3 ε+ 3) γ2 + (−2 + 1/3β) γ − 1 + 1/3 Λ− 1/3 ε

(γ − 1) (γ + 1)
,

C2 = −γ (Λ + β)

8 γ − 8
,

D2 =
−8 iγ (γ + 1)

√
ε− 1− γ (8 γ − β + Λ + 20)

8 γ + 8
;

a1 = +i
√
ε− 1/2, b = 0, ρ = 1, σ = 0 ,

F(7) = (cosh z)−i
√
ε−1 γ − cosh2 z

γ cosh2 z
f(7)(y) ,

A1 = 1 + i
√
ε− 1 , B1 =

1

2
, C1 = 2 , D1 = 0 ,

A2 = −
(
γ +

1

4

)
i
√
ε− 1− 1

4
ε− 1

4
− γ +

1

4
Λ ,
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B2 =
1

4

(
γ2 − 1

)
i
√
ε− 1 + (ε+ 3) γ2 + (β + 2) γ + Λ− ε− 1

(γ − 1) (γ + 1)
,

C2 =
γ
[
(γ − 1) i

√
ε− 1− 1/8 Λ− 3/2 + γ − 1/8β

]
γ − 1

,

D2 =
γ (−Λ + β)

8 γ + 8
;

a1 = +i
√
ε− 1/2, b = 1/2, ρ = 1, σ = 0 ,

F(8) = +i (cosh z)−i
√
ε−1 sinh z

cosh z

γ − cosh2 z

γ cosh2 z
f(8)(y),

A1 = 1 + i
√
ε− 1 , B1 =

3

2
, C1 = 2 , D1 = 0 ,

A2 = −
(
γ +

3

4

)
i
√
ε− 1− 1

4
ε− 3

4
− γ +

1

4
Λ ,

B2 =
3

4

(
γ2 − 1

)
i
√
ε− 1 + (1/3 ε+ 3) γ2 + (2 + 1/3β) γ − 1 + 1/3 Λ− 1/3 ε

(γ − 1) (γ + 1)
,

C2 =
γ
[
(γ − 1) i

√
ε− 1− 1/8 Λ− 5/2 + γ − 1/8β

]
γ − 1

,

D2 =
γ (−Λ + β)

8 γ + 8
.

We will investigate the power series for the equations of the form (1.102):

d2f

dy2
+
(A1

y
+

B1

y − 1
+

C1

y − 1/γ
+

D1

y + 1/γ

) df
dy

+
(A2

y
+

B2

y − 1
+

C2

y − 1/γ
+

D2

y + 1/γ

)
f = 0 . (1.103)

Equation (1.103) is multiplied by y (y − 1) (y − 1/γ) (y + 1/γ):

y (y − 1) (y − 1/γ) (y + 1/γ) f ′′

+
[A1 y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
B1 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1

+
C1 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1/γ
+
D1 y (y − 1) (y − 1/γ) (y + 1/γ)

y + 1/γ

]
f ′

+
[A2 y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
B2 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1

+
C2 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1/γ
+
D2 y (y − 1) (y − 1/γ) (y + 1/γ)

y + 1/γ

]
f = 0
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or

[y4 − y3 − y2/γ2 + y/γ2] f ′′

+
[

(A1 +B1 + C1 +D1) y3 −
(
A1 + C1 +D1 −

C1 −D1

γ

)
y2

−
(A1 +B1

γ2
+
C1 −D1

γ

)
y +

A1

γ2

]
f ′

+
[

(A2 +B2 + C2 +D2) y3 −
(
A2 + C2 +D2 −

C2 −D2

γ

)
y2

−
(A2 +B2

γ2
+
C2 −D2

γ

)
y +

A2

γ2

]
f = 0 . (1.104)

Solutions are built in the form of a power series

f =
∞∑
n=0

any
n, f ′ =

∞∑
n=1

nany
n−1, f ′′ =

∞∑
n=2

n(n− 1)any
n−2 .

From the equation for f we get

∞∑
n=2

n(n− 1)any
n+2 −

∞∑
n=2

n(n− 1)any
n+1 − 1

γ2

∞∑
n=2

n(n− 1)any
n +

1

γ2

∞∑
n=2

n(n− 1)any
n−1

+ (A1 +B1 + C1 +D1)
∞∑
n=1

nany
n+2 −

(
A1 + C1 +D1 −

C1 −D1

γ

) ∞∑
n=1

nany
n+1

−
(A1 +B1

γ2
+
C1 −D1

γ

) ∞∑
n=1

nany
n +

A1

γ2

∞∑
n=1

nany
n−1

+ (A2 +B2 + C2 +D2)
∞∑
n=0

any
n+3 −

(
A2 + C2 +D2 −

C2 −D2

γ

) ∞∑
n=0

any
n+2

−
(A2 +B2

γ2
+
C2 −D2

γ

) ∞∑
n=0

any
n+1 +

A2

γ2

∞∑
n=0

any
n = 0 .

The summation indices are changed

∞∑
k=4

(k− 2)(k− 3)ak−2y
k −

∞∑
k=3

(k− 1)(k− 2)ak−1y
k − 1

γ2

∞∑
k=2

k(k− 1)aky
k +

1

γ2

∞∑
k=1

k(k+ 1)ak+1y
k

+ (A1 +B1 + C1 +D1)

∞∑
k=3

(k − 2)ak−2y
k −

(
A1 + C1 +D1 −

C1 −D1

γ

) ∞∑
k=2

(k − 1)ak−1y
k

−
(A1 +B1

γ2
+
C1 −D1

γ

) ∞∑
k=1

kaky
k +

A1

γ2

∞∑
k=0

(k + 1)ak+1y
k

+ (A2 +B2 + C2 +D2)

∞∑
k=3

ak−3y
k −

(
A2 + C2 +D2 −

C2 −D2

γ

) ∞∑
k=2

ak−2y
k

−
(A2 +B2

γ2
+
C2 −D2

γ

) ∞∑
k=1

ak−1y
k +

A2

γ2

∞∑
k=0

aky
k = 0 .
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We equate to zero the coefficients of all powers of yk:

k = 0 ,
A1

γ2
a1 +

A2

γ2
a0 = 0 ,

k = 1 ,
2

γ2
a2 −

(A1 +B1

γ2
+
C1 −D1

γ

)
a1 + 2

A1

γ2
a2

−
(A2 +B2

γ2
+
C2 −D2

γ

)
a0 +

A2

γ2
a1 = 0 ,

k = 2 , − 2

γ2
a2 +

6

γ2
a3 −

(
A1 + C1 +D1 −

C1 −D1

γ

)
a1 − 2

(A1 +B1

γ2
+
C1 −D1

γ

)
a2

+3
A1

γ2
a3 −

(
A2 + C2 +D2 −

C2 −D2

γ

)
a0 −

(A2 +B2

γ2
+
C2 −D2

γ

)
a1 +

A2

γ2
a2 = 0 ,

k = 3 , −2 a2 −
6

γ2
a3 +

12

γ2
a4 + (A1 +B1 + C1 +D1) a1

−2
(
A1 + C1 +D1 −

C1 −D1

γ

)
a2 − 3

(A1 +B1

γ2
+
C1 −D1

γ

)
a3 + 4

A1

γ2
a4

+ (A2 +B2 + C2 +D2) a0 −
(
A2 + C2 +D2 −

C2 −D2

γ

)
a1

−
(A2 +B2

γ2
+
C2 −D2

γ

)
a2 +

A2

γ2
a3 = 0 ,

k = 4 , 2 a2 − 6 a3 −
12

γ2
a4 +

20

γ2
a5 + 2 (A1 +B1 + C1 +D1) a2

−3
(
A1 + C1 +D1 −

C1 −D1

γ

)
a3 − 4

(A1 +B1

γ2
+
C1 −D1

γ

)
a4 + 5

A1

γ2
a5

+ (A2 +B2 + C2 +D2) a1 −
(
A2 + C2 +D2 −

C2 −D2

γ

)
a2

−
(A2 +B2

γ2
+
C2 −D2

γ

)
a3 +

A2

γ2
a4 = 0 ,

k = 5, 6, 7, ... (k − 2)(k − 3)ak−2 − (k − 1)(k − 2)ak−1 −
1

γ2
k(k − 1)ak +

1

γ2
k(k + 1)ak+1

+ (A1 +B1 + C1 +D1) (k − 2)ak−2 −
(
A1 + C1 +D1 −

C1 −D1

γ

)
(k − 1)ak−1

−
(A1 +B1

γ2
+
C1 −D1

γ

)
kak +

A1

γ2
(k + 1)ak+1

+ (A2 +B2 + C2 +D2) ak−3 −
(
A2 + C2 +D2 −

C2 −D2

γ

)
ak−2

−
(A2 +B2

γ2
+
C2 −D2

γ

)
ak−1 +

A2

γ2
ak = 0 .

Thus, we arrive at the 5-term recurrence relations for the coefficients:

k = 5, 6, 7, ... (A2 +B2 + C2 +D2) ak−3

+
[
(k − 2)(k − 3) + (A1 +B1 + C1 +D1) (k − 2)−

(
A2 + C2 +D2 −

C2 −D2

γ

)]
ak−2

−
[
(k − 1)(k − 2) +

(
A1 + C1 +D1 −

C1 −D1

γ

)
(k − 1) +

(A2 +B2

γ2
+
C2 −D2

γ

)]
ak−1

+
[
− 1

γ2
k(k − 1)−

(A1 +B1

γ2
+
C1 −D1

γ

)
k +

A2

γ2

]
ak
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+
[ 1

γ2
k(k + 1) +

A1

γ2
(k + 1)

]
ak+1 = 0 .

We investigate the convergence of this series by the Poincaré–Perron method. To do
this, we divide the recurrence relation by ak−3:

(A2 +B2 + C2 +D2)

+
[
(k − 2)(k − 3) + (A1 +B1 + C1 +D1) (k − 2)−

(
A2 + C2 +D2 −

C2 −D2

γ

)]ak−2

ak−3

−
[
(k − 1)(k − 2) +

(
A1 + C1 +D1 −

C1 −D1

γ

)
(k − 1) +

(A2 +B2

γ2
+
C2 −D2

γ

)]ak−1

ak−2

ak−2

ak−3

+
[
− 1

γ2
k(k − 1)−

(A1 +B1

γ2
+
C1 −D1

γ

)
k +

A2

γ2

] ak
ak−1

ak−1

ak−2

ak−2

ak−3

+
[ 1

γ2
k(k + 1) +

A1

γ2
(k + 1)

]ak+1

ak

ak
ak−1

ak−1

ak−2

ak−2

ak−3
= 0 .

Further, we multiply this relation by k−2 and tend k →∞, the result is

r − r2 − 1

γ2
r3 +

1

γ2
r4 = 0 =⇒ r(r − 1)(r − γ)(r + γ) = 0 ;

the roots are
r = 0, 1, −γ, +γ

so the convergence radii are possible

Rconv = 1,
1

|γ|
, ∞ .

The minimal Rconv is enough to cover all physical domain for the variable y : y ∈ (0, 1).
On the basis of the used substitution, two pairs of complex conjugate solutions can be

built. We write down solutions as the power series in the variable (x), and at the same
time, solutions as the power series in the variable (x − 1) (they have a simple asymptotic
behaviour at different singular points):

Two conjugate solutions,

A = +
i
√
ε− 1

2
, B = +

i
√
ε− 1

2
,

f = x+i
√
ε−1/2(x− 1)+i

√
ε−1/2F (x),

f̄ = x+i
√
ε−1/2(x− 1)+i

√
ε−1/2F (1− x); (1.105)

A = − i
√
ε− 1

2
, B = − i

√
ε− 1

2
,

f∗ = x−i
√
ε−1/2(x− 1)−i

√
ε−1/2F ∗(x) ,

f̄∗ = x−i
√
ε−1/2(x− 1)−i

√
ε−1/2F ∗(1− x) ; (1.106)

Two conjugate solutions,

A = +
i
√
ε− 1

2
, B = − i

√
ε− 1

2
,

g = x+i
√
ε−1/2(x− 1)−i

√
ε−1/2G(x),

ḡ = x−i
√
ε−1/2(x− 1)+i

√
ε−1/2G(1− x) ; (1.107)

A = − i
√
ε− 1

2
, B = +

i
√
ε− 1

2
,

g∗ = x−i
√
ε−1/2(x− 1)+i

√
ε−1/2G∗(x) ,

ḡ∗ = x+i
√
ε−1/2(x− 1)−i

√
ε−1/2G∗(1− x) . (1.108)
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1.4 Numerical study of the tunnelling effect

We start with solutions with a plane wave asymptotic which propagates from z → +∞ on
the left:

z → +∞,

f(z) = xA = (
1− tanh z

2
)A = (e−2z)A = e+i

√
ε−1z, A = −i

√
ε− 1

2
. (1.109)

In region z → −∞, behaviour of these solutions may be only of the following form

z → −∞, f(z) = m · e+i
√
ε−1z + n · e−i

√
ε−1z . (1.110)

Far on the left (at z → −∞), we should choose any two points z1 and z2, so obtaining
two linear equations with respect to the complex amplitudes m and n:{

f(z1) = xA1 F (x1) = m · e+i
√
ε−1 z1 + n · e−i

√
ε−1 z1 ,

f(z2) = xA2 F (x2) = m · e+i
√
ε−1 z2 + n · e−i

√
ε−1 z2 ,

(1.111)

where

f(z) = xAF (x), F = 1 + d1x+ d2x
2 + ..., x ∈ (0, 1) . (1.112)

For definiteness we take the values

z1 = −99, z2 = −100, (1.113)

and start with the values ε = 2, Λ = 1; then calculate the modulus of complex m and n
from (1.111), then find its ratio r = |m|/|n|.

We take the following values for Λ: Λ = 1, 5, 10, 20, and in each case we calculate the
quantity

∆(ε) = 1 + (r − 1) · 1085 , (1.114)

the energy values ε are taken from 2 to 30 with the step of argument 1 (the multiplier 1085

is omitted), we get the ∆ interval (−10; 10) – see Figs. 1.3–1.7.

1.5 Conclusion

Generalised Schrödinger equation for a scalar Cox particle is studied in the presence of a
magnetic field in the background of Lobachevsky space.

The form of the effective potential along z direction curve says that we have a quantum-
mechanical problem of tunnelling type. The derived equation has six regular singular points.
To physical domains z = ±∞, there correspond the singular points 0 and 1 of the derived
equation. The solutions of the equation are constructed with the help of power series. These
series are convergent in the whole physical domain z ∈ (−∞,+∞). On the basis of the
analysis of the constructed solutions, we examine tunnelling effect through the potential
barrier numerically.

When considering the ordinary particle in Lobachevsky space, there arises a more simple
and known problem of tunnelling type, which is solvable exactly in terms of hypergeometric
functions.

Visualisation of functions, some analytical transformations, and numerical study were
performed with the use of the graphical, analytical, and numerical facilities of Mathematica
10 system. Also, the results obtained in [11–14] were used.
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1.6 Figures

FIGURE 1.1
The graph of the potential U(z) at Λ = 1, γ = 1

2 , b = 1
5 .

FIGURE 1.2
Location of the singular points in the complex plane.
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FIGURE 1.3
Λ = 5, ε ∈ [2, 30].

FIGURE 1.4
Λ = 5, ε ∈ [6, 9] .



38 Cox scalar particle in the magnetic field in the Lobachevsky space

FIGURE 1.5
Λ = 10, ε ∈ [2, 30].

FIGURE 1.6
Λ = 10, ε ∈ [10, 12].
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FIGURE 1.7
Λ = 20, ε ∈ [2, 30].
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2

Cox scalar particle in magnetic field,
the spherical space

Generalised Schrödinger equation for a spin zero particle with intrinsic structure
by Darwin–Cox is studied in the presence of a magnetic field on the background
of 3-dimensional spherical Riemann space. The separation of the variables is done.
An equation describing the motion of the particle along the axis z is studied. The
form of the effective potential indicates that we have a quantum-mechanical prob-
lem with the complicated box-type potential. Frobenius solutions of the equation
are constructed, and the convergence of the relevant series is proved by Poincaré-
Perron method. These series are convergent in the all physical domain of the variable
z ∈ [−π/2,+π/2]. Due to the compactness of the spherical space, the existence of
discrete energy levels is assumed; however, any exact quantisation rule is not known.
An approximate method for producing the discrete spectrum of energy is developed;
it is based on the use of polynomials instead of power series involved in exact Frobe-
nius solutions. A numerical study and visualisation of constructed solutions are
performed.

2.1 The Cox equation for a scalar particle

In the frames of the theory of generalised relativistic wave equations, a special model for
a spin-zero particle was proposed by Cox [1]. An updated treatment of this theory can be
seen in recent books [2, 3].

Cox constructed the wave equation for a scalar particle within the model with a larger
set of tensor functions than it exists in the conventional Proca’s approach. Namely, he used
the set of a scalar, 4-vector, antisymmetric, and symmetric tensor, thus starting with the
20-component wave function. We use Proca’s type generalised system [3], obtained after
elimination from the initial Cox’s system of two 2nd-rank tensors:

Λ β
α Φβ = DαΦ , DαΦα = µΦ , Λ β

α = µδβα + λF β
α , (2.1)

where Dα = i~∂α − (e/c)Aα and µ = mc; λ is a free parameter of the theory related to
an additional structure of the particle, below we use the quantity Γ = λ/µ. From eq. (2.1)
follows a generalised Klein–Fock–Gordon equation for the scalar function Φ:[

µDρ(Λ−1) αρ Dα − µ2
]

Φ = 0 . (2.2)
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Explicit expression for matrix (Λ−1) αρ is known [3]:

(Λ−1) βα =
1

µ2(µ2 − λ2

2 F
σ
ρ F ρ

σ )− λ4( 1
4F

β
α F×ρβ )2

×
{
µ(µ2 − λ2

2
F σ
ρ F ρ

σ ) δ βα − λ(µ2 − λ2

2
F σ
ρ F ρ

σ )F β
α

+µλ2F σ
α F β

σ − λ3, F σ
α F δ

σ F
β
δ

}
. (2.3)

For curved space-time models, we have more complicated form of Λ−1:

(Λ−1) βα = 1
µ2(µ2−λ2I)−λ4J2

×
{
µ (µ2 − λ2I ) δ βα − λµ2 F β

α + µλ2 F σ
α F β

σ − λ3 J(x)F×βα
}
,

(2.4)

where

I(x) =
1

2
(F β
α F α

β ) = −( g00EiE
i +BiB

i ) ,

J(x) =
1

4
(F×βα )(F ρ

β ) = − 1√
−g

(EiBi) ,

(F β
α ) =

∣∣∣∣∣∣∣∣
0 E1 E2 E3

−g00E1 0 g22B3 −g33B2

−g00E2 −g11B3 0 g33B1

−g00E3 g11B2 −g22B1 0

∣∣∣∣∣∣∣∣ ,
(F×)αβ =

1

2
εαβρσ(x)Fρσ, ε0123(x) = ε(x), ε(x) =

1√
−g

.

Cox’s electromagnetic structure may be related to the known Darwin [4] interaction
term in Schrödinger equation; this additional interaction is related to the non-point-like
distribution of the electric charge in the finite volume of the sphere.

In recent papers [5–7], it was studied behaviour of such a particle in external magnetic
and electric fields, in Minkowski space, and in spaces with simple non-Euclidean geometries:
hyperbolic and spherical ones.

Also it was performed the non-relativistic approximation in eq. (2.2). The Schrödinger
equation for the Cox particle has the form

DtΨ =
1

2m

◦
Dk (−gkj)(K l

jDl +mcK 0
j )Ψ− 1

2
[(K 0

0 −1)mc2+K j
0 cDj ]Ψ , (2.5)

where the notations are used:

dS2 = c2dt2 + gkl(x) dxkdxl , K α
ρ = mc(Λ−1) αρ = µ(Λ−1) αρ ,

i~∂t − eA0 = Dt , ic~∂k − eAk = cDk ,
ic~√
−g

∂

∂xk
√
−g − eAk = c

◦
Dk . (2.6)

Solutions of this non-relativistic equation in the presence of the uniform magnetic and
electric fields have been found [3]. In particular, for the Cox particle in a magnetic field, we
have [3] a modified energy spectrum

E =
p2

2M
+

ω~
1− (ΓB)2

(n+
m+ | m | +1

2
)− ω~

1− (ΓB)2

ΓB

2
. (2.7)
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For Cox particle, the frequency of a quantum oscillator changes as follows:

ω =⇒ ω̃ =
ω

1− Γ2B2
, ω =

eB

Mc
. (2.8)

It turns out that the intrinsic structure of the particle rather specifically interacts with
the curved geometry of the space-time. Let us shortly discuss the problem of a particle in
magnetic field on the background of the Lobachevsky space [3]. In cylindrical coordinates,
the analogue of the uniform magnetic field is determined by the relations:

dS2 = c2dt2 − cosh2 z(dr2 + sinh2 r dφ2) + dz2,

Aφ = −Bρ2(cosh r − 1), Frφ = −Bρ sinh r ,

B3 = −Bρ sinh r , B3 = − B

ρ sinh r cosh4 z
, (2.9)

the curvature radius is noted as ρ. After separating the variables in the Schrödinger equation,
we get the radial equation( d2

dr2
+

cosh r

sinh r

d

dr
− [m− b(cosh r − 1)]2

sinh2 r
+ Λ

)
R(r) = 0 , (2.10)

and the equation for F (z)( d2

dz2
+ 2

sinh z

cosh z

d

dz
+ ε+

bγ − Λ cosh2 z

cosh4 z − γ2

)
Z(z) = 0 , (2.11)

note the notations
eBρ2

~c
= b , ΓB cosh−2 z = γ cosh−2 z .

For the radial equation, a detailed study shows [3] that here we deal with a finite series
of bound states, which is described by the relations

m < 2B,
m+ | m |

2
+ n+ 1/2 ≤ B , n = 0, 1, . . . , NB ,

Λ− 1/4 = 2B(
m+ | m |

2
+ n+ 1/2)− (

m+ | m |
2

+ n+
1

2
)2 . (2.12)

In usual units, the last formulas read

Λ− 1

4
= ρ2Λ0 −

1

4
, lim
ρ→∞

Λ0 =
2M

~2
(E − P 2

2M
) ,

m < 2B, m+ n+ 1/2 ≤ eB

~c
ρ2,

ρ2Λ0 −
1

4
= 2

eB

~c
ρ2(

m+ | m |
2

+ n+ 1/2)

−(
m+ | m |

2
+ n+ 1/2)2, n = 0, 1, . . . , NB . (2.13)

At the limit of vanishing curvature, we obtain the known result for the flat space

E − P 2

2M
=

eB~
Mc

(
m+ | m |

2
+ n+ 1/2).

Moreover, we have Λ− 1/4 = 2BN −N2, n = 0, 1, . . . , NB , where

1

2
≤ N =

m+ | m |
2

+ n+ 1/2 ≤ |B| = b ,
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and therefore Λ obeys the restriction

b ≤ Λ ≤ b2 +
1

4
. (2.14)

Eq. (2.11) may be considered as a Schrödinger equation

[
d2

dz2
+ ε− 1− U(z) ] f(z) = 0 ,

U(z) = − bγ − Λ cosh2 z

cosh4 z − γ2
, U(z → ±∞) = +0 , (2.15)

with effective potential U(z). We find the points of local extremum for this potential, they
are z = 0 and the roots of a quadratic equation

(
cosh2 z

)
|1,2 =

b

Λ
γ ±

√
(
b2

Λ2
− 1)γ2 . (2.16)

While considering the bound states for the radial equations, we noted inequality Λ2 > b2.
This means that the square root in eq. (2.16) is an imaginary number. Therefore, there
exist no other points of zero force except z = 0. The form of the effective potential U(z)
says that we have a quantum-mechanical problem of a tunnelling type.

Equation (2.16) reduces [3] to a differential equation with six regular singular points.
To physical infinities z = −∞, +∞, there correspond the singular points 0 and 1. Frobe-
nius solutions of this equation were constructed, and the convergence of the relevant series
is proved by Poincaré–Perron method. These series are convergent in the whole physical
domain z ∈ (−∞,+∞). A numerical study of the tunnelling effect was performed in [7].

In the present chapter, we will study the problem of the Cox particle in an external
magnetic field, but now on the background of the spherical Riemann space. In cylindric
coordinates, we have

dS2 = dt2 − cos2 z (dr2 + sin2 r dφ2)− dz2, z ∈ [−π/2,+π/2] ,

Aφ = Bρ2(cos r − 1), Frφ = B3 = Bρ sin r, B3 =
B

ρ sin r cos4 z
. (2.17)

After separating the variables in the Schrödinger equation, we derive equations in r, z-
variables: ( d2

dr2
+

cos r

sin r

d

dr
− [m+ b(cos r − 1)]2

sin2 r
+ Λ

)
R(r) = 0 , (2.18)

( d2

dz2
− 2

sin z

cos z

d

dz
+ ε− bγ + Λ cos2 z

cos4 z − γ2

)
F (z) = 0 . (2.19)

Analysis of the radial equation gives a completely discrete energy spectrum:

m > 0 , Λ +
1

4
= (n+ 1/2 +m)(n+ 1/2 +m+ 2b) ;

m < −2b , Λ +
1

4
= (n+ 1/2−m)(n+ 1/2−m− 2b) ;

−2b < m ≤ 0 , Λ +
1

4
= (n+ 1/2)(n+ 1/2− 2b) . (2.20)
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In usual measure units, these formulas read

m > 0 , ρ2Λ0 +
1

4
= +2

eb

~c
ρ2(n+m+ 1/2) + (n+m+ 1/2)2 ;

m < −2
eb

~c
ρ2 , ρ2Λ0 +

1

4
= −2

eb

~c
ρ2(n−m+ 1/2) + (n−m+ 1/2)2 ;

−2
eb

~c
ρ2 < m ≤ 0 , ρ2Λ0 +

1

4
= 2

eb

~c
ρ2(n+ 1/2) + (n+ 1/2)2 . (2.21)

Transition to the case of the flat Minkowski space is achieved by ρ → ∞; in this way we
obtain the known result:

m < 0 , Λ0 = 2
eb

~c
(n+ 1/2) ; m ≥ 0 ,

2M

~2
(E − P 2

2M
) = +2

eb

~c
(n+m+ 1/2) .

The goal of the present chapter is to study (analytically and numerically) solutions of
the equation in z-variable (2.19). In fact, here we have a quantum mechanical problem
for a particle in a box with a complicated potential, a mathematical task is reduced to a
differential equation with six regular singularities.

2.2 Separation of the variables

In cylindric coordinates of the Riemann spherical model of spherical Riemann space we have

dS2 = dt2 − cos2 z (dr2 + sin2 r dφ2)− dz2,
√
−g = sin r cos2 z ;

gαβ = (1,− cos2 z,− sin2 r cos2 z,−1) , r ∈ [0, π] , z ∈ [−π/2,+π/2] .
(2.22)

An analogue of the uniform magnetic field is determined by the relations [7]:

Aφ = Bρ2 (cos r − 1) , Frφ = Bρ sin r ,

B3 = Bρ sin r , B3 =
B

ρ sin r cos4 z
, BiB

i =
B2

cos4 z
.

(2.23)

We start with the generalised Schrödinger equation in the form

Dt Ψ = − 1

2Mρ2

◦
Dk g

kj(x)
∗
Dj Ψ ,

or,

Dt Ψ =
1

2Mρ2
[
◦
D1

1

cos2 z

∗
D1 +

◦
D2

1

sin2 r cos2 z

∗
D2 +

◦
D3

∗
D3 ] Ψ ,

where
D1 = i~∂r , D2 = i~∂φ −

e

c
Bρ2(cos r − 1) , D3 = i~∂z ,

◦
D1= i~(∂r +

cos r

sin r
) ,

◦
D2= i~∂φ −

e

c
Bρ2(cos r − 1) ,

◦
D3= i~(∂z − 2

sin z

cos z
) ,

∗
D1=

1

1 + Γ2B2 cos−4 z
(D1 − ΓB3D

2)

=
1

1 + Γ2B2 cos−4 z
[ i~∂r + ΓB sin r cos2 z

(
i~∂φ −

e

c
Bρ2(cos r − 1)

)
] ,
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∗
D2=

1

1 + Γ2B2 cos−4 z
(D2 + ΓB3D

1)

=
1

1 + Γ2B2 cos−4 z
[ i~∂φ −

e

c
Bρ2(cos r − 1)− i~ ΓB sin r

cos2 z
∂r ] ,

∗
D3=

1

1 + Γ2B2 cos−4 z
(D3 + Γ2B3B3D3) = i~∂z .

We further get

1

2Mρ2

◦
D1 g

11
∗
D1=

~2

2Mρ2 cos2 z (1 + Γ2B2 cos−4 z)
(∂r +

cos r

sin r
)

×[ ∂r +
ΓB

sin r cos2 z
(∂φ + i

eBρ2

~c
(cos r − 1)) ] ,

or with the notations
eBρ2

~c
= b ,

ΓB

cos2 z
= γ(z) ,

we obtain
1

2Mρ2

◦
D1 g

11
∗
D1=

~2

2Mρ2 cos2 z (1 + γ2(z))
(∂r +

cos r

sin r
)

×[ ∂r +
γ(z)

sin r
(∂φ + i b (cos r − 1)) ]

=
~2

2Mρ2 cos2 z (1 + γ2(z))
[ ∂2

r +
cos r

sin r
∂r + iγ(z)b

cos r − 1

sin r
∂r +

γ(z)

sin r
∂r∂φ − iγ(z)b ] .

Similarly, we derive

1

2Mρ2

◦
D2 g

22
∗
D2=

~2

2Mρ2 sin2 r cos2 z (1 + γ2(z))

× [∂φ + ib(cos r − 1)] [∂φ + ib(cos r − 1)− γ(z) sin r ∂r] ;

1

2Mρ2

◦
D3 g

33
∗
D3=

~2

2Mρ2
(∂z − 2

sin z

cos z
) ∂z .

By using the substitution for the wave function

Ψ = e−iEt/~eimφF (z)R(r) , ε =
E

~2/2Mρ2
,

we reduce the Schrödinger equation to the form{ 1

cos2 z (1 + γ2(z))

[
∂2
r +

cos r

sin r
∂r −

[m+ b(cos r − 1)]2

sin2 r
− iγ(z)b

]
+ε+ (∂z − 2

sin z

cos z
)∂z

}
R(r)F (z) = 0 .

For physical reasons, the function γ(z) must be imaginary, so the change iγ(z)  γ(z)
should be done; we obtain[ 1

cos2 z (1− γ2(z))

(
∂2
r +

cos r

sin r
∂r −

[m+ b(cos r − 1)]2

sin2 r
− bγ(z)

)
+ε+ (∂z − 2

sin z

cos z
)∂z

]
R(r)F (z) = 0 .
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Then by separating the variables, we get

1

R(r)

( d2

dr2
+

cos r

sin r

d

dr
− [m+ b(cos r − 1)]2

sin2 r

)
R(r)

+
1

F (z)
cos2 z (1− γ2(z))

(
− b γ(z)

cos2 z (1− γ2(z))
+ ε+ (∂z − 2

sin z

cos z
)∂z

)
F (z) = 0 .

Hence we infer ( d2

dr2
+

cos r

sin r

d

dr
− [m+ b(cos r − 1)]2

sin2 r
+ Λ

)
R(r) = 0 , (2.24)

and ( d2

dz2
− 2

sin z

cos z

d

dz
+ ε− b γ(z)

cos2 z (1− γ2(z))
− Λ

cos2 z (1− γ2(z))

)
F (z) = 0 .

The last relation explicitly looks like1( d2

dz2
− 2

sin z

cos z

d

dz
+ ε− bγ + Λ cos2 z

cos4 z − γ2

)
F (z) = 0 . (2.25)

From eq. (2.25), by excluding the term with the first derivative (let Z(z) = cos−1 zf(z)),
we obtain the quantum-mechanical equation with the effective potential

[
d2

dz2
+ ε+ 1− U(z) ] f(z) = 0 , U(z) =

bγ + Λ cos2 z

cos4 z − γ2
,

U(z = 0) =
bγ + Λ

1− γ2
, U(z = ±π

2
) = − b

γ
.

(2.26)

The magnetic field is directed along the axis z; quantisation of the parameter Λ > 0 is
known from the analysis of the equation in the transversal coordinate r. The parameter γ
is associated with an additional intrinsic structure of the Cox particle; it is assumed to be
sufficiently small.

The local extremum may be attended at the points

Fz = −dU
dz

= −2 cos z sin z
Λ cos4 z + 2 b γ cos2 z + γ2Λ

(cos4 z − γ2)2
; (2.27)

i.e., at the point z = 0 and at the roots of the quadratic equation

Λ cos4 z + 2, bγ cos2 z + γ2Λ = 0 =⇒
(
cos2 z

)
|1,2 = − b

Λ
γ ±

√
(
b2

Λ2
− 1)γ2. (2.28)

The value under the square root is negative because of the known inequality Λ2 > b2, so
there exist only one extremum point z = 0 in the real domain of the variable.

Here we face a much different problem than in the case of Lobachevsky space. Indeed,
the potential U(z) becomes infinite at two physical points

cos4 z − γ2 = 0 cos2 z = +γ, cos2 z = −γ ;

it is assumed that the parameter γ can be arbitrarily small.
Accordingly, the graph of the potential function U(z), z ∈ (−[i/2,+π/2] has two sym-

metric vertical asymptotes defined by the equation cos4 z0 = γ2; with the decrease of pa-
rameter γ2, these asymptotes tend to the endpoints of the interval (−π/2,+π/2); see Figs.
2.1, 2.2, and 2.3. The potential that enters eq. (2.26) is singular only at two points, namely
−z0 and +z0.

1Let it be γ = BΓ.
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2.3 Ordinary particle in Riemann space

Before examining the rather complicated eq. (2.26), let us consider a simpler problem that
occurs for the usual scalar particle in the external magnetic field[ d2

dz2
+ ε+ 1− U(z)

]
f(z) = 0 , U(z) =

Λ

cos2 z
,

U(z = 0) = Λ , U(z = ±π
2

) = +∞ .
(2.29)

We introduce the variable

y = tan z ,
d

dz
= (1 + y2)

d

dy
,

d2

dz2
= (1 + y2)2 d

2

dy2
+ 2y(1 + y2)

d

dy
;

then (2.29) takes the form[
(1 + y2)

d2

dy2
+ 2y

d

dy
+

ε− 1

(1 + y2)
− Λ

]
f = 0 .

To reduce the equation to the hypergeometric type, we use the variable x:

x =
1− iy

2
, (1 + y2) = 1− (1− 2x)2 = 4x(1− x) ,

so that [
x(1− x)

d2

dx2
+ (1− 2x)

d

dx
− ε− 1

4x(1− x)
+ Λ

]
f = 0 . (2.30)

The singular points of the last equation are 0, 1,∞. The physical features are located at
the imaginary infinities:

x =
1− i tan z

2
, z → ∓π

2
, x→ ±i∞ .

We find behaviour of the solutions near the (non-physical) singular points:

x→ 0 , xf ′′ + f ′ − ε− 1

4x
f = 0 f = xA , A = ±

√
ε− 1

2
;

x→ 1 , (1− x)f ′′ − f ′ − ε− 1

4(1− x)
f = 0 , f = (1− x)B , B = ±

√
ε− 1

2
.

The general solution is constructed in the form f(x) = xA(1− x)BF (x):

x(1− x)F ′′ + [(2A+ 1)− (2A+ 2B + 2)x] F ′

−[ (A+B)(A+B + 1)− Λ +
1

4

−4A2 + ε− 1

x
+

1

4

4B2 − ε+ 1

x− 1
] F = 0 .

The known restrictions are imposed on the parameters A and B, and the equation simplifies
to hypergeometric type

x(1− x)F ′′ + [(2A+ 1)− (2A+ 2B + 2)x]F ′ − [(A+B)(A+B + 1)− Λ]F = 0
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with the parameters

c = 2A+ 1 , a =
1

2
+A+B +

√
1 + 4Λ

2
, b =

1

2
+A+B −

√
1 + 4Λ

2
. (2.31)

To choose the necessary solutions – they need to be finite and continuous – we recall
the meaning of the variable x:

z → +
π

2
, x→ −i∞ , z → −π

2
, x→ +i∞ ;

therefore, the most interesting are Kummer solutions of the following types:

u3(x) = (−x)−aF (a, a+ 1− c, a+ 1− b; 1

x
) , u4(x) = (−x)−bF (b, b+ 1− c, b+ 1− a;

1

x
) .

To investigate the possibility of obtaining solutions in the form of polynomials, we con-
sider the explicit form of the parameters a and b for four different variants depending on A
and B:

A = −
√
ε− 1

2
, B = −

√
ε− 1

2
, a =

1

2
−
√
ε− 1 +

√
4Λ + 1

2
, b =

1

2
−
√
ε− 1−

√
4Λ + 1

2
,

A = +

√
ε− 1

2
, B = +

√
ε− 1

2
, a =

1

2
+
√
ε− 1 +

√
4Λ + 1

2
, b =

1

2
+
√
ε− 1−

√
4Λ + 1

2
,

A = +

√
ε− 1

2
, B = −

√
ε− 1

2
, a =

1

2
+

√
4Λ + 1

2
, b =

1

2
−
√

4Λ + 1

2
,

A = −
√
ε− 1

2
, B = +

√
ε− 1

2
, a =

1

2
+

√
4Λ + 1

2
, b =

1

2
−
√

4Λ + 1

2
.

Obviously, only the first choice allows us to impose the quantisation rules a = −n,
leading to reasonable (from the physical point of view) energy spectrum:

1

2
−
√
ε− 1 +

√
4Λ + 1

2
= −n =⇒

√
ε− 1 =

1

2
+

√
4Λ + 1

2
+ n. (2.32)

We are to follow the behaviour of solutions related to u3 and u4 at the points z±π/2, x→
±i∞. First, we examine the solution on the basis of u3:

f(x→∞) = xA(1− x)B(−x)−aF (a, a+ 1− c, a+ 1− b; 1

x
)

∼ xA+B−a = x−
√
ε−1+n = x−1/2−

√
4Λ+1/2 → 0 . (2.33)

Here we have finite wave functions in the whole physical region.
Similarly, we examine the functions related to u4:

f(x→∞) = xA(1− x)B(−x)−bF (b, b+ 1− c, b+ 1− a;
1

x
)

∼ xA+B−b = x−
√
ε−1−1/2+

√
ε−1+

√
4Λ+1/2 = x−1/2+

√
4Λ+1/2 →∞ ; (2.34)

such solutions are divergent at the points z → ±π/2, and they are not of interest for physical
reasons.

Another variable cos2 z = Z may be used to study eq. (2.29):[
(Z(1− Z)

d2

dZ2
+ (

1

2
− Z)

d

dZ
+
ε+ 1

4
− Λ/4

Z2

]
f(Z) = 0 ; (2.35)
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the singular points Z = 0, 1 are physical. Let f = Za (1 − Z)b F (Z); for F (Z) we get the
equation

Z(1− Z)
d2F

dZ2
+ [2 a+

1

2
− (2 a+ 2 b+ 1)Z]

dF

dZ

+
[1

4
(ε+ 1)− (a+ b)2 +

1

2

b(2 b− 1)

1− Z
− 1

4

−4 a2 + 2 a+ Λ

Z

]
F = 0 .

By imposing the following restrictions on the parameters a and b:

a =
1

4
± 1

4

√
1 + 4 Λ , b = 0,

1

2
,

the above equation simplifies

Z(1− Z)
d2F

dZ2
+
[
2 a+

1

2
− (2 a+ 2 b+ 1)Z

] dF
dZ

+
[ 1

4
(ε+ 1)− (a+ b)2

]
F = 0 .

This is an equation of hypergeometric type, with parameters

α = a+ b− 1

2

√
ε+ 1 , β = a+ b+

1

2

√
ε+ 1 , γ = 2 a+

1

2
.

Without loss of generality, the parameters a, b are fixed as follows

a =
1

4
+

1

4

√
1 + 4 Λ , b = 0 , γ = 1 +

1

2

√
1 + 4 Λ ,

α =
1

4
+

1

4

√
1 + 4 Λ− 1

2

√
ε+ 1 , β =

1

4
+

1

4

√
1 + 4 Λ +

1

2

√
ε+ 1 .

(2.36)

The following Kummer functions can be selected as the two linearly independent solu-
tions:

u1(Z) = F (α, β, γ, Z) , u5(Z) = Z1−γF (α+ 1− γ, β + 1− γ, 2− γ, Z) .

These hypergeometric functions are transformed into polynomials if one of the first two pa-
rameters is either zero or negative integer. From the physical point of view, the quantisation
condition on the admissible energy levels is possible only for the function u1(Z):

α = −n, 1

4
+

1

4

√
1 + 4 Λ− 1

2

√
ε+ 1 = −n =⇒

√
ε+ 1 =

1 +
√

1 + 4 Λ

2
+ 2n ; n = 0, 1, 2, ... (2.37)

the first term describes the contribution to total energy due to the motion along the trans-
verse coordinate2. The term determined by the quantum number n is due to the motion
along the z-axis.

The expressions for the other three combinations of parameters are3:

β =
1

4
+

1

4

√
1 + 4 Λ +

1

2

√
ε+ 1 = −n ,

α+ 1− γ =
1

4
−
√

1 + 4Λ

4
−
√
ε+ 1

2
= −n ,

2The quantisation of this term was derived from the analysis of the radial equation.
3We note that these do not lead to physical spectra.
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β + 1− γ =
1

4
−
√

1 + 4Λ

4
+

√
ε+ 1

2
= −n .

To the bound states must correspond everywhere finite solutions. At the point Z =
0 (z = ±π/2), the total wave function vanishes:

f1(Z) = Zau1(Z) = Z(1+
√

1+4 Λ)/4 → 0 . (2.38)

To find the behaviour of the solutions at the point Z = 1 (z = 0), we use the Kummer
formulas. They make it possible to decompose the above solutions in terms of other solutions
depending on the argument (1− Z). There exist two such solutions:

u2(Z) = F (α, β, α+ β + 1− c, 1− Z) ,

u6(Z) = (1− Z)γ−α−βF (γ − α, γ − β, γ + 1− α− β, 1− Z) ,

and the needed Kummer formula is

u1(Z) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(β − β)
u2(Z) +

Γ(γ)Γ(α+ β − γ)

Γ(α)Γ(β)
u6(Z) .

At the point (Z → 1), this decomposition takes the form

U1(Z → 1) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(β − β)
+

Γ(γ)Γ(α+ β − γ)

Γ(α)Γ(β)
(1− Z)γ−α−β .

In view of γ − α− β = 1/2, the previous formula is simplified to

f1(Z → 1) = u1(Z → 1) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(β − β)
. (2.39)

Thus, the correct complete wave function referring to the bound states with the energy
levels

√
ε+ 1 =

1 +
√

1 + 4 Λ

2
+ 2n (2.40)

is given by the expression

f1(Z) = Z(1+
√

1+4 Λ)/4 = F (−n,
√

1 + 4Λ

2
+

1

2
+ n, 1 +

√
1 + 4Λ

2
, Z) . (2.41)

The energy levels related to formula (2.40) are illustrated by Fig. 2.4.

2.4 Cox particle, analysis in the variable x = tan z

We start with the equation[ d2

dz2
+ ε− 1− β + Λ cos2 z

cos4 z − γ2

]
f = 0 . (2.42)

With the use of the new variable

x = tan z ,
d

dz
=
dx

dz

d

dx
=

1

cos2 z

d

dx
= (1 + x2)

d

dx
, (2.43)
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we transform the above equation to the form[
(1 + x2)

d2

dx2
+ 2x

d

dx
+

ε− 1

1 + x2
− β(1 + x2) + Λ

1− γ2(1 + x2)2

]
f = 0 . (2.44)

Further we introduce the variable y:

y =
1− ix

2
, x2 = −(1− 2y)2, 1 + x2 = 4y(1− y) ; (2.45)

the equation takes the form

d2

dy2
+ (

1

y
− 1

1− y
)
d

dy
+
[
− ε− 1

4

1

y2
− ε− 1

2

1

y
− ε− 1

2

1

1− y
− ε− 1

4

1

(1− y)2

+
γΛ + β

2γ

1

1− 4yγ(1− y)

1

y(1− y)
+
γΛ− β

2γ

1

1 + 4yγ(1− y)

1

y(1− y)

]
f = 0 . (2.46)

With the use of the notation, y(1− y) = f , we obtain the identity

1

1− 4γy(1− y)

1

y(1− y)
≡ 1

4γf

1

f
=

1− 4γf + 4γf

1− 4γf

1

f
=

1

f
+

4γ

1− 4γf
,

that is
1

1− 4γy(1− y)

1

y(1− y)
=

1

y
+

1

1− y
+

4γ

1− 4γy(1− y)
;

similarly derive

1

1 + 4γy(1− y)

1

y(1− y)
=

1

y
+

1

1− y
− 4γ

1 + 4γy(1− y)
.

Let us write down the expressions for the singular points:

1− 4γy(1− y) = 0 , y2 − y +
1

4γ
= 0 =⇒ y1,2 =

1±
√

1− γ−1

2
,

1

1− 4γy(1− y)
=

1

4γ

1

(y − y1)(y − y2)
=

1

4γ

1

y1 − y2
(

1

y − y1
− 1

y − y2
),

1 + 4γy(1− y) = 0 , y2 − y − 1

4γ
= 0 =⇒ y3,4 =

1±
√

1 + γ−1

2
,

1

1 + 4γy(1− y)
= − 1

4γ

1

(y − y3)(y − y4)
= − 1

4γ

1

y3 − y4
(

1

y − y3
− 1

y − y4
).

Thus, the above equation may be presented as follow

d2

dy2
+ (

1

y
− 1

1− y
)
d

dy
+
{
− ε− 1

4

1

y2
− ε− 1

2

1

y
− ε− 1

2

1

1− y
− ε− 1

4

1

(1− y)2

+
γΛ + β

2γ
[

1

y
+

1

1− y
+

1

y1 − y2
(

1

y − y1
− 1

y − y2
)]

+
γΛ− β

2γ

[1

y
+

1

1− y
+

1

y3 − y4
(

1

y − y3
− 1

y − y4
)
]}
f = 0 ; (2.47)

the singular points

0, 1, y1, y2, y3, y4 (2.48)

are regular.
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Let us study the character of the point y =∞. To do this, we recalculate the equation
to the variable Y = y−1:

Y = y−1 , y =
1

Y
, 1− y =

Y − 1

Y
, y →∞ , Y → 0 ,

d

dy
= − 1

y2

d

dY
= −Y 2 d

dY
,

d2

dy2
= Y 4 d

dY
+ 2Y 3 d

dY
,

so eq. (2.47) takes the form
d2

dY 2
+

1

Y − 1

d

dY

+
{
− ε− 1

4

1

Y 2
− ε− 1

2

1

Y 3
− ε− 1

2

1

Y 3

1

Y − 1
− ε− 1

4

1

Y 2

1

(Y − 1)2

+
γΛ + β

2γ

[ 1

Y 3
+

1

Y 3

1

Y − 1
+

1

y1 − y2

1

Y 3
(

1

1− y1Y
− 1

1− y2Y
)
]

+
γΛ− β

2γ

[ 1

Y 3
+

1

Y 3

1

Y − 1
+

1

y3 − y4

1

Y 3
(

1

1− y3Y
− 1

1− y4Y
)
]}
f = 0 . (2.49)

In the neighbourhood of the point y →∞ (Y → 0), eq. (2.49) becomes simpler

d2f

dY 2
− df

dY
+

(
−ε− 1

4

1

Y 2
− ε− 1

2

1

Y 3
+
ε− 1

2

1

Y 3
− ε− 1

4

1

Y 2

)
f = 0 ,

or differently,
d2f

dY 2
− df

dY
= 0 ,

which means that the point y =∞ (Y = 0) is not singular.

2.5 Analysis in the variable cos2 z = Z

Let us apply the more convenient variable cos2 z = Z; then eq. (2.42) takes the form[ d2

dZ2
+ (

1

2Z
+

1

2

1

Z − 1
)
d

dZ
− ε+ 1

4Z (Z − 1)

+
bγ + ΛZ

(Z − γ) (Z + γ) 4Z (Z − 1)

]
f(Z) = 0 . (2.50)

The equation (2.50) can be written more symmetrically as[ d2

dZ2
+
( 1

2Z
+

1

2

1

Z − 1

) d

dZ
+
( b

4γ
+
ε+ 1

4

) 1

Z

+
(
− ε+ 1

4
+

bγ + Λ

4(1− γ2)

) 1

Z − 1

− Λ + b

8γ(1− γ)

1

Z − γ
+

Λ− b
8γ(1 + γ)

1

Z + γ

]
f = 0 , (2.51)
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We have four regular singularities: Z = −γ, +γ, 0, 1; the physical region of the variable is
the interval Z ∈ [0,+1] . Equation (2.51) can be written in short form[ d2

dZ2
+ (

1/2

Z
+

1/2

Z − 1
)
d

dZ
+
A

Z
+

B

Z − 1
+

C

Z − γ
+

D

Z + γ

]
f(Z) = 0, (2.52)

where

A =
b

4γ
+
ε+ 1

4
, B = −ε+ 1

4
+

bγ + Λ

4(1− γ2)
, C = − Λ + b

8γ(1− γ)
, D =

Λ− b
8γ(1 + γ)

.

Since the equation does not contain complex values, we conclude that each complex-valued
solution will be accompanied by a conjugate one.

Let us investigate the point z = ∞. To this end, we transform the equation to the
variable y = Z−1:[ d2

dy2
+ (

1

y
− 1/2

1− y
)
d

dy
+
A

y3
+

B

y3(1− y)
+

C

y3(1− γy)
+

D

y3(1 + γy)

]
f(y) = 0 ,

or [ d2

dy2
+ (

1

y
− 1/2

1− y
)
d

dy
+
A+B + C +D

y3

+
B + Cγ −Dγ

y2
+
B + Cγ2 +Dγ2

y
+

B

1− y
+

Cγ3

1− yγ
− Dγ3

1 + yγ

]
f = 0 .

Since we have the identity A+B+C+D = 0 , the equation in the variable y gets simplified[ d2

dy2
+ (

1

y
− 1/2

1− y
)
d

dy
+
B + Cγ −Dγ

y2

+
B + Cγ2 +Dγ2

y
+

B

1− y
− Cγ2

y − γ−1
− Dγ2

y + γ−1

]
f(y) = 0 , (2.53)

whence we conclude that the singularity at Z =∞ is also regular.
Among the five singular points

Z = 0, 1, −γ, +γ, ∞ or y =∞, 1, − 1

γ
, +

1

γ
, 0 , (2.54)

only two points are physical:

z → 0, Z → +1, y → +1 ; z → ±π
2
, Z → 0 , y →∞ . (2.55)

Now we turn to studying solutions of eq. (2.53). There is no difference which variable
byTis used: Z = cos2 z or y = Z−1 = cos−2 z. For definiteness we consider the variable y.

Near the physical singular point y =∞, Z = 0 (z = ±π/2), we have

(
d2

dZ2
F +

1/2

Z

d

dZ
+
A

Z
)f = 0 , f = Zν = y−ν , ν = 0, ν =

1

2
. (2.56)

Near the physical singular point y = 1, Z = 1 (z = 0) we get

(
d2

dy2
+

1/2

y − 1

d

dy
− B

y − 1
)f(y) = 0 ,

f = (y − 1)b = (
1− Z
Z

)b = (1− Z)b , b1 = 0, b2 =
1

2
,

(2.57)

the solutions tend to zero f =
√
y − 1, or tend to a constant value f = (y − 1)0 = 1.
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Near the (non-physical) singular point y = 0, Z =∞ we have the equation( d2

dy2
+

1

y

d

dy
+
B + Cγ −Dγ

y2

)
f(y) = 0 ;

its solutions are constructed in the form

f = ya, a2 +B + (C −D)γ = 0 , a1,2 = ±
√
−B − (C −D)γ ;

taking into account the expressions for B,C,D, we obtain

a1 =
+
√
ε+ 1

2
, a2 =

−
√
ε+ 1

2
;

f(y) = yα = Z−α = (cos z)−2a = (
eiz + e−iz

2
)∓
√
ε+1 .

(2.58)

The possible behaviour of the solutions near the points +1/γ,−1/γ is given by relations:

y −→ +1/γ , F − (y − 1/γ)ρ , ρ1,2 = 0 , 1 ;

y −→ −1/γ , F − (y + 1/γ, )σ , σ1,2 = 0, 1 .
(2.59)

At these points the solutions vanish or tend to a constant value, and it does not matter
from which side to approach the point z0.

When constructing solutions corresponding to bound states, we are primarily interested
in finite functions. In view of the behaviour of solutions near the points ±z0, the potential
discontinuity at the points ±z0 does not lead to any serious consequences.

Taking into account the established asymptotics, we will construct the solutions of eq.
(2.53) of the form f = ya(y − 1)bF (y); we obtain the equation

F ′′ +
(2a+ 1

y
+

2b+ 1/2

y − 1

)
F ′ +

[a2 +B + (C −D)γ

y2
+
b(b− 1) + b/2

(y − 1)2

+
−2ab− a/2− b+B + (C +D)γ2

y
+

2ab+ a/2 + b−B
y − 1

+
Cγ3

1− yγ
− Dγ3

1 + yγ

]
F = 0 .

We apply now the already known restrictions

a2 +B + (C −D)γ = 0 =⇒ a = a1, a2 , b(b− 1) + b/2 = 0 =⇒ b = 0,
1

2
,

further we obtain

F ′′ +
(2a+ 1

y
+

2b+ 1/2

y − 1

)
F ′

+
[−2ab− a/2− b+B + (C +D)γ2

y
+

2ab+ a/2 + b−B
y − 1

− Cγ2

y − 1/γ
− Dγ2

y + 1/γ

]
F = 0.

The functions Fi(y) are subjected to the equation which is the same

F ′′ +
(α1

y
+

β1

y − 1

)
F ′ +

(α
y

+
β

y − 1
+

c

y − 1/γ
+

d

y + 1/γ

)
F = 0 . (2.60)

We multiply eq. (2.60) by
y (y − 1) (y − 1/γ) (y + 1/γ),

so we get
y (y − 1) (y − 1/γ) (y + 1/γ)F ′′
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+
[α1 y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
β1 y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1

]
F ′

+
[α y (y − 1) (y − 1/γ) (y + 1/γ)

y
+
β y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1

+
c y (y − 1) (y − 1/γ) (y + 1/γ)

y − 1/γ
+
d y (y − 1) (y − 1/γ) (y + 1/γ)

y + 1/γ

]
F = 0 ,

or

[y4 − y3 − y2/γ2 + y/γ2]F ′′ +
[
(α1 + β1)y3 − α1y

2 − α1 + β1

γ2
y +

α1

γ2

]
F ′

+
[
(α+ β + c+ d)y3 − (α+ c+ d− c− d

γ
) y2 − (

α+ β

γ2
+
c− d
γ

)y +
α

γ2

]
F = 0 .

Solutions can be built as power series

F =
∞∑
n=0

any
n, F ′ =

∞∑
n=1

nany
n−1, F ′′ =

∞∑
n=2

n(n− 1)any
n−2 .

Further we obtain

∞∑
n=2

n(n− 1)any
n+2 −

∞∑
n=2

n(n− 1)any
n+1 − 1

γ2

∞∑
n=2

n(n− 1)any
n +

1

γ2

∞∑
n=2

n(n− 1)any
n−1

+(α1 + β1)

∞∑
n=1

nany
n+2 − α1

∞∑
n=1

nany
n+1 − α1 + β1

γ2

∞∑
n=1

nany
n +

α1

γ2

∞∑
n=1

nany
n−1

+ (α+ β + c+ d)

∞∑
n=0

any
n+3 −

(
α+ c+ d− c− d

γ

) ∞∑
n=0

any
n+2

−
(
α+ β

γ2
+
c− d
γ

) ∞∑
n=0

any
n+1 +

α

γ2

∞∑
n=0

any
n = 0 .

After changing the summation indices, we get

∞∑
k=4

(k − 2)(k − 3) ak−2 y
k −

∞∑
k=3

(k − 1)(k − 2) ak−1 y
k

− 1

γ2

∞∑
k=2

k(k − 1) ak y
k +

1

γ2

∞∑
k=1

k(k + 1) ak+1 y
k

+(α1 + β1)

∞∑
k=3

(k − 2) ak−2 y
k − α1

∞∑
k=2

(k − 1) ak−1 y
k

−α1 + β1
γ2

∞∑
k=1

k ak y
k +

α1

γ2

∞∑
k=0

(k + 1) ak+1 y
k

+ (α+ β + c+ d)

∞∑
k=3

ak−3 y
k −

(
α+ c+ d− c− d

γ

) ∞∑
k=2

ak−2 y
k

−
(α+ β

γ2
+
c− d
γ

) ∞∑
k=1

ak−1 y
k +

α

γ2

∞∑
k=0

ak y
k = 0 .

Equating to zero the coefficients at all powers yk:

k = 0 ,
α1

γ2
a1 +

α

γ2
a0 = 0 ,
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k = 1 ,
2

γ2
a2 −

α1 + β1
γ2

a1 + 2
α1

γ2
a2 − (

α+ β

γ2
+
c− d
γ

)a0 +
α

γ2
a1 = 0 ,

k = 2 , − 1

γ2
2 a2 +

1

γ2
6 a3 − α1 a1 −

α1 + β1
γ2

2 a2 +
α1

γ2
3 a3

−(α+ c+ d− c− d
γ

) a0 − (
α+ β

γ2
+
c− d
γ

) a1 +
α

γ2
a2 = 0 ,

k = 3 , −2 a2 −
1

γ2
6 a3 +

1

γ2
12 a4 + (α1 + β1) a1 − α12 a2 −

α1 + β1
γ2

3 a3 +
α1

γ2
4 a4

+(α+ β + c+ d) a0 − (α+ c+ d− c− d
γ

) a1 − (
α+ β

γ2
+
c− d
γ

) a2 +
α

γ2
a3 = 0 ,

k = 4 , 2 a2 − 6 a3 −
12

γ2
a4 +

20

γ2
a5 + (α1 + β1) 2 a2 − α13 a3 −

α1 + β1
γ2

4 a4 +
α1

γ2
5 a5

+(α+ β + c+ d) a1 − (α+ c+ d− c− d
γ

) a2 − (
α+ β

γ2
+
c− d
γ

) a3 +
α

γ2
a4 = 0 ,

k = 5, 6, 7, ... (k − 2)(k − 3) ak−2 − (k − 1)(k − 2) ak−1 −
1

γ2
k(k − 1) ak +

1

γ2
k(k + 1) ak+1

+(α1 + β1)(k − 2) ak−2 − α1(k − 1) ak−1 −
α1 + β1
γ2

k ak +
α1

γ2
(k + 1) ak+1

+(α+ β + c+ d) ak−3 − (α+ c+ d− c− d
γ

) ak−2 − (
α+ β

γ2
+
c− d
γ

) ak−1 +
α

γ2
ak = 0 ,

we derive the 5-term recurrence relation for the coefficients

k = 5, 6, 7, ... (α+ β + c+ d) ak−3

+[(k − 2)(k − 3) + α1 + β1)(k − 2)− (α+ c+ d− c− d
γ

)]ak−2

−[(k − 1)(k − 2) + α1(k − 1) + (
α+ β

γ2
+
c− d
γ

)]ak−1

+[− 1

γ2
k(k − 1)− α1 + β1

γ2
k +

α

γ2
]ak + [

1

γ2
k(k + 1) +

α1

γ2
(k + 1)]ak+1 = 0 .

The Poincaré–Perron method is used to analyse the convergence radii of the series. We
divide the recurrence relation by ak−3:

(α+ β + c+ d)

+[(k − 2)(k − 3) + (α1 + β1)(k − 2)− (α+ c+ d− c− d
γ

)]
ak−2

ak−3

−[(k − 1)(k − 2) + α1(k − 1) + (
α+ β

γ2
+
c− d
γ

)]
ak−1

ak−2

ak−2

ak−3

+[− 1

γ2
k(k − 1)− α1 + β1

γ2
k +

α

γ2
]
ak
ak−1

ak−1

ak−2

ak−2

ak−3

+[
1

γ2
k(k + 1) +

α1

γ2
(k + 1)]

ak+1

ak

ak
ak−1

ak−1

ak−2

ak−2

ak−3
= 0 .

The convergence radius of the power series is the inverse of |r|:

r = lim
k→∞

ak+1

ak
, Rconv =

1

| r |
.
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In order to find an algebraic equation for r, the resulting equation is multiplied by k−2, and
we let k tend to k →∞. In this way we obtain

r − r2 − 1

γ2
r3 +

1

γ2
r4 = 0 =⇒ r(r − 1)(r − γ)(r + γ) = 0 .

The following roots are r = 0, 1, −γ, +γ , so for convergence radii we get

Rconv = 1,
1

|γ|
, ∞ . (2.61)

We recall that the physical domain for the variable y is y = cos−2 z, y ∈ (1,∞).

2.6 Analysis in the variable sin2 z = x

In the equation[ d2

dZ2
+ (

1/2

Z
+

1/2

Z − 1
)
d

dZ
+
A

Z
+

B

Z − 1
+

C

Z − γ
+

D

Z + γ

]
f(Z) = 0,

we make the change of the variable to4

Z = 1− x, x = 1− Z = sin2 z ,
d

dZ
= − d

dx
. (2.62)

The equation takes the form[ d2

dx2
+ (

1/2

x− 1
+

1/2

x
)
d

dx
− A

x− 1
− B

x
− C

x− (1− γ)
− D

x− (1 + γ)

]
f(Z) = 0 .

Let 1− γ = s, 1 + γ = t; then the above equation can be written as( d2

dx2
+ (

1/2

x− 1
+

1/2

x
)
d

dx
− A

x− 1
− B

x
− C

x− s
− D

x− t

)
f(Z) = 0 . (2.63)

Its solutions are built in the form

f(x) = xa(x− 1)bG(x), a = 0,
1

2
, b = 0,

1

2
.

For the function G, we have the equation

d2G

dx2
+ (

1

2

4 b+ 1

x− 1
+

1

2

1 + 4 a

x
)
dG

dx
+
(1

2

4 ab− 2A+ a+ b

x− 1

+
1

2

b (2 b− 1)

(x− 1)
2 +

1

2

a (2 a− 1)

x2
+

1

2

−4 ab− 2B − a− b
x

− C

x− s
− D

x− t

)
G = 0 .

We apply now the already known restrictions a = 0, 1/2, b = 0, 1/2. The choice a = 0 gives
symmetrical under the replacement z  −z solutions, with the property f(z → 0) = const;

4This new variable is more convenient, because the physical domain is Z ∈ (0, 1).
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the choice a = 1/2 gives anti-symmetric under the replacement z  −z solutions, with the
property f(z → 0) = sin z → 0. In this way, we obtain the equation

d2G

dx2
+
(1

2

1 + 4 a

x
+

1

2

4 b+ 1

x− 1

)dG
dx

+
(1

2

−4ab− 2B − a− b
x

+
1

2

4ab− 2A+ a+ b

x− 1
− C

x− s
− D

x− t

)
G = 0 .

We shall follow all four possibilities of the last equation. The functions Gi(x) are subject to
the equation with the general structure

G′′ +
(α1

x
+

β1

x− 1

)
G′ +

(α
x

+
β

x− 1
+

c

x− s
+

d

x− t

)
G = 0 , (2.64)

where

α1 =
1

2
(1 + 4 a) , β1 =

1

2
(1 + 4 b) ,

α =
1

2
(−4 ab− 2B − a− b) , β =

1

2
(4 ab− 2A+ a+ b) , c = −C , d = −D .

We multiply the equation by x (x− 1) (x− s) (x− t), so we get[
x4 − (1 + s+ t)x3 + (st+ s+ t)x2 − stx

]
G′′

+
{

(α1 + β1)x3 − [(1 + s+ t)α1 + (s+ t)β1]x2 + [(st+ s+ t)α1 + stβ1]x− α1st
}
G′

+
{

(α+ β + c+ d)x3 − [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ]x2

+ [(st+ s+ t)α+ stβ + ct+ ds]x− α st}G = 0 .

The solutions can be built as power series

G =
∞∑
n=0

anx
n, G′ =

∞∑
n=1

nanx
n−1, G′′ =

∞∑
n=2

n(n− 1)anx
n−2 .

Further we get

∞∑
n=2

n(n− 1)anx
n+2 − (1 + s+ t)

∞∑
n=2

n(n− 1)anx
n+1 + (st+ s+ t)

∞∑
n=2

n(n− 1)anx
n

−st
∞∑
n=2

n(n− 1)anx
n−1 + (α1 + β1)

∞∑
n=1

nanx
n+2 − [(1 + s+ t)α1 + (s+ t) β1]

∞∑
n=1

nanx
n+1

+ [(st+ s+ t)α1 + stβ1]

∞∑
n=1

nanx
n − α1 st

∞∑
n=1

nanx
n−1 + (α+ β + c+ d)

∞∑
n=0

anx
n+3

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ]

∞∑
n=0

anx
n+2

+ [(st+ s+ t)α+ stβ + ct+ ds]

∞∑
n=0

anx
n+1 − α st

∞∑
n=0

anx
n = 0 .

By changing the summation indices, we get

∞∑
k=4

(k − 2)(k − 3)ak−2x
k − (1 + s+ t)

∞∑
k=3

(k − 1)(k − 2)ak−1x
k + (st+ s+ t)

∞∑
k=2

k(k − 1)akx
k
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−st
∞∑
k=1

k(k + 1)ak+1x
k + (α1 + β1)

∞∑
k=3

(k − 2)ak−2x
k

− [(1 + s+ t)α1 + (s+ t) β1]

∞∑
k=2

(k − 1)ak−1x
k

+ [(st+ s+ t)α1 + stβ1]

∞∑
k=1

kakx
k − α1 st

∞∑
k=0

(k + 1)ak+1x
k + (α+ β + c+ d)

∞∑
k=3

ak−3x
k

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ]

∞∑
k=2

ak−2x
k

+ [(st+ s+ t)α+ stβ + ct+ ds]

∞∑
k=1

ak−1x
k − α st

∞∑
k=0

akx
k = 0 .

We equate to zero the coefficients at the powers of yk, and we get a system of recurrence
relations:

k = 0 , −α1 st a1 − α st a0 = 0 ,

k = 1 , −2st a2 + [(st+ s+ t)α1 + stβ1] a1 − 2α1 st a2

+ [(st+ s+ t)α+ stβ + ct+ ds] a0 − α st a1 = 0 ,

k = 2 , 2 (st+ s+ t) a2 − 6 st a3 − [(1 + s+ t)α1 + (s+ t) β1] a1

+2 [(st+ s+ t)α1 + stβ1] a2 − 3α1 st a3

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ] a0

+ [(st+ s+ t)α+ stβ + ct+ ds] a1 − α st a2 = 0 ,

k = 3 , −2 (1 + s+ t) a2 + 6 (st+ s+ t) a3 − 12 st a4 + (α1 + β1) a1

−2 [(1 + s+ t)α1 + (s+ t) β1] a2 + 3 [(st+ s+ t)α1 + stβ1] a3

−4α1 st a4 + (α+ β + c+ d) a0−

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ] a1

+ [(st+ s+ t)α+ stβ + ct+ ds] a2 − α st a3 = 0 ,

k = 4 , 2 a2 − 6 (1 + s+ t) a3 + 12 (st+ s+ t) a4 − 20 st a5 + 2 (α1 + β1) a2

−3 [(1 + s+ t)α1 + (s+ t) β1] a3 + 4 [(st+ s+ t)α1 + stβ1] a4

−5α1 st a5 + (α+ β + c+ d) a1

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ] a2

+ [(st+ s+ t)α+ stβ + ct+ ds] a3 − α st a4 = 0 ,

k = 5, 6, 7, ...

(k − 2)(k − 3) ak−2 − (1 + s+ t) (k − 1)(k − 2) ak−1 + (st+ s+ t) k(k − 1) ak

−stk(k + 1)ak+1 + (α1 + β1) (k − 2)ak−2 − [(1 + s+ t)α1 + (s+ t)β1] (k − 1)ak−1

+ [(st+ s+ t)α1 + stβ1] k ak − α1 st (k + 1) ak+1 + (α+ β + c+ d) ak−3

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d ] ak−2

+ [(st+ s+ t)α+ stβ + ct+ ds] ak−1 − α st ak = 0 .
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Thus, we get the 5-term recurrence relations for the coefficients

k = 5, 6, 7, ... (α+ β + c+ d) ak−3 + {(k − 2)(k − 3) + (α1 + β1) (k − 2)

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d]}ak−2

+ {− (1 + s+ t) (k − 1)(k − 2)− [(1 + s+ t)α1 + (s+ t) β1] (k − 1)

+ (st+ s+ t)α+ stβ + ct+ ds} ak−1+

+{(st+ s+ t) k(k − 1) + [(st+ s+ t)α1 + stβ1] k − α st} ak
+{−st k(k + 1)− α1 st (k + 1)} ak+1 = 0 .

The Poincaré–Perron approach is used to analyse the question of the convergence radius
of the series. The recurrence relation is divided by ak−3:

(α+ β + c+ d) + {(k − 2)(k − 3) + (α1 + β1) (k − 2)

− [(1 + s+ t)α+ (s+ t)β + (1 + t) c+ (1 + s) d]}ak−2

ak−3

+ {− (1 + s+ t) (k − 1)(k − 2)− [(1 + s+ t)α1 + (s+ t)β1] (k − 1)

+ (st+ s+ t)α+ stβ + ct+ ds} ak−1

ak−2

ak−2

ak−3

+{(st+ s+ t) k(k − 1) + [(st+ s+ t)α1 + stβ1] k − α st} ak
ak−1

ak−1

ak−2

ak−2

ak−3

+{−st k(k + 1)− α1 st (k + 1)}ak+1

ak

ak
ak−1

ak−1

ak−2

ak−2

ak−3
= 0 .

The convergence radius of power series is the inverse to |r|:

r = lim
k→∞

ak+1

ak
, Rconv =

1

| r |
.

To find an algebraic equation for r, the resulting equation is multiplied by k−2, and we let
k tend to k →∞. The result is

r − (1 + s+ t)r2 + (st+ s+ t)r3 − str4 = 0 =⇒ (−st)r(r − 1

st
)(r − 1

t
)(r − 1

s
) = 0 ;

that is, the roots are

r = 0 , r = 1 , r =
1

t
, r =

1

t
.

Accordingly, the following radii of convergence are possible:

Rconv =∞, 1 , |t| = |1 + γ| , |s| = |1− γ| . (2.65)

Thus, the power series near the point x = 0 is guaranteed to converge in a circle of radius
Rconv = 1−|γ|; this is the most interesting area from the physical standpoint. We note that
the convergence may be further extended due to the non-singular behaviour of the solutions
near the points |x| = |1± γ|.
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2.7 Figures

FIGURE 2.1
Potential U(z) at γ = 0.

FIGURE 2.2
Potential U(z) at γ = 1

10 , b = 1
100 ; two cases: Λ = 1 and Λ = 10.
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FIGURE 2.3
Potential U(z) at γ = 2, b = 1

10 , Λ = 10.

FIGURE 2.4
Three series of energy levels at Λ = 1, 5, 10.
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3

Cox particle in the Coulomb field

Generalised Klein-Fock-Gordon equation for a scalar particle with the Darwin-
Cox structure, which takes into account the distribution of the electric charge of
the particle inside a finite spherical region is studied in the presence of the external
Coulomb field. There are constructed exact Frobenius type solutions of the derived
equations, convergence of the relevant power series with 8-term recurrent relations is
studied. As analytical quantisation rule is taken so-called transcendency conditions.
It provides us with a 4th-order algebraic equation with respect to energy values,
which has four sets of roots. One set of roots, 0 < En,k < 1, depending on the
angular momentum n = 0, 1, 2, ... and the main quantum number n = 0, 1, 2, ..., may
be interpreted as corresponding to some bound states of the particle in the Coulomb
field. In the same manner, a generalised nonrelativistic Schrödinger equation for such
a particle is studied, the final results are similar.

3.1 Setting the problem

We start with the tensor system of equations for scalar Cox particle which charge is dis-
tributed in finite volume (see [1–8])

mc

~

(
δ βα +

λ

mc/~
F β
α

)
Φβ = DαΦ , DαΦα =

mc

~
Φ , (3.1)

where Dα = i∇α + (e/~c)Aα. Nonzero parameter λ corresponds to an additional Darwin–
Cox structure of the particle. In short form, eq. (3.1) reads

mc

~
Λ β
α Φβ = DαΦ , DαΦα =

mc

~
Φ . (3.2)

Multiplying the first equation by the inverse matrix (Λ−1) αρ , we get

mc

~
Φρ = (Λ−1) αρ DαΦ , DαΦα =

mc

~
Φ , (3.3)

whence after eliminating the vector component we obtain a generalised Klein–Fock–Gordon
equation for scalar Φ(x) (

Dρ(Λ
−1)ραDαΦ − m2c2

~2

)
Φ = 0 . (3.4)

In arbitrary curvilinear coordinates with metrics gαβ(x), the above equation is written as
follows [( i√

−g
∂

∂xρ
√
−g +

e

c~
Aρ

)
(Λ−1)ρα

(
i
∂

∂xα
+

e

c~
Aα

)
− m2c2

~2

]
Φ = 0 . (3.5)
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3.2 Separating the variables

Consider the Cox particle in the presence of external Coulomb field

A0 =
e

r
, e > 0 Fr0 = − e

r2
, dS2 = c2dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2 . (3.6)

In this case, the above matrix Λ β
α takes the form

Λ = (Λ β
α ) =

∣∣∣∣∣∣∣∣
1 µ

r2 0 0
µ
r2 1 0 0
0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣ , µ = − λe

mc/~
; (3.7)

its inverse matrix equals

Λ−1 = K = (K ρ
β ) =

∣∣∣∣∣∣∣∣∣∣

r4

r4−µ2 − µr2

r4−µ2 0 0

− µr2

r4−µ2
r4

r4−µ2 0 0

0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣∣∣
, (3.8)

or differently (note the location of indices)

(Kβρ) =

∣∣∣∣∣∣∣∣∣∣

r4

r4−µ2 − µr2

r4−µ2 0 0

+ µr2

r4−µ2 − r4

r4−µ2 0 0

0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ

∣∣∣∣∣∣∣∣∣∣
. (3.9)

Let us apply notations

D̄α =
i√
−g

∂

∂xρ
√
−g +

e

c~
Aρ , Dβ = i

∂

∂xα
+

e

c~
Aα ,

then eq. (3.5) takes the form[
D̄0K

00D0 + D̄0K
0rDr + D̄rK

r0D0 + D̄rK
rrDr

+D̄θK
θθDθ + D̄φK

φφDφ −
m2c2

~2

]
Φ = 0 . (3.10)

Further, we obtain (let α = e2/~c){
(i∂0 +

α

r
)K00(i∂0 +

α

r
) + (i∂0 +

α

r
)K0ri∂r

+
i

r2
∂rr

2Kr0(i∂0 +
α

r
) +

i

r2
∂rr

2Krri∂r

− 1

r2 sin θ
∂θ sin θ∂θ −

1

r2 sin2 θ
∂φ∂φ −

m2c2

~2

}
Φ = 0 ,

or {(
i∂0 +

α

r

)2 r4

r4 − µ2
−
(
i∂0 +

α

r

) µr2

r4 − µ2
i∂r

+
i

r2
∂rr

2 µr2

r4 − µ2

(
i∂0 +

α

r

)
− i

r2
∂rr

2 r4

r4 − µ2
i∂r

+
1

r2

( 1

sin θ
∂θ sin θ∂θ +

1

sin2 θ
∂φ∂φ

)
− m2c2

~2

}
Φ = 0 . (3.11)
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If µ = 0, then from eq. (3.11) follows an expected equation{(
i∂0 +

α

r

)2

+
1

r2
∂rr

2∂r +
1

r2

( 1

sin θ
∂θ sin θ∂θ +

1

sin2 θ
∂φ∂φ

)
− m2c2

~2

}
Φ = 0 .

After separating the variables with the use of the substitution

Φ = e−iE
′x0/c~ Ylm(θφ) R(r) , ε = E′/c~, [ε] = meter−1

from eq. (3.10) we get the radial equation{
(ε+

α

r
)2 r4

r4 + Γ2
− Γ(ε+

α

r
)

r2

r4 + Γ2

d

dr

+Γ(
d

dr
+

2

r
)

r2

r4 + Γ2
+
α

r
) + (

d

dr
+

2

r
)

r4

r4 + Γ2

d

dr
− l(l + 1)

r2
−M2

}
R = 0 , (3.12)

in the following we will apply the notations

M =
mc

~
, e2 = α =

1

137
, L = l(l + 1) , iµ = Γ, Γ∗ = Γ . (3.13)

Equation (3.12) can be transformed to the form{
(ε+

α

r
)2 r4

r4 + Γ2
− Γ(ε+

α

r
)

r2

r4 + Γ2

d

dr

+Γ(ε+
α

r
)

r2

r4 + Γ2

d

dr
+
(

Γ
r2

r4 + Γ2
(ε+

α

r
)
)′

+ Γ
2

r

r2

r4 + Γ2
(ε+

α

r
)

+
r4

r4 + Γ2

d2

dr2
+
( r4

r4 + Γ2

)′ d
dr

+
2

r

r4

r4 + Γ2

d

dr
− l(l + 1)

r2
−M2

}
R = 0 ,

that is { r4

r4 + Γ2

d2

dr2
+
[( r4

r4 + Γ2

)′
+

2

r

r4

r4 + Γ2

] d
dr

+ (ε+
α

r
)2 r4

r4 + Γ2

+
[
Γ

r2

r4 + Γ2

(
ε+

α

r

)]′
+ Γ

2

r

r2

r4 + Γ2
(ε+

α

r
)− l(l + 1)

r2
−M2

}
R = 0 . (3.14)

Allowing for identities

2

r

r4

r4 + Γ2
+
[ r4

r4 + Γ2

]′
=

r4

r4 + Γ2

(2

r
+

4Γ2

r(r4 + Γ2)

)
,

(
Γ

r2

r4 + Γ2
(ε+

α

r
)
)′

=
r4

r4 + Γ2

(2εΓ

r3
+
αΓ

r4
− 4(εαr + Γα)

r4 + Γ2

)
,

we reduce eq. (3.14) to the form{ r4

r4 + Γ2

d2

dr2
+

r4

r4 + Γ2

(2

r
+

4Γ2

r(r4 + Γ2)

) d
dr

+(ε+
α

r
)2 r4

r4 + Γ2
+

r4

r4 + Γ2

(2εΓ

r3
+
αΓ

r4
− 4(εΓr + Γα)

r4 + Γ2

)
+

2Γ

r3

r4

r4 + Γ2
(ε+

α

r
)− l(l + 1)

r2
−M2

}
R = 0 ,
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or { d2

dr2
+
(2

r
+

4Γ2

r(r4 + Γ2)

) d
dr

+(ε+
α

r
)2 +

2εΓ

r3
+
αΓ

r4
− 4

r4 + Γ2
(εΓr + Γα)

+
2Γ

r3
(ε+

α

r
)− l(l + 1)

r2
(1 +

Γ2

r4
)−M2(1 +

Γ2

r4
)
}
R = 0 .

Finally, we arrive at the equation

d2R

dr2
+
[2

r
+

4Γ2

r(r4 + Γ2)

]dR
dr

+
[
ε2 −M2 +

2αε

r
+
α2 − l(l + 1)

r2

+
4Γε

r3
+

3αΓ− Γ2M2

r4
− l(l + 1)Γ2

r6
− 4(Γεr + Γα)

r4 + Γ2

]
R = 0 . (3.15)

Equation (3.15) has four regular and two irregular points

r4 + Γ2 =
(
r − e+iπ/4

√
Γ
)(
r + e+iπ/4

√
Γ
)(
r − e−iπ/4

√
Γ
)(
r + e−iπ/4

√
Γ
)
,

r = 0, Rank = 3 , r =∞, Rank = 2 ;

(3.16)

note identities

σ ≡ (−Γ2)1/4, σ2 =
√
−Γ2 = iΓ, σ4 = −Γ2,

1

r4 + Γ2
=

1

4σ3

( 1

r − σ
− 1

r + σ
+

i

r − iσ
− i

r + iσ

)
. (3.17)

Solutions near regular points behave as follows

r → +σ,R ∼ (r − σ)ρ, ρ = 0, 2; r → −σ, R ∼ (r + σ)ρ, ρ = 0, 2;

r → +iσ,R ∼ (r − iσ)ρ, ρ = 0, 2; r → −iσ,R ∼ (r + iσ)ρ, ρ = 0, 2.
(3.18)

Because the point r = 0 has the rank 3, Frobenius type solutions (in vicinity of the point
r = 0) are searched in the form

R(r) = rCeAreB/reD/r
2

f(r) . (3.19)

3.3 States with zero angular momentum, l = 0

If l = 0, eq. (3.15) simplifies

d2R

dr2
+
(6

r
− 4r3

r4 + Γ2

)dR
dr

+
[
ε2 −M2 +

2αε

r
+
α2

r2
+

4Γε

r3
+

3αΓ− Γ2M2

r4
− 4Γ(εr + α)

r4 + Γ2

]
R = 0 , (3.20)

it has the same four regular points, and two irregular, r = 0, r = ∞, both of the rank 2.
Allowing for identities (recall that 4

√
−Γ2 = σ):

− 4r3

(r4 + Γ2)
= − 1

r − σ
− 1

r − iσ
− 1

r + σ
− 1

r + iσ
, (3.21)
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−4 Γε r − 4αΓ

r4 + Γ2

=
1

σ3

{−Γε σ − αΓ

r − σ
+
i(−iΓε σ − αΓ)

r − iσ
− Γε σ − αΓ

r + σ
− i(iΓε σ − αΓ)

r + iσ

}
, (3.22)

we transform eq. (3.20) to the form

d2R

dr2
+
[6

r
− 1

r − σ
− 1

r − iσ
− 1

r + σ
− 1

r + iσ

]dR
dr

+
[
ε2 −M2 +

2α ε

r
+
α2

r2
+

4 Γε

r3

+
3αΓ− Γ2M2

r4
− Γε

σ2

( 1

r − σ
− 1

r − iσ
+

1

r + σ
− 1

r + iσ

)
−αΓ

σ3

( 1

r − σ
− 1

r + σ
+

i

r − iσ
− i

r + iσ

)]
R = 0

or

d2R

dr2
+
(6

r
− 1

r − σ
− 1

r − iσ
− 1

r + σ
− 1

r + iσ

)dR
dr

+
[
ε2 −M2 +

2α ε

r
+
α2

r2
+

4 Γε

r3
+

3αΓ− Γ2M2

r4

−Γ (ε σ + α)

(r − σ)σ3
+

Γ (ε σ + iα)

(r + iσ)σ3
+

Γ (−ε σ + α)

(r + σ)σ3
− Γ (−ε σ + iα)

(r − iσ)σ3

]
R = 0 . (3.23)

Let us specify eq. (3.23) near the point r = 0:

R′′ +
6

r
R′ +

(3Γα− Γ2M2)

r4
R = 0 . (3.24)

We can see that the region in the vicinity of r = 0 is forbidden for the classical motion of
the particle only if parameter Γ is negative. Indeed, inequality (3Γα− Γ2M2) < 0 yields

Γ(Γ− 3α

M2
) > 0 =⇒ a) Γ < 0; b) Γ >

3α

M2
. (3.25)

The variant b) seems to be nonphysical because we assume that parameter Γ may be as
small as we wish, including the value Γ = 0. The inverse of eq. (3.25) restriction 0 < Γ < 3α

M2

implies the existence of the above boundary.
In accordance with the structure of singularity in r = 0, the Frobenius type solutions of

eq. (3.23) are searched in the form

R(r) = rCeAreB/r f(r), (3.26)

this results in the following equation for f(r):

d2f

dr2
+
(2C + 6

r
− 2B

r2
+ 2A− 1

r + iσ
− 1

r + σ
− 1

r − σ
− 1

r − iσ

)df
dr

+
[2α ε+ 6A+ 2AC

r
+
α2 − 2AB + 5C + C2

r2
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+
4 Γε− 4B − 2BC

r3
+

3αΓ− Γ2M2 +B2

r4

+A2 −M2 + ε2 +
−Γεσ + αΓ−Aσ3 +Bσ + Cσ2

σ3

1

(r + σ)

+
−Γεσ − αΓ−Aσ3 +Bσ − Cσ2

σ3

1

(r − σ)

+
Γε σ + iΓα−Aσ3 −Bσ − iCσ2

σ3

1

(r + iσ)

+
Γε σ − iΓα−Aσ3 −Bσ + iCσ2

σ3

1

(r − iσ)

]
f = 0 . (3.27)

Impose restrictions on A,B,C:

A2 −M2 + ε2 = 0 =⇒ A = ±
√
M2 − ε2 , (3.28)

3αΓ− Γ2M2 +B2 = 0 =⇒ B = δ
√

Γ(ΓM2 − 3α) ,

C = 2(
Γε

B
− 1) = −2 + δ

2Γε√
Γ(ΓM2 − 3α)

, (3.29)

here arise four possibilities: ±1, δ = ±1.
For describing the bound states, of interest are solutions tending to zero in infinity, so

parameter A should be negative

A = −
√
M2 − ε2 . (3.30)

Solutions tend to zero at the point r = 0, only at negative B,

B = −
√

Γ(ΓM2 − 3α), Γ < 0 (R > 0) . (3.31)

Let us study the possibility of imaginary B:

Γ(ΓM2 − 3α) < 0, eB/r = e±iR/r, R > 0 , Γ ∈ (0,
3α

M2
), Γ > 0 . (3.32)

This implies the following behaviour in vicinity of r = 0:

r → 0, R ∼ 1

r2
e∓i

2Γε
R ln re±iR/r ; (3.33)

which is hardly consistent with any bound states. For this reason, in the following, we
assume that Γ < 0.

Taking in mind restrictions (3.29), we simplify eq. (3.27) to the form

d2f

dr2
+
(2C + 6

r
− 2B

r2
+ 2A− 1

r + σ
− 1

r − σ −
1

r + iσ
− 1

r − iσ

) df
dr

+
[2α ε+ 6A+ 2AC

r
+
α2 − 2AB + 5C + C2

r2

+
−Γε σ + αΓ−Aσ3 +Bσ + Cσ2

σ3(r + σ)
+
−Γε σ − αΓ−Aσ3 +Bσ − Cσ2

σ3(r − σ)

+
Γεσ + iΓα−Aσ3 −Bσ − iCσ2

σ3(r + iσ)
+

Γεσ − iΓα−Aσ3 −Bσ + iCσ2

σ3(r − iσ)

]
f = 0 . (3.34)
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Further, we will apply its short form

f ′′ +
(
a+

a1

r
+
a2

r2
− 1

r + σ
− 1

r − σ
− 1

r + iσ
− 1

r − iσ

)
f ′

+
(b1
r

+
b2
r2

+
β1

r + σ
+

β2

r − σ
+

β3

r + iσ
+

β4

r − iσ

)
f = 0 . (3.35)

Multiplying it by r2(r + σ)(r − σ)(r + iσ)(r − iσ) = r2(r4 − σ4), we obtain(
r6 − σ4r2

)d2f

dr2
+
[
ar6 + (a1 − 4) r5 + a2 r

4 − σ4ar2 − σ4a1 r − σ4a2

]df
dr

+
[

(b1 + β1 + β2 + β3 + β4) r5 + ((−β1 + β2 − iβ3 + iβ4)σ + b2) r4

+σ2 (β1 + β2 − β3 − β4) r3

+ (−β1 + β2 + iβ3 − iβ4)σ3r2 − b1 σ4r − b2 σ4
]
f = 0 . (3.36)

Solutions can be searched as a power series,

f =

∞∑
n=0

cnr
n,

df

dr
=

∞∑
n=1

ncnr
n−1,

d2f

dr2
=

∞∑
n=2

n(n− 1)cnr
n−2 ,

∞∑
n=2

n(n− 1)cnr
n+4 − σ4

∞∑
n=2

n(n− 1)cnr
n + a

∞∑
n=1

ncnr
n+5 + (a1 − 4)

∞∑
n=1

ncnr
n+4

+a2

∞∑
n=1

ncnr
n+3 − σ4a

∞∑
n=1

ncnr
n+1 − σ4a1

∞∑
n=1

ncnr
n − σ4a2

∞∑
n=1

ncnr
n−1

+ (b1 + β1 + β2 + β3 + β4)

∞∑
n=0

cnr
n+5 + ((−β1 + β2 − iβ3 + iβ4)σ + b2)

∞∑
n=0

cnr
n+4

+σ2 (β1 + β2 − β3 − β4)

∞∑
n=0

cnr
n+3 + (−β1 + β2 + iβ3 − iβ4)σ3

∞∑
n=0

cnr
n+2

−b1 σ4
∞∑
n=0

cnr
n+1 − b2 σ4

∞∑
n=0

cnr
n = 0 .

After changing the summation indices, we obtain

∞∑
k=6

(k − 4)(k − 5)ck−4r
k − σ4

∞∑
k=2

k(k − 1)ckr
k + a

∞∑
k=6

(k − 5)ck−5r
k + (a1 − 4)

∞∑
k=5

(k − 4)ck−4r
k

+a2

∞∑
k=4

(k − 3)ck−3r
k − σ4a

∞∑
k=2

(k − 1)ck−1r
k − σ4a1

∞∑
k=1

kckr
k − σ4a2

∞∑
k=0

(k + 1)ck+1r
k

+ (b1 + β1 + β2 + β3 + β4)

∞∑
k=5

ck−5r
k + [(−β1 + β2 − iβ3 + iβ4)σ + b2]

∞∑
k=4

ck−4r
k

+σ2 (β1 + β2 − β3 − β4)

∞∑
k=3

ck−3r
k + (−β1 + β2 + iβ3 − iβ4)σ3

∞∑
k=2

ck−2r
k

−b1 σ4
∞∑
k=1

ck−1r
k − b2 σ4

∞∑
k=0

ckr
k = 0 .
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Thus, we get the recurrent formulas

k = 0, a2 c1 + b2 c0 = 0,

k = 1, 2 a2 c2 + a1 c1 + b1 c0 + b2 c1 = 0,

k = 2, −2σc2 − σac1 − 2σa1 c2 − 3σa2c3 + (−β1 + β2 + iβ3 − iβ4) c0 − b1σc1 − b2σc2 = 0,

k = 3, −6σ2c3 − 2σ2ac2 − 3σ2a1c3 − 4σ2a2c4 + (β1 + β2 − β3 − β4) c0

+ (−β1 + β2 + iβ3 − iβ4)σc1 − b1σ2c2 − b2σ2c3 = 0,

k = 4, −12σ4c4 + a2c1 − 3σ4ac3 − σ4a14c4 − 5σ4a2c5 + [(−β1 + β2 − iβ3 + iβ4)σ + b2] c0

+σ2 (β1 + β2 − β3 − β4) c1 + (−β1 + β2 + iβ3 − iβ4)σ3c2 − b1σ4c3 − b2σ4c4 = 0,

k = 5, −20σ4 c5 + (a1 − 4) c1 + 2a2c2 − 4σ4ac4 − σ4a15c5 − 6σ4a2c6

+ (b1 + β1 + β2 + β3 + β4) c0 + [(−β1 + β2 − iβ3 + iβ4)σ + b2] c1

+σ2 (β1 + β2 − β3 − β4) c2 + (−β1 + β2 + iβ3 − iβ4)σ3c3 − b1σ4 c4 − b2 σ4c5 = 0,

k = 6, 2c2 − 30σ4c6 + ac1 + 2 (a1 − 4) c2 + 3a2c3 − 5σ4ac5 − σ4a16c6

−7σ4a2c7 + (b1 + β1 + β2 + β3 + β4) c1 + [(−β1 + β2 − iβ3 + iβ4)σ + b2] c2

+σ2 (β1 + β2 − β3 − β4) c3 + (−β1 + β2 + iβ3 − iβ4)σ3c4 − b1σ4c5 − b2σ4c6 = 0,

the basic 7-term recurrent formula reads

k = 5, 6, 7, ..., [a(k − 5) + (b1 + β1 + β2 + β3 + β4)] ck−5

+ [(k − 4)(k − 5) + (a1 − 4) (k − 4) + {(−β1 + β2 − iβ3 + iβ4)σ + b2}] ck−4

+
[
a2(k − 3) + σ2 (β1 + β2 − β3 − β4)

]
ck−3 + (−β1 + β2 + iβ3 − iβ4)σ3ck−2

+
[
−σ4a(k − 1)− b1σ4

]
ck−1 +

[
−σ4k(k − 1)− σ4a1k − b2σ4

]
ck − σ4a2(k + 1)ck+1 = 0.

Let us divide the last relation by k2ck−5:

1

k2
[a (k − 5) + (b1 + β1 + β2 + β3 + β4)]

+
1

k2
[(k − 4)(k − 5) + (a1 − 4) (k − 4) + {(−β1 + β2 − iβ3 + iβ4)σ + b2}]

ck−4

ck−5

+
1

k2

[
a2 (k − 3) + σ2 (β1 + β2 − β3 − β4)

] ck−3

ck−4

ck−4

ck−5

+
1

k2
(−β1 + β2 + iβ3 − iβ4)σ3 ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

+
1

k2

[
−σ4a (k − 1)− b1 σ4

] ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

+
1

k2

[
−σ4 k(k − 1)− σ4a1 k − b2 σ4

] ck
ck−1

ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

− 1

k2
σ4a2 (k + 1)

ck+1

ck

ck
ck−1

ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5
= 0

and tend k −→∞. This results in an algebraic equation which determines possible conver-
gence radii

Rconv =
1

|r|
, lim

k→∞

ck−4

ck−5
= r, r − σ4r5 = 0.
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Whence it follows

Rconv =
1

|σ|
= |
√

Γ| , ∞ . (3.37)

Because on the boundary of the circle of radius |Γ|, behaviour of solutions is quite regular,
we can assume that the series converges for any finite r.

To get some quantisation rules, we will apply restriction which determines so called
transcendental Frobenius solutions [8, 9]. To this end, let us turn to recurrent formula

Pk−5ck−5 + Pk−4ck−4 + ...+ Pkck + Pk+1ck+1 = 0, k = 6, 7, 8, ... (3.38)

and impose restriction of vanishing the coefficient Pk−5 at ck−5. It should be noted that if
in addition to constraint Pk−5 = 0, we require six coefficients be vanished

ck−4 = 0, ck−3 = 0, ck−2 = 0, ck−1 = 0, ck = 0, ck+1 = 0, (3.39)

then due to the recurrent formula, the series terminates as a polynomial. Of course, it is
assumed that equations (3.38) and (3.39) permit consistent solutions. The study below will
show that for the problem under consideration such consistent solutions do not exist.

3.4 Studying the states with l = 1, 2, 3, ...

Now we turn to a more complex case when l = 1, 2, 3, ... . Equation (3.15) has the form
(two additional terms arise in comparison with the case l = 0)

d2R

dr2
+
(6

r
− 1

r − σ
− 1

r − iσ
− 1

r + σ
− 1

r + iσ

)dR
dr

+
[
ε2 −M2 +

2αε

r
+
α2

r2
− L

r2
+

4Γε

r3
+

3αΓ− Γ2M2

r4
− Γ2L

r6

−Γ (ε σ + α)

(r − σ)σ3
+

Γ (ε σ + iα)

(r + iσ)σ3
+

Γ (−ε σ + α)

(r + σ)σ3
− Γ (−ε σ + iα)

(r − iσ)σ3

]
R = 0 . (3.40)

In the vicinity of the point r = 0, the form of the equation differs substantially from that
when l = 0,

R′′ +
2

r
R′ − LΓ2

r6
R = 0,

whence we conclude that the region near the point r = 0 is forbidden for classical motion
of the particle, and no constraint for parameter Γ arises. Now, Frobenius-type solutions are
searched in the form

R(r) = rCeAreB/reD/r
2

f(r) , (3.41)

for function f(r) we get equation

d2f

dr2
+
[
2A+

2C + 6

r
− 2B

r2
− 4D

r3
− 1

r − σ −
1

r − iσ −
1

r + σ
− 1

r + iσ

] df
dr

+
[2α ε+ 6A+ 2AC

r
+
α2 + 5C + C2 − 2AB − L

r2
+

4 Γε− 4B − 2CB − 4AD

r3

+
B2 − 6D − 4CD + 3αΓ− Γ2M2

r4
+

4BD

r5
+
−Γ2L+ 4D2

r6
+A2 + ε2 −M2
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+
−Γε σ + αΓ−Aσ3 +Bσ + Cσ2 − 2D

(r + σ)σ3
+

Γε σ − iΓα−Bσ + iCσ2 + 2 iD −Aσ3

(r − iσ)σ3

+
−Γε σ − αΓ−Aσ3 +Bσ − Cσ2 + 2D

(r − σ)σ3
+

Γε σ + iΓα− 2 iD − iCσ2 −Bσ −Aσ3

(r + iσ)σ3

]
f = 0 .

Imposing four restrictions, we find possible values for parameters A,B,C,D:

A2 −M2 + ε2 = 0 =⇒ A = ±
√
M2 − ε2 ,

1

r6
, −Γ2L+ 4D2 = 0 =⇒ D = ±1

2

√
L|Γ|,

1

r5
, 4BD = 0 =⇒ B = 0 ,

1

r4
, C = − 1

4D
(6D − 3αΓ + Γ2M2) .

(3.42)

To bound states there correspond the values

A = −
√
M2 − ε2 , B = 0 , D = −1

2

√
L|Γ| ,

C =
1

2
√
L|Γ|

(
− 3
√
L|Γ| − 3αΓ + Γ2M2

)
.

(3.43)

According to this, the previous equation simplifies

d2f

dr2
+
[
2A+

2C + 6

r
− 2B

r2
− 4D

r3
− 1

r − σ −
1

r − iσ −
1

r + σ
− 1

r + iσ

] df
dr

+
[2α ε+ 6A+ 2AC

r
+
α2 + 5C + C2 − 2AB − L

r2
+

4 Γε− 4B − 2CB − 4AD

r3

+
−Γε σ + αΓ−Aσ3 +Bσ + Cσ2 − 2D

(r + σ)σ3
+

Γε σ − iΓα−Bσ + iCσ2 + 2 iD −Aσ3

(r − iσ)σ3

+
−Γε σ − αΓ−Aσ3 +Bσ − Cσ2 + 2D

(r − σ)σ3
+

Γε σ + iΓα− 2 iD − iCσ2 −Bσ −Aσ3

(r + iσ)σ3

]
f = 0 ;

below we apply its short form

f ′′ +
(
a+

a1

r
+
a2

r2
+
a3

r3
− 1

r + σ
− 1

r − σ
− 1

r + iσ
− 1

r − iσ

)
f ′

+
(b1
r

+
b2
r2

+
b3
r3

+
β1

r + σ
+

β2

r − σ
+

β3

r + iσ
+

β4

r − iσ

)
f = 0 . (3.44)

Multiplying this equation by r3(r + σ)(r − σ)(r + iσ)(r − iσ) = r3(r4 − σ4), we get(
r7 − σ4r3

)
f ′′

+
[
ar7 + (a1 − 4)r6 + a2 r

5 + a3 r
4 − σ4ar3 − σ4a1 r

2 − σ4a2 r − a3 σ
4
]
f ′

+
{

(b1 + β1 + β2 + β3 + β4) r6 + [b2 + (−β1 + β2 − iβ3 + iβ4)σ] r5

+
[
b3 + (β1 + β2 − β3 − β4)σ2

]
r4

+σ3 (−β1 + β2 + iβ3 − iβ4) r3 − b1 σ4r2 − b2 σ4r − b3 σ4
}
f = 0 . (3.45)

Solutions are constructed as power series,

f =

∞∑
n=0

cnr
n,

df

dr
=

∞∑
n=1

ncnr
n−1,

d2f

dr2
=

∞∑
n=2

n(n− 1)cnr
n−2 ;
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∞∑
n=2

n(n− 1)cnr
n+5 − σ4

∞∑
n=2

n(n− 1)cnr
n+1

+a

∞∑
n=1

ncnr
n+6 + (a1 − 4)

∞∑
n=1

ncnr
n+5 + a2

∞∑
n=1

ncnr
n+4 + a3

∞∑
n=1

ncnr
n+3

−σ4a

∞∑
n=1

ncnr
n+2 − σ4a1

∞∑
n=1

ncnr
n+1 − σ4a2

∞∑
n=1

ncnr
n − a3 σ4

∞∑
n=1

ncnr
n−1

+ (b1 + β1 + β2 + β3 + β4)

∞∑
n=0

cnr
n+6 + {b2 + (−β1 + β2 − iβ3 + iβ4)σ}

∞∑
n=0

cnr
n+5

+
{
b3 + (β1 + β2 − β3 − β4)σ2} ∞∑

n=0

cnr
n+4 + σ3 (−β1 + β2 + iβ3 − iβ4)

∞∑
n=0

cnr
n+3

−b1 σ4
∞∑
n=0

cnr
n+2 − b2 σ4

∞∑
n=0

cnr
n+1 − b3 σ4

∞∑
n=0

cnr
n = 0 .

Changing the summation indices, we get

∞∑
k=7

(k − 5)(k − 6)ck−5r
k − σ4

∞∑
k=3

(k − 1)(k − 2)ck−1r
k

+a

∞∑
k=7

(k − 6)ck−6r
k + (a1 − 4)

∞∑
k=6

(k − 5)ck−5r
k + a2

∞∑
k=5

(k − 4)ck−4r
k + a3

∞∑
k=4

(k − 3)ck−3r
k

−σ4a

∞∑
k=3

(k − 2)ck−2r
k − σ4a1

∞∑
k=2

(k − 1)ck−1r
k − σ4a2

∞∑
k=1

kckr
k − a3 σ4

∞∑
k=0

(k + 1)ck+1r
k

+ (b1 + β1 + β2 + β3 + β4)

∞∑
k=6

ck−6r
k + [b2 + (−β1 + β2 − iβ3 + iβ4)σ]

∞∑
k=5

ck−5r
k

+
[
b3 + (β1 + β2 − β3 − β4)σ2] ∞∑

k=4

ck−4r
k + σ3 (−β1 + β2 + iβ3 − iβ4)

∞∑
k=3

ck−3r
k

−b1 σ4
∞∑
k=2

ck−2r
k − b2 σ4

∞∑
k=1

ck−1r
k − b3 σ4

∞∑
k=0

ckr
k = 0 .

Thus, we obtain the recurrent relations

k = 0, a3c1 + b3c0 = 0,

k = 1, a2c1 + 2a3c2 + b2c0 + b3c1 = 0,

k = 2, a1c1 + 2a2c2 + 3a3c3 + b1c0 + b2c1 + b3c2 = 0,

k = 3, 2σc2 + σac1 + 2σa1c2 + 3σa2c3 + 4a3σc4

+ (β1 − β2 − iβ3 + iβ4) c0 + b1σc1 + b2σc2 + b3σc3 = 0,

k = 4, 6σ4c3 − a3c1 + 2σ4ac2 + 3σ4a1c3 + σ4a24c4 + 5a3σ
4c5

−
[
b3 + (β1 + β2 − β3 − β4)σ2

]
c0

−σ3 (−β1 + β2 + iβ3 − iβ4) c1 + b1σ
4c2 + b2σ

4c3 + b3σ
4c4 = 0,

k = 5, −12σ4c4 + a2c1 + 2a3c2 − 3σ4ac3 − 4σ4a1c4 − 5σ4a2c5

−6a3σ
4c6 + [b2 + (−β1 + β2 − iβ3 + iβ4)σ] c0 +

[
b3 + (β1 + β2 − β3 − β4)σ2

]
c1

+σ3 (−β1 + β2 + iβ3 − iβ4) c2 − b1σ4c3 − b2σ4c4 − b3σ4c5 = 0,
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k = 6, −20σ4c5 + (a1 − 4) c1 + 2a2c2 + 3a3c3 − 4σ4ac4 − 5σ4a1c5 − 6σ4a2c6 − 7a3σ
4c7

+ (b1 + β1 + β2 + β3 + β4) c0 + [b2 + (−β1 + β2 − iβ3 + iβ4)σ] c1

+
[
b3 + (β1 + β2 − β3 − β4)σ2

]
c2 + σ3 (−β1 + β2 + iβ3 − iβ4) c3

−b1σ4
4 − b2σ4c5 − b3σ4c6 = 0,

k = 7, 2c2 − 30σ4c6 + ac1 + 2 (a1 − 4) c2 + 3a2c3 + 4a3c4 − 5σ4ac5

−6σ4a1c6 − 7σ4a2c7 − 8a3σ
4c8 + (b1 + β1 + β2 + β3 + β4) c1

+ [b2 + (−β1 + β2 − iβ3 + iβ4)σ] c2 +
[
b3 + (β1 + β2 − β3 − β4)σ2

]
c3

+σ3 (−β1 + β2 + iβ3 − iβ4) c4 − b1σ4c5 − b2σ4c6 − b3σ4c7 = 0 .

So the basic 8-term recurrent formula reads

k = 6, 7, 8, ..., [a (k − 6) + (b1 + β1 + β2 + β3 + β4)] ck−6

+ {(k − 5)(k − 6) + (a1 − 4) (k − 5) + [b2 + (−β1 + β2 − iβ3 + iβ4)σ]} ck−5

+
{
a2 (k − 4) +

[
b3 + (β1 + β2 − β3 − β4)σ2

]}
ck−4

+
[
a3 (k − 3) + σ3 (−β1 + β2 + iβ3 − iβ4)

]
ck−3

−σ4 [a (k − 2) + b1 ] ck−2 − σ4 [(k − 1)(k − 2) + a1 (k − 1) + b2] ck−1

−σ4 [a2 k + b3] ck − a3 σ
4 (k + 1)ck+1 = 0 , (3.46)

or shortly

k = 6, 7, 8, ..., Pk−6ck−6 + Pk−5ck−5 + Pk−4ck−4 + Pk−3ck−3

+Pk−2ck−2 + Pk−1ck−1 + Pkck + Pk+1ck+1 = 0 . (3.47)

In accordance with the Poincaré–Perron method, we divide the last relation by k2ck−6:

1

k2
[a (k − 6) + (b1 + β1 + β2 + β3 + β4)]

+
1

k2
{(k − 5)(k − 6) + (a1 − 4) (k − 5) + [b2 + (−β1 + β2 − iβ3 + iβ4)σ]} ck−5

ck−6

+
1

k2

{
a2 (k − 4) +

[
b3 + (β1 + β2 − β3 − β4)σ2

]} ck−4

ck−5

ck−5

ck−6

+
1

k2

[
a3 (k − 3) + σ3 (−β1 + β2 + iβ3 − iβ4)

] ck−3

ck−4

ck−4

ck−5

ck−5

ck−6

−σ
4

k2
[a (k − 2) + b1 ]

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

ck−5

ck−6

−σ
4

k2
[(k − 1)(k − 2) + a1 (k − 1) + b2]

ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

ck−5

ck−6

−σ
4

k2
[a2 k + b3]

ck
ck−1

ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

ck−5

ck−6
−

−σ
4

k2
a3 (k + 1)

ck+1

ck

ck
ck−1

ck−1

ck−2

ck−2

ck−3

ck−3

ck−4

ck−4

ck−5

ck−5

ck−6
= 0 ,
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and tend k −→∞. This results in an algebraic equation

lim
k→∞

ck−5

ck−6
= r, r − σ4r5 = 0 .

So two possible convergence radii are

Rconv =
1

|σ|
= |
√

Γ| , ∞ . (3.48)

Because on the boundary of the circle of radius |Γ|, behaviour of solutions is quite regular,
we can assume that the series converge for any finite r. In fact, this result coincides with that
found for the case of l = 0. The deference consists in more complicated recurrent formula,
8-term instead of 6-term. For states with of l = 1, 2, . . . , the transcendency condition has
the form

Pk−6 = a (k − 6) + (b1 + β1 + β2 + β3 + β4) = 0, k = 6, 7, 8, ... ; (3.49)

we will need this relationship in the following.

3.5 Qualitative study

Let us examine behaviour of the effective squared momentum for the problem. First consider
the case of l = 0:

d2R

dr2
+
(6

r
− 4r3

r4 + Γ2

)dR
dr

+
[
ε2 −M2 +

2αε

r
+
α2

r2
+

4Γε

r3
+

3αΓ− Γ2M2

r4
− 4Γ(εr + α)

r4 + Γ2

]
R = 0 . (3.50)

Eliminating the first derivative term by simple substitution

R(r) = ϕ(r) f(r), R′ = ϕ′f + ϕf ′, R′′ = ϕ′′f + 2ϕ′f ′ + ϕf ′′ ,

we get

f ′′ +
(6

r
− 4r3

r4 + Γ2
+
ϕ′

ϕ

)
f ′ +

{ϕ′′
ϕ

+
ϕ′

ϕ

(6

r
− 4r3

r4 + Γ2

)
+ε2 −M2 +

2αε

r
+
α2

r2
+

4Γε

r3
+

3αΓ− Γ2M2

r4
− 4Γ(εr + α)

r4 + Γ2

}
f = 0 .

The needed function ϕ(r) is(6

r
− 4r3

r4 + Γ2
+
ϕ′

ϕ

)
= 0 =⇒ ϕ =

√
r4 + Γ2

r6
. (3.51)

Thus, we reduce the above equation to the form

d2f

dr2
+ P 2(r)f = 0 ,

where the squared momentum is determined by the formula

P 2(r) = ε2 −M2 +
2αε

r
+
α2 − 6

r2

+
4Γε

r3
+

Γ
(
3α− ΓM2

)
r4

+
6r2 − 4Γεr − 4αΓ

r4 + Γ2
+

12Γ2r2

(r4 + Γ2)
2 . (3.52)
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Near the point r = 0, this quantity behaves

Γ < 0, P 2(r)r→0 ∼ +
Γ
(
3α− ΓM2

)
r4

→ −∞ , (3.53)

0 < Γ <
3α

M2
, P 2(r)r→0 ∼ +

Γ
(
3α− ΓM2

)
r4

→ +∞ . (3.54)

In infinity, it behaves as follows:

r →∞, P 2(r) ∼ ε2 −M2 . (3.55)

For states with l = 1, 2, 3, ..., the main equation is

d2R

dr2
+
(6

r
− 4r3

r4 + Γ2

)dR
dr

+
[
ε2 −M2 +

2αε

r
+
α2

r2
− L

r2
+

4Γε

r3
+

3αΓ− Γ2M2

r4
− Γ2L

r6
− 4Γ(εr + α)

r4 + Γ2

]
R = 0

after eliminating the first derivative term, it takes the form

R(r) = ϕ(r) f(r), ϕ =

√
r4 + Γ2

r6
,

d2f

dr2
+ P 2(r)f = 0 ,

where

P 2(r) = ε2 −M2 +
2α ε

r
+
α2 − 6− L

r2
+

4 Γε

r3
−

Γ
(
−3α+ ΓM2

)
r4

−Γ2L

r6
+

6 r2 − 4 Γε r − 4αΓ

r4 + Γ2
+

12 Γ2r2

(r4 + Γ2)
2 . (3.56)

It behaves near the singular points as follows

P 2(r)r→0 ∼ −Γ2 l(l + 1)

r6
→ −∞ , P 2(r)r→∞ ∼ ε2 −M2 < 0 . (3.57)

3.6 Dimensionless quantities, qualitative study

Let us take the Compton wave length λ of the particle as a unit length

M =
mc

~
=

1

λ
, (3.58)

then there arise a number of dimensionless quantities

Mr = x ,
ε

M
= E, ΓM2 =⇒ Γ . (3.59)

Then equation at l = 0 (see eq. (3.20)) is re-written as follows

d2R

dx2
+
( 6

x
− 4x3

x4 + Γ2

)dR
dx

+
[
E2 − 1 +

2αE

x
+
α2

x2
+

4ΓE

x3
+

3αΓ− Γ2

x4
− 4Γ(Ex+ α)

x4 + Γ2

]
R = 0 . (3.60)
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In fact, such a transition is reached through formal changes

r =⇒ x, M =⇒ 1, ε =⇒ E, Γ =⇒ Γ . (3.61)

After eliminating the first derivative term in eq. (3.60) we obtain the expression for squared
momentum (see eq. (3.52))

P 2(x) = E2 − 1 +
2αE

x
+
α2 − 6

x2

+
4ΓE

x3
+

Γ (3α− Γ)

x4
+

6x2 − 4ΓEx− 4αΓ

x4 + Γ2
+

12Γ2x2

(x4 + Γ2)
2 . (3.62)

The above noticed possibilities for the Cox parameter are now read

I, Γ < 0 , II, 0 < Γ < 3α . (3.63)

The substitution for Frobenius solutions is

l = 0, R(x) = xCeAxeB/x f(x), A = ±
√

1− E2 ,

B = ±
√
−Γ(3α− Γ) , C = 2(

ΓE

B
− 1) . (3.64)

For two possibilities in (3.63), we have corresponding expressions for parameters (assuming
the description of the bound states)

I, Γ < 0,

A = −
√

1− E2, B = −
√
−Γ(3α− Γ), C =

−2ΓE√
−Γ(3α− Γ)

− 2; (3.65)

II, 0 < Γ < 3α ,

A = −
√

1− E2, B = ±i
√

Γ(3α− Γ), C =
2ΓE

±i
√

Γ(3α− Γ)
− 2. (3.66)

Let us study the function P 2(x) numerically. We fix the basic parameters as

I, E = 0.999 , α =
1

137
, Γ = −0.001 .

The roots of equation P 2(x) = 0 are

x1 = +0.0319933, x2 = +7.299278,

−0.0313352, −0.2118184,

0.1690023± 0.1267129 · i, 0.0003370± 0.0315803 · i,
−0.0003330± 0.0019250 · i, −0.0652559± 0.1981235 · i,
−0.0652559± 0.1981235 · i, −0.0003330± 0.0019250 · i,

0.0003370± 0.0315803 · i, 0.1690023± 0.1267129 · i .

The existence of the positive roots x1, x2 means that the classical motion of the particle is
possible in the region x ∈ (x1, x2).

Let us find the roots of equation P 2(x) = 0 at positive Γ:

II, E = 0.999 , α =
1

137
, Γ = +0.001 .
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x1 = 0.00222882, x2 = 0.03125030, x3 = 7.2992596,

x4 = −0.00156276, x5 = −0.03192458, x6 = −0.20709844,

x7 = 0.17076664 + 0.12237871 i, x8 = 0.170766640− 0.12237871 i,

x9 = −0.06870490 + 0.20066378 i, x10 = −0.06870490− 0.20066378 i,

x11 = −0.00032889− 0.03165733 i, x12 = −0.00032889 + 0.03165733 i .

We may note the existence of three positive roots, and the region near the point r = 0 is
permitted for classical motion. This means that the whole region for variable x is divided
into parts, permitted (+) and forbidden (−) for classical motion:

(+) x ∈ (0, x1), (−) x ∈ (x1, x2), (+) x ∈ (x2, x3), (−) x ∈ (x3,+∞).

This implies a completely different physical system than in the case when Γ < 0.
For the remaining values of the orbital momentum l = 1, 2, 3, ..., the main equation after

performing the formal changes

r =⇒ x, M =⇒ 1, ε =⇒ E, Γ =⇒ Γ , σ =⇒ Σ (Γ2 = −Σ4) (3.67)

takes on the form

d2R

dx2
+

(
6

x
− 1

x− Σ
− 1

x− iΣ
− 1

x+ Σ
− 1

x+ iΣ

)
dR

dx

+

[
E2 − 1 +

2αE

x
+
α2

x2
− L

x2
+

4ΓE

x3
+

3αΓ− Γ2

x4
− Γ2L

x6

−Γ (EΣ + α)

(x− Σ) Σ3
+

Γ (EΣ + iα)

(x+ iΣ) Σ3
+

Γ (−EΣ + α)

(x+ Σ) Σ3
− Γ (−EΣ + iα)

(x− iΣ) Σ3

]
R = 0 . (3.68)

After eliminating the first derivative term, we get an equation with the effective squared
momentum

P 2(x) = E2 − 1 +
2αE

x
+
α2 − 6− L

x2

+
4 ΓE

x3
+

Γ (3α− Γ)

x4
− Γ2L

x6
+

6x2 − 4 ΓEx− 4αΓ

x4 + Γ2
+

12 Γ2x2

(x4 + Γ2)
2 . (3.69)

Let us study behaviour of the function P 2(x) numerically. Let it be

I, E = 0.99999 , α =
1

137
, Γ = −0.001 , L = 2 (l = 1) .

The roots of the equation P 2(x) = 0 are

x1 = +182.75523, x2 = +547.16813,

0.03675161± 0.01494842 · i, 0.01418804± 0.01428520 · i,
0.01486661± 0.03657386 · i, −0.01480131± 0.03678462 · i,
−0.01432517± 0.01428510 · i, −0.03667977± 0.01473772 · i,
−0.03667977± 0.01473772 · i, −0.01432517± 0.01428510 · i,
−0.01480131± 0.03678462 · i, 0.01486661± 0.0365739 · i,
0.01418804± 0.01428520 · i, 0.03675161± 0.01494842 · i .

There exists the region x ∈ (x1, x2) permissible for classical motion.
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3.7 Quantisation of energy, the case of minimal l = 0

Frobenius solutions are searched in the form

R(r) = xCeAxeB/xeD/x
2

f(x) , (3.70)

we will follow both possibilities (assuming description of bound states)
I, Γ < 0,

A = −
√

1− E2 , B = 0 , D = +

√
L

2
Γ , C = −3

2
− 3α− Γ

2
√
L

; (3.71)

II, 0 < Γ < 3α ,

A = −
√

1− E2 , B = 0 , D = −
√
L

2
Γ , C = −3

2
+

3α− Γ

2
√
L

. (3.72)

The bound states are possible only at negative Γ. We have the following expressions for
parameters

A = −
√

1− E2 , B = −
√
−Γ(3α− Γ) , C =

−2ΓE√
−Γ(3α− Γ)

− 2 (3.73)

and the equation for f(x),

d2f

dx2
+
(2C + 6

x
− 2B

x2
+ 2A− 1

x+ Σ
− 1

x− Σ
− 1

x+ iΣ
− 1

x− iΣ

) df
dx

+
[2αE + 6A+ 2AC

x
+
α2 − 2AB + 5C + C2

x2

+
−ΓE Σ + αΓ−AΣ3 +BΣ + CΣ2

Σ3

1

(x+ Σ)

+
−ΓE Σ− αΓ−AΣ3 +BΣ− CΣ2

Σ3

1

(x− Σ)

+
ΓEΣ + iΓα−AΣ3 −BΣ− iCΣ2

Σ3

1

(x+ iΣ)

+
ΓEΣ− iΓα−AΣ3 −BΣ + iCΣ2

Σ3

1

(x− iΣ)

]
f = 0,

or shortly (recall that Γ2 = −Σ4)

f ′′ +
(
a+

a1

x
+
a2

x2
− 1

x+ Σ
− 1

x− Σ
− 1

x+ iΣ
− 1

x− iΣ

)
f ′

+
(b1
x

+
b2
x2

+
β1

x+ Σ
+

β2

x− Σ
+

β3

x+ iΣ
+

β4

x− iΣ

)
f = 0 . (3.74)

Let us consider the transcendency condition (3.38):

k = 5, 6, 7, ..., Pk−5 = a (k − 5) + (b1 + β1 + β2 + β3 + β4) = 0 . (3.75)
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Taking into account identities

a = 2A = −2
√

1− E2 , b1 = 2αE + 6A+ 2AC ,

β1 + β2 + β3 + β4

=
−ΓEΣ + αΓ−AΣ3 +BΣ + CΣ2

Σ3
+
−ΓEΣ− αΓ−AΣ3 +BΣ− CΣ2

Σ3

+
ΓEΣ + iΓα−AΣ3 −BΣ− iCΣ2

Σ3
+

ΓEΣ− iΓα−AΣ3 −BΣ + iCΣ2

Σ3
= −4A ,

we find analytical form of the above condition

a (k − 5) + (b1 + β1 + β2 + β3 + β4)

= 2Ak − 10A+ 2αE + 6A+ 2AC − 4A = 2Ak − 8A+ 2αE + 2AC = 0 ,

whence it follows equation for energy

k = 6, 7, 8, 9, 10, ..., 2αE − 2
√

1− E2
(
k − 6− 2 ΓE√

−Γ (3α− Γ)

)
= 0 (3.76)

or differently

− 4ΓE4

3α− Γ
+E2

(
α2− 12α

Γ− 3α
+ (k−12)k+ 32

)
− 4Γ(k − 6)E3√

Γ(Γ− 3α)
+

4Γ(k − 6)E√
Γ(Γ− 3α)

− (k−6)2 = 0

The roots at k = 5, . . . , 28 are: one positive, one negative, and two complex.

TABLE 3.1
The energy roots, positive, negative, and complex

k E
5 -0.99998675, 0.99992138, 2.3926155 ± 0.0192232 i
6 0, 0, -0.99984749, 0.99984749
7 -0.99992138, 0.99998675, -2.3926155 ± 0.0192232 i
8 -0.99998936, 0.99999544, -4.7851687 ± 0.0178584 i
9 -0.99999600, 0.99999772, -7.1777493 ± 0.0176361 i
10 -0.99999792, 0.99999864, -9.5703316 ± 0.0175602 i
11 -0.99999873, 0.99999909, -11.9629143 ± 0.0175254 i
12 -0.99999915, 0.99999935, -14.355497 ± 0.017507 i
13 -0.99999939, 0.99999952, -16.748080 ± 0.017495 i
14 -0.99999954, 0.99999962, -19.140663 ± 0.017488 i
15 -0.99999964, 0.99999970, -21.533245 ± 0.017483 i
16 -0.99999971, 0.99999975, -23.925828 ± 0.017479 i
17 -0.99999976, 0.99999980, -26.318411 ± 0.017477 i
18 -0.99999980, 0.99999983, -28.710994 ± 0.017475 i
19 -0.99999983, 0.99999985, -31.103577 ± 0.017473 i
20 -0.99999986, 0.99999987, -33.496160 ± 0.017472 i
21 -0.99999987, 0.99999989, -35.888742 ± 0.017471 i
22 -0.99999989, 0.99999990, -38.281325 ± 0.017470 i
23 -0.99999990, 0.99999991, -40.673908 ± 0.017469 i
24 -0.99999991, 0.99999992, -43.066491 ± 0.017469 i
25 -0.99999992, 0.99999993, -45.459074 ± 0.017468 i
26 -0.99999993, 0.99999994, -47.851656 ± 0.017468 i
27 -0.99999994, 0.99999994, -50.244239 ± 0.017468 i
28 -0.99999994, 0.99999995, -52.636822 ± 0.017467 i
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Retain only positive roots

TABLE 3.2
The positive energy roots

k E k E
5 0.99992138 6 0.99984749
7 0.99998675 8 0.99999544
9 0.99999772 10 0.99999864
11 0.99999909 12 0.99999935
13 0.99999952 14 0.99999962
15 0.99999970 16 0.99999975
17 0.99999980 18 0.99999983
19 0.99999985 20 0.99999987
21 0.99999989 22 0.99999990
23 0.99999991 24 0.99999992
25 0.99999993 26 0.99999994
27 0.99999994 28 0.99999995

All these roots belong to interval 0 < E1 < 1.

3.8 Quantisation of energy at l = 1, 2, 3, ...

Now let l = 1, 2, 3, ... . The transcendency condition Pk−6 = 0 takes the form

(2k − 13)
√

1− E2 = 2αE +

√
1− E2(3α+ Γ)√

L
.

Taking the values parameters

α =
1

137
, Γ = −10−3, l = 1 (L = 2), k = 6, ..., 29, (3.77)

we get the following the energy levels

TABLE 3.3
The positive energy roots,
parameters (3.77)

k E k E
6 0.99989654 7 0.99989024
8 0.99998804 9 0.99999571
10 0.99999782 11 0.99999868
12 0.99999912 13 0.99999937
14 0.99999953 15 0.99999963
16 0.99999970 17 0.99999976
18 0.99999980 19 0.99999983
20 0.99999985 21 0.99999987
22 0.99999989 23 0.99999990
24 0.99999991 25 0.99999992
26 0.99999993 27 0.99999994
28 0.99999994 29 0.99999995
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At other set of parameters

α =
1

137
, Γ = −10−3, l = 2 (L = 6), k = 6, ..., 29, (3.78)

we get the energy levels.

TABLE 3.4
The positive energy roots,
parameters (3.78)

k E k E
6 0.99989525 7 0.99989162
8 0.99998809 9 0.99999572,
10 0.99999782 11 0.99999868
12 0.99999912 13 0.99999937
14 0.99999953 15 0.99999963
16 0.99999970 17 0.99999976
18 0.99999980 19 0.99999983
20 0.99999985 21 0.99999987
22 0.99999989 23 0.99999990
24 0.99999991 25 0.99999992
26 0.99999993 27 0.99999994
28 0.99999994 29 0.99999995

At other set of parameters

α =
1

137
, Γ = −10−3, l = 5 (L = 30), k = 6, ..., 29, (3.79)

we get the energy levels.

TABLE 3.5
The positive energy roots,
parameters (3.79)

k E k E
6 0.99989427 7 0.99989264
8 0.99998813 9 0.99999573
10 0.99999782 11 0.99999868
12 0.99999912 13 0.99999937
14 0.99999953 15 0.99999963
16 0.99999970 17 0.99999976
18 0.99999980 19 0.99999983
20 0.99999985 21 0.99999987
22 0.99999989 23 0.99999990
24 0.99999991 25 0.99999992
26 0.99999993 27 0.99999994
28 0.99999994 29 0.99999995

For comparison of the different series of energy levels we use the quantity k − 5 = n =
0, 1, 2, ...,

∆ = En(l = 2)− En(l = 5).
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TABLE 3.6
Differences between the energy values

n ∆ n ∆
0 9.864 · 10−7 1 −1.024 · 10−6

2 −3.745 · 10−8 3 −8.070 · 10−9

4 −2.938 · 10−9 5 −1.382 · 10−9

6 −7.564 · 10−10 7 −4.5813 · 10−10

8 −2.982 · 10−10 9 −2.048 · 10−10

10 −1.467 · 10−10 11 −1.086 · 10−10

12 −8.267 · 10−11 13 −6.437 · 10−11

14 −5.110 · 10−11 15 −4.124 · 10−11

16 −3.376 · 10−11 17 −2.798 · 10−11

18 −2.345 · 10−11 19 −1.985 · 10−11

20 −1.695 · 10−11 21 −1.459 · 10−11

23 −1.265 · 10−11 24 −1.103 · 10−11

3.9 Nonrelativistic approximation

Nonrelativistic equation for Darwin–Cox particle has the form [4][
Dt +

1

2
[(K 0

0 − 1)mc2 +K j
0 cDj ]

]
Ψ

= −
[ 1

2m
D̄kg

kj(x) (K l
j Dl +mcK 0

j )
]
Ψ, (3.80)

where

(K ρ
β ) =

∣∣∣∣∣∣∣∣∣∣

r4

r4−µ2 − µr2

r4−µ2 0 0

− µr2

r4−µ2
r4

r4−µ2 0 0

0 0 1 0
0 0 0 1

∣∣∣∣∣∣∣∣∣∣
, [µ] = meter2 (3.81)

and

Dt = i~∂t +
e

c
A0, Dk = i~∂k +

e

c
Ak, D̄k = i~

1√
−g

∂k
√
−g +

e

c
Ak, (3.82)

gαβ(x) =

∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ

∣∣∣∣∣∣∣∣ ,
√
−g = r2 sin θ .

Taking into account the presence of the Coulomb field A0 = e
r , we can obtain

(K 0
0 − 1)mc2 +K j

0 cDj =
µ2

r4 − µ2
mc2 − i~c µr2

r4 − µ2
∂r ,

whence allowing for iµ = Γ, Γ∗ = Γ we get

(K 0
0 − 1)mc2 +K j

0 cDj = − Γ2

r4 + Γ2
mc2 − ~c

Γr2

r4 + Γ2
∂r . (3.83)



86 Cox particle in the Coulomb field

Then, we find expression for operator from the right

−
{ 1

2m
D̄kg

kj(x) (K l
j Dl +mcK 0

j )
}

= − ~2

2m

{ 1

r2

∂

∂r
r2
(
K r
r

∂

∂r
− imc

~
K 0
r

)
+

1

sin θ

∂

∂θ
sin θ

1

r2

∂

∂θ
+

∂

∂φ

1

r2 sin2 θ

∂

∂φ

}

= − ~2

2m

{ 1

r2

∂

∂r
r2
( r4

r4 − µ2

∂

∂r
+ i

mc

~
µr2

r4 − µ2

)
+

1

r2

( 1

sin θ

∂

∂θ
sin θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2

)}
.

Thus, the Schrödinger-like equation takes the form{
(i~

∂

∂t
+
e2

r
) +

1

2

[
− Γ2

r4 + Γ2
mc2 − ~c

Γr2

r4 + Γ2
∂r

]}
Ψ

= − ~2

2m

{ 1

r2

∂

∂r
r2
( r4

r4 + Γ2

∂

∂r
+
mc

~
Γr2

r4 + Γ2

)
− 1

r2
l̂2
}

Ψ .

(3.84)

Using the usual substitution for the wave function

Ψ = e−iεt/~ Ylm(θφ) R(r) ,

we get the radial equation[
(ε+

e2

r
) +

1

2

(
− Γ2

r4 + Γ2
mc2 − ~c

Γr2

r4 + Γ2

d

dr

)]
R(r)

= − ~2

2m

{ 1

r2

d

dr
r2
( r4

r4 + Γ2

d

dr
+
mc

~
Γr2

r4 + Γ2

)
− l(l + 1)

r2

}
R(r) .

(3.85)

Divide the equation by mc2:[ 1

mc2
(ε+

e2

r
) +

1

2

(
− Γ2

r4 + Γ2
− ~
mc

Γr2

r4 + Γ2

d

dr

)]
R(r)

= −1

2

~2

m2c2

[ 1

r2

d

dr
r2
( r4

r4 + Γ2

d

dr
+
mc

~
Γr2

r4 + Γ2

)
− l(l + 1)

r2

]
R(r) ,

and transform it to dimensionless variables

E =
ε

mc2
, r

mc

~
= x,

1

mc2
e2

r
=
α

x
, dα =

e2

~c
=

1

137
, Γ

m2c2

~2
=⇒ Γ. (3.86)

Then, we obtain the following equation[
2(E +

α

x
) +

(
− Γ2

x4 + Γ2
− Γx2

x4 + Γ2

d

dx

)
+

1

x2

d

dx
x2
( x4

x4 + Γ2

d

dx
+

Γx2

x4 + Γ2

)
− l(l + 1)

x2

]
R(r) = 0 , (3.87)

or

d2R

dx2
+
[
− 4x3

x4 + Γ2
+

6

x

]dR
dx

+
[
2E+

2α

x
− l(l+ 1)

x2
+

4 Γ

x3
+

Γ2(2E− 1)

x4
+

2αΓ2

x5
− Γ2l(l+ 1)

x6
− 4xΓ

x4 + Γ2

]
R = 0. (3.88)
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Here, we have an equation with regular four singularities

r4 + Γ2 = (r − e+iπ/4
√

Γ) (r + e+iπ/4
√

Γ) (r − e−iπ/4
√

Γ) (r + e−iπ/4
√

Γ) ,

{ r1, r2, r3, r4 } = { e+iπ/4
√

Γ , −e+iπ/4
√

Γ , e−iπ/4
√

Γ , −e−iπ/4
√

Γ } ,
(3.89)

and two irregular
x = 0, Rank = 3, x =∞, Rank = 2 .

Behaviour of solutions near the regular points is

r → +σ, R ∼ (r − σ)ρ, ρ = 0, 2 ; r → −σ, R ∼ (r + σ)ρ, ρ = 0, 2 ;

r → +iσ, R ∼ (r − iσ)ρ, ρ = 0, 2 ; r → −iσ, R ∼ (r + iσ)ρ, ρ = 0, 2 .
(3.90)

In the case l = 0, the above equation simplifies

d2R

dx2
+

[
− 4x3

x4 + Γ2
+

6

x

]
dR

dx

+

[
2E +

2α

x
+

4 Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− 4xΓ

x4 + Γ2

]
R = 0 ; (3.91)

here we have an equation with four regular points and two irregular,

x = 0, Rank =
5

2
, x =∞, Rank = 2 .

3.10 Frobenius solutions at l = 1, 2, ...

Let us construct the Frobenius solutions of eq. (3.88) in the form

R(r) = eAxxCeB/xeD/x
2

f(r) . (3.92)

For f(x) we get equation

d2f

dx2
+
[
− 4x3

(x4 + Γ2)
+

6 + 2C

x
− 2B

x2
− 4D

x3
+ 2A

] df
dx

+
[2CA+ 6A+ 2α

x
+
−2AB + C2 + 5C − l(l + 1)

x2
+
−2CB − 4AD − 4B + 4Γ

x3

+
−4x2C − 4x3A+ 4xB + 8D − 4xΓ

(x4 + Γ2)
+ (2E +A2)

+
−4CD +B2 − 6D − Γ2 + 2Γ2E

x4

+
4BD + 2αΓ2

x5
+
−Γ2l(l + 1) + 4D2

x6

]
f = 0 . (3.93)

Let us fix parameters C,A,B,D:

2E +A2 = 0 =⇒ A = ±
√
−2E, E < 0 ; (3.94)
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−Γ2l(l + 1) + 4D2 = 0 =⇒ D = ±|Γ|
2

√
l(l + 1) = ±|Γ|L

2
; (3.95)

4BD + 2αΓ2 = 0 =⇒ B = −αΓ2

2D
= ∓α|Γ|

L
; (3.96)

−4CD − 6D +B2 − Γ2(1− 2E) = 0 =⇒

C = −3

2
+
B2 − Γ2(1− 2E)

4D
= −3

2
± |Γ| α

2/L2 − 1 + 2E

2L
. (3.97)

To describe bound states, we are to use the following parameters

A = −
√
−2E, e−

√
−2E r → 0, r → +∞ ;

D = −|Γ|L
2
, eD/x

2

→ 0, r → 0 ;

B = +
α|Γ|
L

, C = −3

2
− |Γ| α

2/L2 − 1 + 2E

2L
.

(3.98)

The index C might be positive or negative, but near the point x = 0, the main factor
eD/x

2 → 0 if D < 0. Further, we follow both positive and negative values for Γ:
Γ > 0,

A = −
√
−2E,D = −ΓL

2
, B =

αΓ

L
,C = −3

2
− Γ

α2/L2 − 1 + 2E

2L
; (3.99)

Γ < 0,

A = −
√
−2E,D = +

ΓL

2
, B = −αΓ

L
,C = −3

2
+ Γ

α2/L2 − 1 + 2E

2L
. (3.100)

Equation (3.93) simplifies

d2f

dx2
+
[
2A+

6 + 2C

x
− 2B

x2
− 4D

x3
− 4x3

(x4 + Γ2)

] df
dx

+
[2CA+ 6A+ 2α

x
+
−2AB + C2 + 5C − L2

x2
+
−2CB − 4AD − 4B + 4Γ

x3

+
−4Ax3 − 4x2C + 4x(B − Γ) + 8D

(x4 + Γ2)

]
f = 0 , (3.101)

or in short form

f ′′ +
(
a0 +

a1

x
+
a2

x2
+
a3

x3
− 4x3

x4 + Γ2

)
f ′

+
(b1
x

+
b2
x2

+
b3
x3

+
c3x

3 + c2x
2 + c1x+ c0

x4 + Γ2

)
f = 0. (3.102)

Let us write down the coefficients for both cases:

Γ > 0 ,

a0 = −
√
−8E, a1 = 3− Γ

α2/L2 − 1 + 2E

L
, a2 = −2αΓ

L
, a3 = 2ΓL,
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b1 = −3
√
−2E + 2α+ Γ

√
−2E

(
−1 + 2E

L
+
α2

L3

)
,

b2 = −21

4
− L2 +

Γ(2
√
−2Eα− 2E + 1)

L
+

Γ2(1/4− E + E2)

L2

−Γα2

L3
+

Γ2α2(−1/2 + E)

L4
+

1

4

Γ2α4

L6
,

b3 = −2
√
−2EΓL+ 4Γ− αΓ

L
+

Γ2α(2E − 1)

L2
+

Γ2α3

L4
,

c0 = −4ΓL, c1 = −4Γ +
4αΓ

L
,

c2 = 6 +
2Γ(α2/L2 − 1 + 2E)

L
, c3 = 4

√
−2E; (3.103)

Γ < 0 ,

a0 = −
√
−8E , a1 = 3 + Γ

α2/L2 − 1 + 2E

L
, a2 =

2αΓ

L
, a3 = −2ΓL ,

b1 = −3
√
−2E + 2α+ Γ

√
−2E

(
1− 2E

L
− α2

L3

)
,

b2 = −21

4
− L2 +

Γ(−2
√
−2Eα+ 2E − 1)

L
+

Γ2(1/4− E + E2)

L2

+
Γα2

L3
+

Γ2α2(−1/2 + E)

L4
+

1

4

Γ2α4

L6
,

b3 = 2
√
−2EΓL+ 4Γ +

αΓ

L
+

Γ2α(2E − 1)

L2
+

Γ2α3

L4
,

c0 = 4ΓL, c1 = −4Γ− 4αΓ

L
,

c2 = 6− 2Γ(α2/L2 − 1 + 2E)

L
, c3 = 4

√
−2E. (3.104)

Multiply eq. (3.102) by x3(x4 + Γ2), we obtain

x7f ′′ + x3Γ2f ′′ + (x7a0 + x6a1 − 4x6 + x5a2 + x4a3 + x3a0Γ2 + x2a1Γ2 + xa1Γ2 + a3Γ2)f ′

+(x6b1 + x6c3 + x5b2 + x5c2 + x4b3 + x4c1 + x2Γ2b1 + x3c0 + xΓ2b2 + Γ2b3)f = 0 .

Solutions are searched as power series:

f(x) =

∞∑
n=0

dnx
n , f ′(x) = n

∞∑
n=1

dnx
n−1 , f ′′(x) = n(n− 1)

∞∑
n=2

dnx
n−2 ,

in this way we get

n(n− 1)

∞∑
n=2

dnx
n+5 + Γ2n(n− 1)

∞∑
n=2

dnx
n+1 + a0n

∞∑
n=1

dnx
n+6 + a1n

∞∑
n=1

dnx
n+5 − 4n

∞∑
n=1

dnx
n+5

+a2n

∞∑
n=1

dnx
n+4 + a3n

∞∑
n=1

dnx
n+3 + a0Γ2n

∞∑
n=1

dnx
n+2 + a1Γ2n

∞∑
n=1

dnx
n+1 + a1Γ2n

∞∑
n=1

dnx
n
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+a3Γ2n

∞∑
n=1

dnx
n−1+b1

∞∑
n=0

dnx
n+6+c3

∞∑
n=0

dnx
n+6+b2

∞∑
n=0

dnx
n+5+c2

∞∑
n=0

dnx
n+5+b3

∞∑
n=0

dnx
n+4

+c1

∞∑
n=0

dnx
n+4 + b1Γ2

∞∑
n=0

dnx
n+2 + c0

∞∑
n=0

dnx
n+3 + b2Γ2

∞∑
n=0

dnx
n+1 + b3Γ2

∞∑
n=0

dnx
n = 0,

which after changing summation indices leads to

(n− 5)(n− 6)

∞∑
n=7

dn−5x
n + Γ2(n− 1)(n− 2)

∞∑
n=3

dn−1x
n + a0(n− 6)

∞∑
n=7

dn−6x
n

+a1(n− 5)

∞∑
n=6

dn−5x
n − 4(n− 5)

∞∑
n=6

dn−5x
n + +a2(n− 4)

∞∑
n=5

dn−4x
n

+a3(n− 3)

∞∑
n=4

dn−3x
n + a0Γ2(n− 2)

∞∑
n=3

dn−2x
n + a1Γ2(n− 1)

∞∑
n=2

dn−1x
n + a1Γ2n

∞∑
n=1

dnx
n

+a3Γ2(n+ 1)

∞∑
n=0

dn+1x
n + b1

∞∑
n=6

dn−6x
n + c3

∞∑
n=6

dn−6x
n + b2

∞∑
n=5

dn−5x
n

+c2

∞∑
n=5

dn−5x
n + b3

∞∑
n=4

dn−4x
n + c1

∞∑
n=4

dn−4x
n

+b1Γ2
∞∑
n=2

dn−2x
n + c0

∞∑
n=3

dn−3x
n + b2Γ2

∞∑
n=1

dn−1x
n + b3Γ2

∞∑
n=0

dnx
n = 0 .

So, we get the recurrent relations

n = 0, a3Γ2d1 + b3Γ2d0 = 0,

n = 1, 2a3Γ2d2 + b3Γ2d1 + a1Γ2d1 + b2Γ2d0 = 0,

n = 2, a1Γ2d1 + 2a1Γ2d2 + 3a3Γ2d3 + b1Γ2d0 + b2Γ2d1 + b3Γ2d2 = 0,

n = 3, 2Γ2d2 + a0Γ2d1 + 2a1Γ2d2 + 3a1Γ2d3 + 4a3Γ2d4

+b1Γ2d1 + c0d0 + b2Γ2d2 + b3Γ2d3 = 0,

n = 4, (6Γ2 + 3a1Γ2 + b2Γ2)d3 + (a3 + c0)d1 + (2a0Γ2 + b1Γ2)d2

+4a1Γ2 + b3Γ2)d4 + 5a3Γ2d5 + (b3 + c1)d0 = 0,

n = 5, 6a3Γ2d6 + (5a1Γ2 + b3Γ2)d5 + (12Γ2 + 4a1Γ2 + b2Γ2)d4

+(3a0Γ2 + b1Γ2)d3 + (2a3 + c0)d2 + (a2 + b3 + c1)d1 + +(b2 + c2)d0 = 0,

n = 6, 7a3Γ2d7 + (6a1Γ2 + b3Γ2)d6 + (20Γ2 + 5a1Γ2 + b2Γ2)d5

+(4a0Γ2 + b1Γ2)d4 + (3a3 + c0)d3 + (2a2 + b3 + c1)d2 + (a1−4 + b2 + c2)d1 + (b1 + c3)d0 = 0,

n = 7, 8a3Γ2d8 + (7a1Γ2 + b3Γ2)d7 + (30Γ2 + 6a1Γ2 + b2Γ2)d6 + (5a0Γ2 + b1Γ2)d5

+(4a3 + c0)d4 + (3a2 + b3 + c1)d3 + (2 + 2a1 − 8 + b2 + c2)d2 + (a0 + b1 + c3)d1 = 0,

..................................;

the main 8-term recurrent formula has the form

n = 6, 7, 8, 9, 10...

[a0(n− 6) + b1 + c3]dn−6 + [(n− 5)(n− 6) + a1(n− 5)− 4(n− 5) + b2 + c2]dn−5

+[a2(n− 4) + b3 + c1]dn−4 + [a3(n− 3) + c0]dn−3
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+[a0Γ2(n− 2) + b1Γ2]dn−2 + [Γ2(n− 1)(n− 2) + a1Γ2(n− 1) + b2Γ2]dn−1

+[a1Γ2n+ b3Γ2]dn + a3Γ2(n+ 1)dn+1 = 0 ,

in symbolical form it reads

Pn−6dn−6 + Pn−5dn−5...+ Pndn + Pn+1dn+1 = 0. (3.105)

In accordance with the Poincaré–Perron method, we transform the recurrent relation to
the form

[a0(n− 6) + b1 + c3]

+[(n− 5)(n− 6) + a1(n− 5)− 4(n− 5) + b2 + c2]
dn−5

dn−6

+[a2(n− 4) + b3 + c1]
dn−4

dn−5

dn−5

dn−6

+[a3(n− 3) + c0]
dn−3

dn−4

dn−4

dn−5

dn−5

dn−6

+[a0Γ2(n− 2) + b1Γ2]
dn−2

dn−3

dn−3

dn−4

dn−4

dn−5

dn−5

dn−6

+[Γ2(n− 1)(n− 2) + a1Γ2(n− 1) + b2Γ2]
dn−1

dn−2

dn−2

dn−3

dn−3

dn−4

dn−4

dn−5

dn−5

dn−6

+[a1Γ2n+ b3Γ2]
dn
dn−1

dn−1

dn−2

dn−2

dn−3

dn−3

dn−4

dn−4

dn−5

dn−5

dn−6

a3Γ2(n+ 1)
dn+1

dn

dn
dn−1

dn−1

dn−2

dn−2

dn−3

dn−3

dn−4

dn−4

dn−5

dn−5

dn−6
= 0 . (3.106)

Let it be
dn−1

dn−2
= Rn−1, lim

n→∞
Rn−1 = R, Rconv =| 1

R
| ;

for R it follows a simple algebraic equation

R+ Γ2R5 = 0 =⇒ R = 0,
i√
iΓ
,− i√

iΓ
,− i√

−iΓ
,

i√
−iΓ

,

so the possible convergence radii are

Rconv = +∞, |Γ|. (3.107)

We may assume convergence of the series for all values of the variable x.

3.11 Qualitative study of the differential equation

Let us turn again to eq. (3.88)

d2R

dx2
+
(
− 4x3

x4 + Γ2
+

6

x

)dR
dx

+
[
2E +

2α

x
− l (l + 1)

x2

+
4 Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− Γ2l (l + 1)

x6
− 4xΓ

x4 + Γ2

]
R = 0 , (3.108)
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and eliminate the first derivative term

R = ϕR̄, R′ = ϕ′R̄+ ϕR̄′, R′′ = ϕ′′R̄+ 2ϕ′R̄′ + ϕR̄′′.

The above equation takes the form

ϕ′′

ϕ
R̄+ 2

ϕ′

ϕ
R̄′ + R̄′′ + (− 4x3

x4 + Γ2
+

6

x
)(
ϕ′

ϕ
R̄+ R̄′)

+
[
2E +

2α

x
− l (l + 1)

x2
+

4Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− Γ2l (l + 1)

x6
− 4xΓ

x4 + Γ2

]
R̄ = 0,

or differently

R̄′′ +
(

2
ϕ′

ϕ
− 4x3

x4 + Γ2
+

6

x

)
R̄′ +

[ϕ′′
ϕ

+ (− 4x3

x4 + Γ2
+

6

x
)
ϕ′

ϕ

+2E +
2α

x
− l (l + 1)

x2
+

4Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− Γ2l (l + 1)

x6
− 4xΓ

x4 + Γ2

]
R̄ = 0.

We readily find the needed function ϕ:

2
ϕ′

ϕ
− 4x3

x4 + Γ2
+

6

x
= 0 , ϕ(x) =

√
x4 + Γ2

x3
, (3.109)

so the last equation takes the form

R̄′′ +
[ϕ′′
ϕ

+ (− 4x3

x4 + Γ2
+

6

x
)
ϕ′

ϕ
+ 2E +

2α

x

− l (l + 1)

x2
+

4 Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− Γ2l (l + 1)

x6
− 4xΓ

x4 + Γ2

]
R̄ = 0 ,

explicitly it reads

d2

dx2
R̄+

[
2E +

2α

x
− l(l + 1) + 6

x2
+

4 Γ

x3
+

Γ2 (2E − 1)

x4
+

2αΓ2

x5
− Γ2l (l + 1)

x6

−4xΓ− 18x2

x4 + Γ2
− 12x6

(x4 + Γ2)2

]
R̄ = 0 , (3.110)

or shortly [ d2

dx2
+ P 2(x)

]
R̄ = 0 .

Near two physical singularities, the function P 2(x) behaves as follows:

x→ 0, P 2(x) ≈ −Γ2l (l + 1)

x6
→ −∞ ;

x→∞, P 2(x) ≈ 2E +
2α

x
+ ...→ 2E .

(3.111)
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3.12 Energy quantisation, non-relativistic case

Let l = 1, 2, 3, .... The transcendency condition takes the form

2α+

√
2
√
−E(−2ΓE + Γ− (2k − 13)l(l + 1))

l(l + 1)
=

√
2α2Γ

√
−E

l3(l + 1)3
. (3.112)

At l = 1, Γ = −10−3, and k = 6, ..., 29 we have

TABLE 3.7
The energy values at l = 1, Γ = −10−3,
non-relativistic case

k E k E
6 −0.000106665347 7 −0.00010645219
8 −0.000011835908 9 −4.2614952 · 10−6

10 −2.1743565 · 10−6 11 −1.3153932 · 10−6

12 −8.8057025 · 10−7 13 −6.3047628 · 10−7

14 −4.7356259 · 10−7 15 −3.6869349 · 10−7

16 −2.9516088 · 10−7 17 −2.4161817 · 10−7

18 −2.0142543 · 10−7 19 −1.7048708 · 10−7

20 −1.4616563 · 10−7 21 −1.2670037 · 10−7

22 −1.1087955 · 10−7 23 −9.7847069 · 10−8

24 −8.6984198 · 10−8 25 −7.7834775 · 10−8

26 −7.0056512 · 10−8 27 −6.3388512 · 10−8

28 −5.7629102 · 10−8 29 −5.2620405 · 10−8

At l = 2 and k = 6, ..., 29 we have

TABLE 3.8
The energy values at l = 2, Γ = −10−3,
non-relativistic case

k E k E
6 −0.000106594223 7 −0.00010652317
8 −0.000011838539 9 −4.2620633 · 10−6

10 −2.1745635 · 10−6 11 −1.3154906 · 10−6

12 −8.8062362 · 10−7 13 −6.3050861 · 10−7

14 −4.7358364 · 10−7 15 −3.6870795 · 10−7

16 −2.9517124 · 10−7 17 −2.4162584 · 10−7

18 −2.0143127 · 10−7 19 −1.7049163 · 10−7

20 −1.4616923 · 10−7 21 −1.2670328 · 10−7

22 −1.1088194 · 10−7 23 −9.7849046 · 10−8

24 −8.6985855 · 10−8 25 −7.7836178 · 10−8

26 −7.0057710 · 10−8 27 −6.3389542 · 10−8

28 −5.7629995 · 10−8 29 −5.2621184 · 10−8

For l = 5 and k = 6, ..., 29 we have (Fig. 3.1)
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TABLE 3.9
The energy values at l = 5, Γ = −10−3,
non-relativistic case

k E k E
6 −0.000106565793 7 −0.00010655158
8 −0.000011839591 9 −4.2622907 · 10−6

10 −2.1746464 · 10−6 11 −1.3155296 · 10−6

12 −8.8064497 · 10−7 13 −6.3052154 · 10−7

14 −4.7359206 · 10−7 15 −3.6871373 · 10−7

16 −2.9517538 · 10−7 17 −2.4162891 · 10−7

18 −2.0143361 · 10−7 19 −1.7049344 · 10−7

20 −1.4617068 · 10−7 21 −1.2670445 · 10−7

22 −1.1088289 · 10−7 23 −9.7849836 · 10−8

24 −8.6986518 · 10−8 25 −7.7836739 · 10−8

26 −7.0058189 · 10−8 27 −6.3389955 · 10−8

28 −5.7630353 · 10−8 29 −5.2621496 · 10−8

Comparison of the energy series

∆ = En (l = 2)− En (l = 5), n = 0, 1, 2, ... . (3.113)

TABLE 3.10
The differences between energy values,
non-relativistic case

n ∆ n ∆
0 2.8430186 · 10−8 1 −2.8413125 · 10−8

2 −1.0523492 · 10−9 3 −2.2731308 · 10−10

4 −8.2841118 · 10−11 5 −3.8977675 · 10−11

6 −2.1348515 · 10−11 7 −1.2933536 · 10−11

8 −8.4192760 · 10−12 9 −5.7836591 · 10−12

10 −4.1427564 · 10−12 11 −3.0682656 · 10−12

12 −2.3354351 · 10−12 13 −1.8185771 · 10−12

14 −1.4436463 · 10−12 15 −1.1650872 · 10−12

16 −9.5382260 · 10−13 17 −7.9069886 · 10−13

18 −6.6274890 · 10−13 19 −5.6098102 · 10−13

20 −4.7902667 · 10−13 21 −4.1228934 · 10−13

22 −3.5739498 · 10−13 29 −3.1182893 · 10−13

At l = 0, the first energy level is (let Γ = −10−3) E = 0.9999213823. We can con-
struct any finite number of terms in the series; for definiteness, let us restrict ourselves by
polynomials of 10th-order

f(x) ≈ g(x)P10(x), g(x) = xCeAxeB/x.

where the coefficient of the series equal

d0 = 1, d1 = 565.0253196, d2 = 75914.6222, d3 = −5.9869325 · 106,

d4 = 1.423294 · 109, d5 = −5.33496 · 1011, d6 = 2.67316 · 1014,

d7 = −1.66026 · 1017, d8 = 1.22398 · 1020, d9 = −1.0413 · 1023, d10 = 1.0023 · 1026.

(3.114)

The plot of g is given in Fig. 3.2. The plot of the complete function f(x) is given in Fig.
3.3. Similarly, examine behaviour of the functions g(x) and f(x) with Γ = −10−3 for the
second energy level E = 0.9998474908. See Figs. 3.4 and 3.5.
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3.13 Relativistic problem: polynomial solutions?

Let us examine the possibility to get exact solutions in polynomials. Recall the structure of
the recurrent formula

Pk−6ck−6 + Pk−5ck−5 + Pk−4ck−4 + Pk−3ck−3

+Pk−2ck−2 + Pk−1ck−1 + Pkck + Pk+1ck+1 = 0 . (3.115)

To this end, we equate the coefficients of the power series P10(x) = 1+c1x+c2x
2+... (k =

1, 10), obtaining equations with respect to energies E. In this way, we consequently obtain
the following sets of energies1:

c1 = 0,
E = −7.17766± 0.0325504i, 4.78508± 0.02143i;

c2 = 0,

E = −9.57069± 0.0871618i,−7.17729± 0.0000147199i,

2.3923± 0.0199044i, 4.78535± 3.18263 · 10−6i;

c3 = 0,

E = −0.0138482, 0.0136254,−11.9655± 0.16361i,−9.56799± 0.000165449i,

−7.17755± 3.62678 · 10−6i, 2.3928± 3.0992 · 10−6i, 4.78514± 1.02337 · 10−6i;

c4 = 0,

E = −0.000198405,−0.000197379,−14.364±−0.261447i,−11.9562± 0.000825818i,

−9.56864± 0.0000803654i,−7.17839± 0.0000379228i,−2.39173± 0.0398022i,

2.39266± 4.10168 · 10−7i, 4.78514;

c5 = 0,
E = −0.000139544,−0.000139344,−16.7682± 0.379763i,

−14.3411± 0.00272001i,−11.9557± 0.000633883i,

−9.57531± 0.000507849i,−7.17506± 0.000282867i,−4.78491± 0.107225i,

−2.39205± 7.19976 · 10−6i, 2.39266, 4.78514;

c6 = 0,

E = −0.000139444,−19.1804± 0.517021i,−16.7221± 0.00690396i,

−14.3345± 0.00291035i,−11.9805± 0.00286058i,−9.5589± 0.00225326i,

−7.18462± 0.196333i,−7.17507± 0.000230603i,−4.78201± 0.000212772i,

−2.39251± 2.05079 · 10−6i, 2.39266, 4.78514;

c7 = 0,

E = −0.000139444,−21.6027± 0.671048i,−19.0996± 0.0145641i,

1In calculations we use the command Chops with default tolerance of 10−10, so we ignore imaginary
additions which are smaller than 10−10 in modules.
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−16.6995± 0.00979856i,−14.4002± 0.0106758i,−11.9325± 0.00972476i,

−9.59771− 0.310631i,−9.55899− 0.0019359i,−7.1766− 0.0000928371i,

−7.16875± 0.00146393i,−4.78519± 0.0000358196i,−2.39251,

2.39266, 4.78514;

c8 = 0,

E = −0.000139444,−24.0367± 0.839191i,−21.4744± 0.0266521i,−19.0442± 0.0271154i,

−16.8411± 0.0311392i,−14.2926± 0.0303364i,−12.0306± 0.456284i,

−11.9332± 0.00820475i,−9.56708± 0.000531903i,−9.54983± 0.00576288i,

−7.18192± 0.000166772i,−7.17358± 0.0000347737i,−4.78519,

−2.39251, 2.39266, 4.78514;

c9 = 0,
E = −0.000139444,−0.000139444,−26.4832± 1.01858i,

−23.8478±0.0435067i,−21.3617±0.0659823i,−19.3099±0.0773246i,−16.6408±0.0761181i,

−14.4848±0.642902i,−14.2954±0.0238801i,−11.9585±0.000974102i,−11.921±0.015833i,

−9.58514± 0.000664145i,−9.5556± 0.0000700813i,−7.18193± 5.31255 · 10−8i,

−7.17359± 9.49047 · 10−8i,−4.78519± 7.98381 · 10−10i,−2.39251, 2.39266, 4.78514.

Evidently, we can see that among the roots know physically interpretable energy levels
arise, so we conclude that the polynomial solutions do not exist in the problem under
consideration.

3.14 Figures

FIGURE 3.1
Energy levels at l = 5, Γ = −10−3, and k = 6, 29.
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FIGURE 3.2
Plot of g(x) for l = 0, Γ = −10−3, the first energy level.

FIGURE 3.3
Plot of f(x) for l = 0, Γ = −10−3, the first energy level.

FIGURE 3.4
Plot of g(x) for l = 0, Γ = −10−3, the second energy level.
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FIGURE 3.5
Plot of f(x) for l = 0, Γ = −10−3, the second energy level.
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4

Tunnelling Dirac particles through
Schwarzschild barrier

For massless Dirac particles, the general mathematical and numerical study of the
tunnelling process through the effective potential barrier generated by Schwarzschild
black hole geometry is done. The study will be based on the use of eight Frobenius
solutions of related 2nd-order differential equations with nonregular singularities
of the rank 2. We construct these solutions in explicit form and prove that power
series involved in them are converged in all physical regions of the physical region
of the variable r ∈ (1,+∞). Results for tunnelling effect significantly differ for two
situations: one when the particle falls on the barrier from within and another when
the particle falls from outside. The mathematical structure of the derived asymptotic
relations is exact; however, analytical expressions for involved convergent power
series are not known, and further study is based on numerical summing the series.
The calculations are implemented using Mathematica system.

4.1 Basic facts

Starting idea on which the present chapter is based appeared many years ago in Regge and
Wheeler’s work [1], where the stability of the Schwarzschild metric [2] was studied. In [1], a
linearised wave equation for the spin 2 field on the background of the Schwarzschild metric
was derived. It was established that a corresponding radial equation is of Schrödinger form
with potential of barrier type. Similar results have been obtained for particles with different
spins [3–12].

For Schwarzschild metric in the static coordinates xα = (t, θ, φ, r)

dS2 = Φdt2 − r2dθ2 − r2 sin2 θdφ2 − 1

Φ
dr2, Φ = 1− 1

r
, r ∈ (1,+∞), (4.1)

the generally covariant Dirac equation [13] takes the form (we separate a special factor in
the wave function, Ψ = r−1Φ−1/4(r)ψ)[ γ0

√
Φ
∂t + i

√
Φγ3∂r +

1

r
(iγ1∂θ + γ2 i∂φ + iσ12 cos θ

sin θ
)−M

]
ψ(x) = 0 . (4.2)

Solutions with spherical symmetry are constructed within the following substitution
(instead of commonly used formalisms of spinor spherical harmonics [14] and spin-weigh
harmonics [15], we apply a more simple formalism based on the use of the Wigner
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D-functions [16,17])

ψ(x)εjmδ = e−iεt

∣∣∣∣∣∣∣∣
f1(r) D−1/2

f2(r) D+1/2

δ f2(r) D−1/2

δ f1(r) D+1/2

∣∣∣∣∣∣∣∣ . (4.3)

This substitution corresponds to diagonalisation of the total angular momentum ~J 2, J3,
and spatial reflection operator. The parity eigenvalues are Π = δ(−1)j+1, δ = ±1. Wigner
D-functions are designated as follows: Dσ = Dj

−m,σ(φ, θ, 0); in this notation, the fixed
parameters j = 1/2, 3/2, ... and m ∈ {−j, ...,+j} are omitted for brevity.

After needed calculation we produce the system of two equations(
Φ
d

dr
+
ν
√

Φ

r

)
f = − (ε+M

√
Φ) g ,

(
Φ
d

dr
− ν
√

Φ

r

)
g = +(ε−M

√
Φ) f , (4.4)

where
f = (f1 + f2) , g = −i(f1 − f2), ν = j + 1/2, ν = 1, 2, 3, ... .

Let us transform eq. (4.4) to the new variable

√
Φ = +

√
1− 1/r = x , r → 1 , x→ 0 , r → +∞ , x→ +1 ; (4.5)

the physical region for the variable is the interval x ∈ (0, 1). Equation (4.4) take the form(x(1− x2)2

2

d

dx
+ νx(1− x2)

)
f = −(ε−Mx)g ,(x(1− x2)2

2

d

dx
− νx(1− x2)

)
g = +(ε+Mx)g .

(4.6)

Whence it follows a 2nd-order equation for f(x):{ d2

dx2
+
( 1

x
+

2

x+ 1
+

2

x− 1
− 1

x+ c

) d
dx

−ν 2(1− 3x2)

x(1− x2)2
− 4ν2

(1− x2)2
+

1

x+ c

2ν

1− x2
+

4(ε2 −M2x2)

x2(1− x2)4

}
f = 0 , (4.7)

an equation for the function g(x) follows from eq. (4.7) by the formal changes f =⇒ g , ν =⇒
−ν , c =⇒ −c.

Note that c = ε/M > 1; to the massless case, there corresponds the limit c → ∞, so
such a singular point vanishes and we have a simpler equation{ d2

dx2
+
( 1

x
+

2

x+ 1
+

2

x− 1

) d
dx

−ν 2(1− 3x2)

x(1− x2)2
− 4ν2

(1− x2)2
+

4ε2

x2(1− x2)4

}
f = 0 . (4.8)

The problem under consideration becomes clearer from a physical standpoint if one
transforms equations to other radial variables r∗:

Φ
d

dr
=

d

dr∗
, r∗ = r + ln(r − 1), r∗ ∈ (−∞,+∞) ; (4.9)

to points r = +1,+∞ there correspond the following values of r∗:

r → +1, r∗ → −∞; r → +∞, r∗ → +∞ . (4.10)
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In this variable, the system (4.4) reads[ d

dr∗
+ νϕ(r∗)

]
f = −(ε+M

√
Φ)g,

[ d

dr∗
− νϕ(r∗)

]
g = +(ε−M

√
Φ)f, (4.11)

where the function ϕ(r∗) is determined as follows

ϕ(r∗) =

√
Φ

r
, r∗ → ±∞, ϕ(r∗)→ 0 . (4.12)

Several typical graphs for potential ϕ(r∗) are given in Fig. 4.1. Below we show the
location of maximum values of the potentials ϕ(r) and ϕ(r∗):

ν = 1, r = 0.186736, r∗ = −0.349256;

ν = 2, r = 0.633808, r∗ = 0.134404;

ν = 3, r = 1.37398, r∗ = 0.351799;

ν = 4, r = 2.41039, r∗ = 0.466459;

ν = 5, r = 3.74324, r∗ = 0.535869;

ν = 6, r = 5.37252, r∗ = 0.582072;

ν = 7, r = 7.29817, r∗ = 0.614938;

ν = 8, r = 9.52018, r∗ = 0.639478;

ν = 9, r = 12.0385, r∗ = 0.658483;

ν = 10, r = 14.8532, r∗ = 0.673629;

ν = 11, r = 17.9642, r∗ = 0.685979;

ν = 12, r = 21.3715, r∗ = 0.696239;

ν = 13, r = 25.0751, r∗ = 0.704898;

ν = 14, r = 29.0751, r∗ = 0.712303;

ν = 15, r = 33.3713, r∗ = 0.718706;

ν = 16, r = 37.9638, r∗ = 0.724298;

ν = 17, r = 42.8527, r∗ = 0.729225;

ν = 18, r = 48.0378, r∗ = 0.733597;

ν = 19, r = 53.5192, r∗ = 0.737503;

ν = 20, r = 59.297, r∗ = 0.741014.

The corresponding 2nd-order equations may be presented as follows{
(ε−M

√
Φ)(

d

dr∗
+ νϕ)

1

(ε−M
√

Φ)

}
(
d

dr∗
− νϕ)g + (ε2 −M2Φ)g = 0 , (4.13){

(ε+M
√

Φ) (
d

dr∗
− νϕ)

1

(ε+M
√

Φ)

}
(
d

dr∗
+ νϕ)f + (ε2 −M2Φ)f = 0 . (4.14)

Equations (4.13)–(4.14) can be reduced to the form( d2

dr2
∗

+ P 2(r∗)
)
f = 0 ,

( d2

dr2
∗

+Q2(r∗)
)
g = 0 ; (4.15)

near the points r → 1,+∞ they become simpler
r → +1,

(
d2

dr2
∗

+ ε2) f = 0, (
d2

dr2
∗

+ ε2)g = 0 , f, g ∼ e±iεr∗ ; (4.16)
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r →∞,

(
d2

dr2
∗

+ ε2 −M2)f = 0, (
d2

dr2
∗

+ ε2 −M2)g = 0 , f, g ∼ e±i
√
ε2−M2r∗ . (4.17)

The quantities P 2(r∗) and Q2(r∗) represent squared effective linear momentums. Here we
have a problem where the quantum-mechanical tunnelling effect is possible.

4.2 Analytical study of Frobenius solutions

Let us turn to consideration of possible solutions for eq. (4.7). It is convenient to apply the
following form of this equation

d2

dx2
f +

( 1

x
+

2

x+ 1
+

2

x− 1
− 1

x+ c

) df
dx
f

+
{
− 2ν

x
+

4ε2

x2
+

D

x+ c
+

A

(x+ 1)
+

A′

(x− 1)

+
B

(x+ 1)2
+

B′

(x− 1)2
+
ε2 −M2/2

(x+ 1)3
− ε2 −M2/2

(x− 1)3

+ +
ε2 −M2

4(x+ 1)4
+

ε2 −M2

4(x− 1)4

}
f = 0 , (4.18)

where the notations are used

A =
−8ν2 + 35ε2 + 8ν − 5M2 + 8ν/(c− 1)

8
,

A′ =
+8ν2 − 35ε2 + 8ν + 5M2 − 8ν/(c+ 1)

8
,

B =
−8ν2 + 19ε2 − 8ν − 5M2

8
,

B′ =
−8ν2 + 19ε2 + 8ν − 5M2

8
, D = − 2ν

c2 − 1
.

Recall that restriction to massless case is straightforward: M → 0, c→∞.
In (4.18) we have an equation with three regular singular points x = 0,−c,∞ and two

irregular singular points −1,+1 of rank 2. Let us detail the asymptotics near singular points.
Most interesting are the physical points x = 0,+1:

x→ 0, f ∼ xγ , γ = ±2iε ; (4.19)

x→ +1 , f = (x− 1)α exp (
β

x− 1
) ,

β = ±i ·
√
ε2 −M2

2
, α = ±i · (ε2 −M2) +M2/2√

ε2 −M2
; (4.20)
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x→ −1 , f = (x+ 1)α
′
exp (

β′

x+ 1
) ,

β′ = ±i ·
√
ε2 −M2

2
, α′ = ∓i · (ε2 −M2) +M2/2√

ε2 −M2
; (4.21)

x→ −c , f = (x+ c)ρ, ρ = 0, 2 ; (4.22)

x→∞ (y = x−1) , (
d2f

dy2
− 2

y

df

dy
)f = 0 , f(y) ∼ 1

xσ
, σ = 0, 3 . (4.23)

Let us construct Frobenius solutions for eq. (4.18). It is convenient to introduce short-
ening notations

(ε2 −M2)/4 = E, ε2 −M2/2 = E′ ,

then eq. (4.18) is written as

d2f

dx2
+ (

1

x
+

2

x+ 1
+

2

x− 1
− 1

x+ c
)
df

dx

+
{
− 2ν

x
+

4ε2

x2
+

D

x+ c
+

A

(x+ 1)
+

A′

(x− 1)
+

B

(x+ 1)2
+

B′

(x− 1)2

+
E′

(x+ 1)3
− E′

(x− 1)3
+

E

(x+ 1)4
+

E

(x− 1)4

}
f = 0 . (4.24)

We construct solutions using the substitution

f(x) = xγ(x− 1)α exp (
β

x− 1
)(x+ 1)α

′
exp (

β′

x+ 1
)F (x) . (4.25)

We get an equation for F (x):

d2F

dx2
+

[
1 + 2 γ

x
+

2 + 2α′

x+ 1
+

2 + 2α

x− 1
− 1

x+ c
− 2β′

(x+ 1)2
− 2β

(x− 1)2

]
dF

dx

+

[
1

2

3β − β′ + 4α+ 2α′ − β β′ + 2αα′ + 4 γ + 4 γα+ 4 γβ − αβ′ + β α′ + 2A′

x− 1

− β

(1 + c)2 (x− 1)
− α

(1 + c) (x− 1)
+

E + β2

(x− 1)4
+
−E′ − 2αβ

(x− 1)3

+
E′ − 2α′ β′

(x+ 1)3
+

1

2

2B′ + 2α2 − 4β + 2α− 4 γβ − 2β α′ + β β′

(x− 1)2
+

β

(x− 1)2 (1 + c)
+
E + β′

2

(x+ 1)4

+
−2B − 2α− 2β − 2α2 + 4cβ − 2αβ′ − 4γβ + 2Bc+ 2α′

2
c− ββ + 2cα+ 4γβ′c+ 2αβ′c+ ββ′c

(x+ 1)22(c− 1)

+
−cα+ 2 γα′ c− 2 γβ′ c− cβ − 2 ν c− γ − 2 γβ c− 2 γα c+ cα′ − cβ′

cx
+

4 ε2 + γ2

x2

+
1

2

−4α′ − 2αα′ − 4 γα′ − β α′ + β β′ + 3β′ + αβ′ + 4 γβ′ − β − 4 γ − 2α+ 2A

x+ 1

− β′

(−1 + c)2 (x+ 1)
− α′

(−1 + c) (x+ 1)

+
1

c(c− 1)2(c+ 1)2
1

x+ c
[Dc5 +

(
γ + α+ α′

)
c4 +

(
−2D + α′ + β + β′ − α

)
c3

+ (−α− 2 γ + 2β′ − 2β − α′)c2 + (α+ β′ +D − α′ + β)c+ γ]
]
F = 0 .
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Imposing needed constraints

γ2 + 4ε2 = 0 =⇒ γ = ±2iε ;

−2αβ − E′ = 0, β2 + E = 0 =⇒ β = ±i
√
E , α = ±i E′

2
√
E

;

−2α′β′ + E′ = 0 , β′2 + E = 0 =⇒ β′ = ±i
√
E , α′ = ∓i E′

2
√
E

(4.26)

(here we have eight variants), we arrive at the equation

d2F

dx2
+
(2γ + 1

x
+

2α′ + 2

x+ 1
+

2α+ 2

x− 1
− 2β′

(x+ 1)2
− 2β

(x− 1)2
− 1

x+ c

)dF
dx

+
{2γα′ − 2γα− 2γβ′ − 2γβ + α′ − α− β′ − β − 2ν − γ

c

x

+
4αγ + 4βγ + 2αα′ + α′β − αβ′ − ββ′ + 4α+ 3β + 4γ + 2α′ − β′ + 2A′ − 2α

c+1
− 2β

(c+1)2

2(x− 1)

+
−4γβ + 2α2 − 2α′β + ββ′ − 4β + 2α+ 2B′ + 2β

c+1

2(x− 1)2

+
−4α′γ + 4β′γ − 2αα′ − α′β + αβ′ + ββ′ − 4α′ + 3β′ − 4γ − 2α− β + 2A− 2α′

c−1
− 2β′

(c−1)2

2(x+ 1)

+
4γβ′ + 2α′2 + 2αβ′ + ββ′ + 4β′ + 2α′ + 2B + 2β′

c−1

2(x+ 1)2

+
(γ
c

+
α′

c− 1
+

α

c+ 1
+

β′

(c− 1)2
+

β

(c+ 1)2
+D

) 1

x+ c

}
F = 0. (4.27)

For theoretical consideration, it is enough to use its shortened form

F ′′ +
(n
x

+
n1

x− 1
+

n2

(x− 1)2
+

n3

x+ 1
+

n4

(x+ 1)2
+

n5

x+ c

)
F ′

+
(m
x

+
m1

x− 1
+

m2

(x− 1)2
+

m3

x+ 1
+

m4

(x+ 1)2
+

m5

x+ c

)
F = 0. (4.28)

Multiplying this by x(x+ c)(x− 1)2(x+ 1)2, we get[
x6 + cx5 − 2x4 − 2 cx3 + x2 + cx

]
F ′′

+
[
(n+ n1 + n3 + n5)x5 + ((n+ n1 + n3) c+ n1 + n2 − n3 + n4)x4

+ ((n1 + n2 − n3 + n4) c− 2n− n1 + 2n2 − n3 − 2n4 − 2n5)x3

+ ((−2n− n1 + 2n2 − n3 − 2n4) c− n1 + n2 + n3 + n4)x2

+ ((−n1 + n2 + n3 + n4) c+ n+ n5)x+ nc]F ′

+
[
(m+m1 +m3 +m5)x5 + ((m+m1 +m3) c+m1 +m2 −m3 +m4)x4

+ ((m1 +m2 −m3 +m4) c− 2m−m1 + 2m2 −m3 − 2m4 − 2m5)x3

+ ((−2m−m1 + 2m2 −m3 − 2m4) c−m1 +m2 +m3 +m4)x2

+ ((−m1 +m2 +m3 +m4) c+m+m5)x+mc]F = 0 .

Solutions of the last equation may be searched in the form of power series

F =

∞∑
k=0

bkx
k, F ′ =

∞∑
k=1

kbkx
k−1, F ′′ =

∞∑
k=2

k(k − 1)bkx
k−2 ,
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further, we produce 7-term recurrent relations:

i = 0, n b1 +mb0 = 0 ,

i = 1, 2 cb2 + 2ncb2 + [(−n1 + n2 + n3 + n4) c+ n+ n5] b1 +mcb1

+ [(−m1 +m2 +m3 +m4) c+m+m5] b0 = 0 ,

i = 2, +3ncb3 + 6 cb3 + 2b2 + 2 [(−n1 + n2 + n3 + n4) c+ n+ n5] b2 +mcb2

+ [(−2n− n1 + 2n2 − n3 − 2n4) c− n1 + n2 + n3 + n4] b1

+ [(−m1 +m2 +m3 +m4) c+m+m5] b1

+ [(−2m−m1 + 2m2 −m3 − 2m4) c−m1 +m2 +m3 +m4] b0 = 0 ,

i = 3, 12 cb4 + 4ncb4 + 6b3 + 3 [(−n1 + n2 + n3 + n4) c+ n+ n5] b3 +mcb3

−4 cb2 + 2 [(−2n− n1 + 2n2 − n3 − 2n4) c− n1 + n2 + n3 + n4] b2

+ [(−m1 +m2 +m3 +m4) c+m+m5] b2

+ [(n1 + n2 − n3 + n4) c− 2n− n1 + 2n2 − n3 − 2n4 − 2n5] b1

+ [(−2m−m1 + 2m2 −m3 − 2m4) c−m1 +m2 +m3 +m4] b1

+ [(m1 +m2 −m3 +m4) c− 2m−m1 + 2m2 −m3 − 2m4 − 2m5] b0 = 0 ,

. . .

i = 6, 7, 8... (m+m1 +m3 +m5) bi−5

+[(i− 4)(i− 5) + (n+ n1 + n3 + n5) (i− 4)

+ (m+m1 +m3) c+m1 +m2 −m3 +m4]bi−4

+ {c(i− 3)(i− 4) + [(n+ n1 + n3) c+ n1 + n2 − n3 + n4] (i− 3)

+ [(m1 +m2 −m3 +m4) c− 2m−m1 + 2m2 −m3 − 2m4 − 2m5]} bi−3

+ {−2(i− 2)(i− 3) + [(n1 + n2 − n3 + n4) c− 2n− n1 + 2n2 − n3 − 2n4 − 2n5] (i− 2)

+ [(−2m−m1 + 2m2 −m3 − 2m4) c−m1 +m2 +m3 +m4]} bi−2

+ {−2 c(i− 1)(i− 2) + [(−2n− n1 + 2n2 − n3 − 2n4) c− n1 + n2 + n3 + n4] (i− 1)

+ [(−m1 +m2 +m3 +m4) c+m+m5]} bi−1

+ {i(i− 1) + [(−n1 + n2 + n3 + n4) c+ n+ n5] i+mc} bi
+ [ci(i+ 1) + nc (i+ 1)] bi+1 = 0 .

In accordance with Poincaré–Perron method, we divide the main recurrent relation by
bi−5:

(m+m1 +m3 +m5)

+[(i− 4)(i− 5) + (n+ n1 + n3 + n5) (i− 4)

+ (m+m1 +m3) c+m1 +m2 −m3 +m4]
bi−4

bi−5

+ {c(i− 3)(i− 4) + [(n+ n1 + n3) c+ n1 + n2 − n3 + n4] (i− 3)

+ [(m1 +m2 −m3 +m4) c− 2m−m1 + 2m2 −m3 − 2m4 − 2m5]} bi−3

bi−4

bi−4

bi−5

+ {−2(i− 2)(i− 3) + [(n1 + n2 − n3 + n4) c− 2n− n1 + 2n2 − n3 − 2n4 − 2n5] (i− 2)
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+ [(−2m−m1 + 2m2 −m3 − 2m4) c−m1 +m2 +m3 +m4]} bi−2

bi−3

bi−3

bi−4

bi−4

bi−5

+ {−2 c(i− 1)(i− 2) + [(−2n− n1 + 2n2 − n3 − 2n4) c− n1 + n2 + n3 + n4] (i− 1)

+ [(−m1 +m2 +m3 +m4) c+m+m5]} bi−1

bi−2

bi−2

bi−3

bi−3

bi−4

bi−4

bi−5

+ {i(i− 1) + [(−n1 + n2 + n3 + n4) c+ n+ n5] i+mc} bi
bi−1

bi−1

bi−2

bi−2

bi−3

bi−3

bi−4

bi−4

bi−5

+ [ci(i+ 1) + nc (i+ 1)]
bi+1

bi

bi
bi−1

bi−1

bi−2

bi−2

bi−3

bi−3

bi−4

bi−4

bi−5
= 0 .

After that we multiply the last relation by i−2 and tend i → ∞, so deriving an algebraic
equation for R, which determines possible convergence radii

R = lim
i→∞

bi
bi−1

, Rconv =
1

|R|
,

R+ cR2 −Rr3 − 2cR4 +R5 + cR6 = 0 =⇒ (1 + cR) R (R2 − 1)2 = 0 ;

(4.29)

the roots are R = 0, R = ±1, and R = −1/c. Therefore, possible convergence radii
are 1, c > 1,∞. Note that the convergence radius Rconv = 1 covers all physical region
for the variable x ∈ (0, 1). In accordance with the above-mentioned symmetry, solutions
for function g(x) are constructed in a similar way, it is enough to make formal changes
ν =⇒ −ν, c =⇒ −c .

4.3 Numerical study

Let us list the above eight solutions (note the change (x− 1) < 0 to (1− x) > 0, it makes
the involved functions single-valued in physical region x ∈ (0, 1))

f(x) = xγ(1− x)α exp (
β

1− x
)(x+ 1)α

′
exp (

β′

x+ 1
)F (x) , (4.30)

where

β = ±iΓ, α = ±iΣ, β′ = ±iΓ, α′ = ±iΣ,

Γ =

√
ε2 −M2

2
, Σ =

ε2 −M2/2√
ε2 −M2

, γ = ±2iε .
(4.31)

In order to get the massless particle, it suffices to make the formal changes in parameters:

c→∞, Γ =
1

2
ε , Σ = ε . (4.32)

In the following we study the most simple massless case. Correspondingly, we use the fol-
lowing substitutions

g1(x)→ h(x)e
iε

2(x−1)
+ iε

2(x+1) (1− x)iεx2iε(x+ 1)−iε,

g2(x)→ h(x)e−
iε

2(x−1)
− iε

2(x+1) (1− x)−iεx−2iε(x+ 1)iε;
(4.33)



Numerical study 107

g3(x)→ h(x)e−
iε

2(x−1)
− iε

2(x+1) (1− x)−iεx2iε(x+ 1)iε,

g4(x)→ h(x)e
iε

2(x−1)
+ iε

2(x+1) (1− x)iεx−2iε(x+ 1)−iε;
(4.34)

g5(x)→ h(x)e
iε

2(x−1)
− iε

2(x+1) (1− x)iεx2iε(x+ 1)iε,

g6(x)→ h(x)e
iε

2(x+1)
− iε

2(x−1) (1− x)−iεx−2iε(x+ 1)−iε;
(4.35)

g7(x)→ h(x)e
iε

2(x+1)
− iε

2(x−1) (1− x)−iεx2iε(x+ 1)−iε,

g8(x)→ h(x)e
iε

2(x−1)
− iε

2(x+1) (1− x)iεx−2iε(x+ 1)iε.
(4.36)

We need an explicit form of 2nd-order equations for all hi(x); it suffices to write down
only four cases, h1, h3, h5, and h7, because all equations and solutions are divided into pairs
of conjugated ones:[

− 35ε2

4(x− 1)
+

12ε2

x
− 13ε2

4(x+ 1)
+

11ε2

4(x− 1)2
− 5ε2

4(x+ 1)2
+

11iε

2(x− 1)

−3iε

x
− 5iε

2(x+ 1)
+

ν2

x− 1
− ν2

x+ 1
− ν2

(x− 1)2
− ν2

(x+ 1)2

+
ν

x− 1
− 2ν

x
+

ν

x+ 1
+

ν

(x− 1)2
− ν

(x+ 1)2

]
h1(x)

+
[ 2iε

x− 1
+

4iε

x
− 2iε

x+ 1
− iε

(x− 1)2
− iε

(x+ 1)2
+

2

x− 1
+

1

x
+

2

x+ 1

]
h′1(x) + h′′1(x) = 0 ,

[ 13ε2

4(x− 1)
− 12ε2

x
+

35ε2

4(x+ 1)
− 5ε2

4(x− 1)2
+

11ε2

4(x+ 1)2
+

5iε

2(x− 1)
+

3iε

x
− 11iε

2(x+ 1)

+
ν2

x− 1
− ν2

x+ 1
− ν2

(x− 1)2
− ν2

(x+ 1)2
+

ν

x− 1
− 2ν

x
+

ν

x+ 1
+

ν

(x− 1)2
− ν

(x+ 1)2

]
h3(x)

+
[
− 2iε

x− 1
+

4iε

x
+

2iε

x+ 1
+

iε

(x− 1)2
+

iε

(x+ 1)2
+

2

x− 1
+

1

x
+

2

x+ 1

]
h′3(x) + h′′3(x) = 0 ,

[
− 12ε2

x− 1
+

12ε2

x+ 1
+

4ε2

(x− 1)2
+

4ε2

(x+ 1)2
+

8iε

x− 1
− 8iε

x+ 1

+
ν2

x− 1
− ν2

x+ 1
− ν2

(x− 1)2
− ν2

(x+ 1)2
+

ν

x− 1
− 2ν

x
+

ν

x+ 1
+

ν

(x− 1)2
− ν

(x+ 1)2

]
h5(x)

+
[ 2iε

x− 1
+

4iε

x
+

2iε

x+ 1
− iε

(x− 1)2
+

iε

(x+ 1)2
+

2

x− 1
+

1

x
+

2

x+ 1

]
h′5(x) + h′′5(x) = 0 ,

[ ν2

x− 1
− ν2

x+ 1
− ν2

(x− 1)2
− ν2

(x+ 1)2
+

ν

x− 1
− 2ν

x
+

ν

x+ 1
+

ν

(x− 1)2
− ν

(x+ 1)2

]
h7(x)

+
[
− 2iε

x− 1
+

4iε

x
− 2iε

x+ 1
+

iε

(x− 1)2
− iε

(x+ 1)2
+

2

x− 1
+

1

x
+

2

x+ 1

]
h′7(x) + h′′7(x) = 0 .

Below symbols Ri(x) and Ii(x) (i = 1, 3, 5, 7) will designate real and imaginary parts of
four converging series (they depend on quantum numbers ε, ν = j + 1/2). Several typical
graphs of series are given in Figs. 4.2–4.5.
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Numerical study shows that real and imaginary parts of the series sums Ri(r∗) + Ii(r∗)
demonstrate evident asymptotical behaviour at r∗ → +∞:

Re h1 :
h1(500)

h1(250)
= 1.0133,

h1(750)

h1(500)
= 1.0043,

h1(1000)

h1(750)
= 1.0021,

h1(1250)

h1(1000)
= 1.0012,

h1(1500)

h1(1250)
= 1.0008, h1(1500) = 12092.5427,

Im h1 :
h1(500)

h1(250)
= 1.0349,

h1(750)

h1(500)
= 1.0112,

h1(1000)

h1(750)
= 1.0055,

h1(1250)

h1(1000)
= 1.0033,

h1(1500)

h1(1250)
= 1.0021, h1(1500) = 279.9890;

(4.37)

Re h3 :
h3(500)

h3(250)
= 1.0138,

h3(750)

h3(500)
= 1.0045,

h3(1000)

h3(750)
= 1.00224,

h3(1250)

h3(1000)
= 1.0013,

h3(1500)

h3(1250)
= 1.0008, h3(1500) = 22583.1144,

Im h3 :
h3(500)

h3(250)
= 0.9290,

h3(750)

h3(500)
= 0.9744,

h3(1000)

h3(750)
= 0.9868,

h3(1250)

h3(1000)
= 0.9920,

h3(1500)

h3(1250)
= 0.9946, h3(1500) = 284.8543;

(4.38)

Re h5 :
h5(500)

h5(250)
= 1.0170,

h5(750)

h5(500)
= 1.0055,

h5(1000)

h5(750)
= 1.0027,

h5(1250)

h5(1000)
= 1.0016,

h5(1500)

h5(1250)
= 1.0011, h5(1500) = 1206.6537,

Im h5 :
h5(500)

h5(250)
= 1.0132,

h5(750)

h5(500)
= 1.0043,

h5(1000)

h5(750)
= 1.0021,

h5(1250)

h5(1000)
= 1.0012,

h5(1500)

h5(1250)
= 1.0000, h5(1500) = −11203.6223;

(4.39)

Re h7 :
h7(500)

h7(250)
= 1.0170,

h7(750)

h7(500)
= 1.0055,

h7(1000)

h7(750)
= 1.0027,

h7(1250)

h7(1000)
= 1.0016,

h7(1500)

h7(1250)
= 1.0011, h7(1500) = 1206.6537,

Im h7 :
h7(500)

h7(250)
= 1.0132,

h7(750)

h7(500)
= 1.0043,

h7(1000)

h7(750)
= 1.0021,

h7(1250)

h7(1000)
= 1.0012,

h7(1500)

h7(1250)
= 1.0009, h7(1500) = −11203.62231.

(4.40)

4.4 Tunnelling process

Let us examine tunnelling effect for the particle, which moves from the right of the barrier.
To this end, we start with the solution g2(x), its asymptotic behaviour at x→ 0 (r∗ → −∞)
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is given by the formula

g2(x) = e−2iε ln xe−iε = e−iεe−iεr∗ . (4.41)

Let us use notation

G2(x) = e+iεg2(x), G2(r → −∞) = e−iεr∗ . (4.42)

We may formulate the following Cauchy problem:

G2(x) ,
d

dx
G2(x) , x0 = 10−5 , (r∗)0 = −22 . (4.43)

The tunnelling process is described by the general formula

e−iεr∗ ⇐⇒ Ae−iεr∗ +Be+iεr∗ , or
1

A
e−iεr∗ ⇐⇒ Ae−iεr∗ +

B

A
e+iεr∗ ; (4.44)

reflection and transmission coefficients are defined as

R = |B
A
|2, D = | 1

A
|2 . (4.45)

Let us take in the region r∗ → +∞ two close points, s1 = εr1∗, s2 = εr2∗. They give two
linear equations

e−is1A+ e+is1B = N1, e−is2A+ e+is2B = N2. (4.46)

The values N1 and N2 are known from results of solving the Cauchy problem, so this linear
system may be resolved with respect to variables A and B. Numerical study yields

s1 = 100, s2 = 101,
|D| = 2.5871172808253399483182956090916× 10−9

|R| = 0.999999999999330

s1 = 200, s2 = 201,
|D| = 2.5877017935952845053539711845416× 10−9

|R| = 0.999999999999330

s1 = 300, s2 = 301,
|D| = 2.5880854478636695997420096062116× 10−9

|R| = 0.999999999999330

s1 = 400, s2 = 401,
|D| = 2.5882480599386513075141952768516× 10−9

|R| = 0.999999999999330

s1 = 500, s2 = 501,
|D| = 2.5882683602272274835321197825816× 10−9

0.999999999999330

s1 = 600, s2 = 601,
|D| = 2.5882297117443874845102673598216× 10−9

|R| = 0.999999999999330

(4.47)
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We have calculated coefficients D and R at different values of energy:

ε =

1

3/2

2

5/2

3

7/2

4

D =

2.58797810456648907512855372994× 10−9

1.7582387448296178946869483542314× 10−7

6.56453757573836720679166237235681× 10−6

9.89428770502314826328280079367695× 10−6

9.99753889216766613205611530112792× 10−6

0.00001000098762059780

9.99989634576822762177881423838663× 10−6

R =

0.999999999999330

0.999999996908314

0.999995690201453

0.999990208695562

0.999989999254247

0.999989999540272

0.999990000509748

(4.48)

In a similar manner, we could examine tunnelling effect for the particle, which moves
from the left on the barrier.

4.5 Conclusions

For the Dirac particle, the general mathematical and numerical study of the tunnelling
process through the potential barrier generated by the Schwarzschild black hole metric
has been done. We construct solutions in explicit form and prove that the power series
involved in them are converged in all physical regions of the physical region of the variable
r ∈ (1,+∞). Results for tunnelling effect significantly differ for two situations: one when the
particle falls on the barrier from within and another when the particle falls from outside.
The mathematical structure of the derived asymptotic relations is exact; however, analytical
expressions for involved convergent power series are not known, and further study is based
on numerical summing of the series. The calculations are implemented using Mathematica
system.
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4.6 Figures

FIGURE 4.1
Potential function φ(r∗).

FIGURE 4.2
The graph of the series h1(r∗), ε = 1, ν = 5.
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FIGURE 4.3
The graph of the series h3(r∗), ε = 1, ν = 5.

FIGURE 4.4
The graph of the series h5(r∗), ε = 1, ν = 5.
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FIGURE 4.5
The graph of the series h7(r∗), ε = 1, ν = 5.
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5

On Maxwell equations in
Schwarzschild space-time

It is shown that the generally covariant extended method of Riemann–
Silberstein–Majorana–Oppenheimer in electrodynamics, specified in Schwarzschild
metrics, after separating the variables, provides us with the possibility of reducing
the problem to a differential equation similar to that arising in the case of a scalar
field in the Schwarzschild space-time. This differential equation is recognised as a
confluent Hein equation.

We have considered the electromagnetic field on the basis of the 10-dimensional
Duffin–Kemmer approach, when in addition to six components of the strength tensor,
one uses four components of an electromagnetic potential. After separation of the
variable, we have arrived at a system of ten radial equations, which were simplified
by the use of additional constraints followed by an eigenvalue equation for the spatial
parity operator Π̂Ψ = PΨ; the radial system has been divided into two subsystems
of four and six equations, respectively. In this second approach, the problem of
electromagnetic field has been reduced to the confluent Hein differential equation as
well.

In particular, we have shown explicitly how solutions found in complex form
are embedded in matrix 10-dimensional formalism; besides, we determine radial
functions that are responsible for gauge degrees of freedom.

The chapter is based on [1]–[24].

5.1 Introduction

Usually, when treating electromagnetic field in a curved space-time background [1, 2], for
instance, in Schwarzschild space-time geometry [3], they use a real vector description of an
electromagnetic tensor [4]. In the frames of Newman–Penrose formalism [5] for description
of components of the electromagnetic tensor a spinor technique is used.

In [6], a general covariant approach to the Maxwell theory based on the use of the
Riemann–Silberstein–Majorana–Oppenheimer complex representation was elaborated. Here
it is used to treat Maxwell field in the background of Schwarzschild black hole. It is shown
that this technique provides us with possibilities after separating the variables to reduce the
problem of the Maxwell field to a differential equation similar to that arising in the case of
a scalar field in the Schwarzschild space-time. This differential equation is recognised as a
confluent Hein equation.

After that we turn to consideration of the electromagnetic field on the basis of a 10-
dimensional description, when in addition to six components of the strength tensor, one uses
four components of electromagnetic potential. Such a description of the electromagnetic field

DOI: 10.1201/9781003472377-5 115
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is more informative because it includes gauge degrees of freedom. However, this method to
describe electromagnetic field is more complicated. We use it in the matrix form of Duffin–
Kemmer–Peteau (recent consideration and big list of references see in [7]). After separation
of the variable, we arrive at a system of ten radial equations, which can be simplified
by the use of additional constraints followed by an eigenvalue equation for the spatial
parity operator Π̂Ψ = PΨ; the radial system is divided into two subsystems of four and
six equations, respectively. In this second approach, the problem of electromagnetic field
reduces to the confluent Hein differential equation as well. In particular, we show explicitly
how previously found solutions in complex form are embedded into matrix Duffin–Kemmer–
Peteau formalism; besides, we determine radial functions that are responsible for gauge
degrees of freedom.

5.2 Separating the variables, Wigner functions

Matrix Maxwell equation in Schwarzschild space-time

dS2 = Φ dt2 − dr2

Φ
− r2(dθ2 + sin2 θdφ2), Φ = 1−M/r,

eα(0) = (
1√
Φ
, 0, 0, 0), eα(3) = (0,

√
Φ, 0, 0),

eα(1) = (0, 0,
1

r
, 0), eα(2) = (1, 0, 0,

1

r sin θ
),

γ030 =
Φ′

2
√

Φ
, γ311 =

√
Φ

r
, γ322 =

√
Φ

r
, γ122 =

cos θ

r sin θ

(5.1)

has the following form (assume the use of cyclic basis when the matrix S3 is diagonal)

[− i∂t√
Φ

+
√

Φ(α3∂r +
α1s2 − α2s1

r
+

Φ′

2Φ
s3) +

1

r
Σθ,φ]

∣∣∣∣ 0
ψ

∣∣∣∣ = 0,

Σθ,φ =
α1

r
∂θ + α2 ∂φ + s3 cos θ

sin θ
, ψ = E + iB.

(5.2)

Let us diaginalise the square and the third projection of the total angular momentum of
the electromagnetic field, J2, J3; correspondingly, we apply the substitution

ψ = e−iωt

∣∣∣∣∣∣∣∣
0

ϕ1(r)D−1

ϕ2(r)D0

ϕ3(r)D+1

∣∣∣∣∣∣∣∣ , (5.3)

where Wigner function are used, Dσ = Dj
−m,σ(φ, θ, 0), σ = −1, 0,+1. With the use of the

known recurrent formulas

∂θD−1 =
1

2
(aD−2 − νD0),

m− cos θ

sin θ
D−1 =

1

2
(aD−2 + νD0),

∂θD0 =
1

2
(νD−1 − νD+1),

m

sin θ
D0 =

1

2
(νD−1 + νD+1),

∂θD+1 =
1

2
(νD0 − aD+2),

m+ cos θ

sin θ
D+1 =

1

2
(νD0 + aD+2) ,

ν =
√
j(j + 1), a =

√
(j − 1)(j + 2)

(5.4)
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we obtain (the factor e−iωt is omitted)

ΣθφΨ′ =
ν√
2

∣∣∣∣∣∣∣∣
(ϕ1 + ϕ3)D0

−i ϕ2D−1

i (ϕ1 − ϕ3)D0

+i ϕ2D+1

∣∣∣∣∣∣∣∣ . (5.5)

To simplify the formula, we change the notation

ν√
2

=

√
j(j + 1)

2
=⇒ ν. (5.6)

Turning to the matrix eq. (5.2), we derive the radial system of four equations

1)
√

Φ (
d

dr
+

2

r
) ϕ2 +

ν

r
(ϕ1 + ϕ3) = 0,

2) (− ω√
Φ
− i
√

Φ
d

dr
− i
√

Φ

r
− i Φ′

2
√

Φ
) ϕ1 −

iν

r
ϕ2 = 0,

3) − ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0,

4) (− ω√
Φ

+ i
√

Φ
d

dr
+ i

√
Φ

r
+ i

Φ′

2
√

Φ
) ϕ3 +

iν

r
ϕ2 = 0.

(5.7)

Combining eqs. 2) and 4), instead of eq. (5.7) we obtain

2) + 4), − ω√
Φ

(ϕ1 + ϕ3)− i(
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 − ϕ3) = 0,

2)− 4), − ω√
Φ

(ϕ1 − ϕ3)− i(
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 + ϕ3)− 2iν

r
ϕ2 = 0,

3) − ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0, 1)

√
Φ(

d

dr
+

2

r
)ϕ2 +

ν

r
(ϕ1 + ϕ3) = 0.

(5.8)

It is readily checked that eq. 1) turns out to be identity when taking into account three
remaining equations. Therefore, we have only three independent equations

− ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0,

− ω√
Φ

(ϕ1 + ϕ3)− i (
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 − ϕ3) = 0,

− ω√
Φ

(ϕ1 − ϕ3)− i (
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 + ϕ3)− 2iν

r
ϕ2 = 0.

(5.9)

Introducing new variables

f = ϕ1 + ϕ3, g = ϕ1 − ϕ3,

we transform eq. (5.9) to

ϕ2 =
iν

ω

√
Φ

r
g, −ω

Φ
f − i( d

dr
+

1

r
+

Φ′

2Φ
)g = 0,

−ω
2

Φ
g − iω(

d

dr
+

1

r
+

Φ′

2Φ
) f +

2ν2

r2
g = 0.

(5.10)
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By using the substitutions,

g =
1

r
√

Φ
G(r), f =

1

r
√

Φ
F (r);

we get more simple equations

ϕ2 =
iν

ω

1

r2
G(r), iω F = Φ

d

dr
G, +iω

d

dr
F +

ω2

Φ
G− 2ν2

r2
G = 0. (5.11)

The 2nd-order equation for the primary variable G(r) reads

d2G

dr2
+

Φ′

Φ

dG

dr
+
(ω2

Φ2
− j(j + 1)

r2Φ

)
G = 0 (5.12)

or

d2G

dr2
+

M

r(r −M)

dG

dr
+
( ω2r2

(r −M)2
− j(j + 1)

r(r −M)

)
G = 0. (5.13)

It is convenient to apply the variable x = r/M , then we have

d2G

dx2
+
( 1

x− 1
− 1

x

) dG
dx

+
(
M2ω2 +

j(j + 1)

x
+

2M2ω2 − j(j + 1)

x− 1
+

M2ω2

(x− 1)2

)
G = 0. (5.14)

With the use of the substitution G = (x− 1)α xβeγxg(x) , from (5.14) we get

d2g

dx2
+
[1 + 2α

x− 1
− 1− 2β

x
+ 2γ

] dg
dx

+
[
M2ω2 + γ2 +

M2ω2 + α2

(x− 1)2
+
β (β − 2)

x2
+
j(j + 1) + α− β − γ − 2αβ + 2βγ

x

+
2M2ω2 − j(j + 1)− α+ β + γ + 2αβ + 2αγ

x− 1

]
g = 0. (5.15)

Imposing restrictions on parameters α, β, γ

α = ±iMω , β = 0, 2 , γ = ±iMω, (5.16)

we simplify eq. (5.15):

d2g

dx2
+
[1 + 2α

x− 1
− 1− 2β

x
+ 2γ

] dg
dx

+
[j(j + 1) + α− β − γ − 2αβ + 2βγ

x

+
2M2ω2 − j(j + 1)− α+ β + γ + 2αβ + 2αγ

x− 1

]
g = 0, (5.17)

which is identified as the confluent Heun equation

d2Z

dz2
+
[
A+

1 +B

z
+

1 + C

z − 1

] dZ
dz

+

+
[1

2

A−B − C +AB −BC − 2F

z
+ +

1

2

A+B + C +AC +BC + 2D + 2F

z − 1

]
f = 0

with parameters

A = 2γ , B = 2β − 2 , C = 2α , D = 2M2ω2 , F = 1− j(j + 1) . (5.18)
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5.3 Duffin–Kemmer formalism

Matrix 10-dimensional Duffin–Kemmer equation in Schwarzschild space-time takes the form
(I6 stands for the projective operator on tensor subspace)[

i β0∂t + i Φ (β3∂r +
1

r
(β1j31 + β2j32)

+
Φ′

2Φ
β0J03) +

√
Φ

r
Σκθ,φ − I6

√
Φ
]

Φ(x) = 0,

Σθ,φ = i β1∂θ + β2 i∂φ + i j12 cos θ

sin θ
.

(5.19)

We use the following substitution for solutions in the form of spherical waves

Φωjm(x) = e−iωt
[
f1(r)D0, f2(r)D−1, f3(r)D0, f4(r)D+1,

f5(r) D−1, f6(r) D0, f7(r) D+1, f8(r) D−1, f9(r) D0, f10(r) D+1

]
. (5.20)

After separating the variables, we get ten radial equations (where ν =
√
j(j + 1)/2)

−Φ(
d

dr
+

2

r
)f6 − ν

√
Φ

r
(f5 + f7) = 0,

iωf5 + iΦ(
d

dr
+

1

r
+

Φ′

2Φ
)f8 + iν

√
Φ

r
f9 = 0,

iωf6 + iν

√
Φ

r
(−f8 + f10) = 0,

iωf7 − iΦ(
d

dr
+

1

r
+

Φ′

2Φ
)f10 − iν

√
Φ

r
f9 = 0,

−iωf2 + ν

√
Φ

r
f1 −

√
Φf5 = 0,

−iωf3 − Φ(
d

dr
+

Φ′

2Φ
)f1 −

√
Φf6 = 0,

−iωf4 + ν

√
Φ

r
f1 −

√
Φf7 = 0,

−iΦ(
d

dr
+

1

r
) f2 − iν

√
Φ

r
f3 −

√
Φf8 = 0,

iν

√
Φ

r
(f2 − f4)−

√
Φ f9 = 0,

iΦ(
d

dr
+

1

r
)f4 + iν

√
Φ

r
f3 −

√
Φf10 = 0.

(5.21)
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Let us additionally diagonalise the space reflection operator

P̂ cycl.sph. =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

⊗ P̂ ,

from the eigenvalue equation P̂ cycl.sph. Φjm = P Φjm , we get two sets of restrictions

P = (−1)j+1,

f1 = f3 = f6 = 0, f4 = −f2, f7 = −f5, f10 = +f8; (5.22)

P = (−1)j ,

f9 = 0, f4 = +f2, f7 = +f5, f10 = −f8. (5.23)

Allowing for eqs. (5.22) and (5.23), we get two more simple subsystems. The first is

P = (−1)j+1,

iω f5 + iΦ(
d

dr
+

1

r
+

Φ′

2Φ
) f8 + iν

√
Φ

r
f9 = 0, −iω f2 −

√
Φ f5 = 0,

−iΦ (
d

dr
+

1

r
) f2 −

√
Φ f8 = 0, i2ν

√
Φ

r
f2 −

√
Φ f9 = 0.

(5.24)

Whence it follows a 2nd-order equation for the primary variable f2:

d2f2

dr2
+
(Φ′

Φ
+

2

r

) df2

dr
+
(ω2

Φ2
− 2ν2

r2Φ
+

Φ′

Φ

1

r

)
f2 = 0,

it yields (let f2 = r−1F2)

d2F2

dr2
+

Φ′

Φ

dF2

dr
+
(ω2

Φ2
− j(j + 1)

r2Φ

)
F2 = 0

which coincides with eq. (5.12) for G.
In the case P = (−1)j , we get six equations

Φ (
d

dr
+

2

r
)F6 +

2ν

r
F5 = 0, iωF5 + iΦ(

d

dr
+

1

r
)F8 = 0,

iωF6 − i
2ν

r
F8 = 0, −iωF2 +

ν

r
F1 − F5 = 0,

iωF3 + Φ
d

dr
F1 + ΦF6 = 0, iΦ(

d

dr
+

1

r
)F2 + i

ν

r
F3 + F8 = 0,

(5.25)

where

F1 =
√

Φ f1, F2 = f2, F3 =
√

Φ f3,

F5 =
√

Φ f5, F6 = f6, F8 =
√

Φ f8.
(5.26)



Relation between two formalisms 121

5.4 Relation between two formalisms

We start with the following identities

E(1) = F(0)(1), E(2) = F(0)(2), E(3) = F(0)(3),

B(1) = −F(2)(3), B(2) = −F(3)(1), B(3) = −F(1)(2)

(5.27)

and the known expressions for complex 3-vector and tensor:

Ψ = e−iωt

∣∣∣∣∣∣∣∣
0
ϕ1D−1

ϕ2D0

ϕ3D+1

∣∣∣∣∣∣∣∣ , Φ = e−iωt [f1D0, f2D−1, f3D0, f4D+1,

f5D−1, f6D0, f7D+1, f8D−1, f9D0, f10D+1], (5.28)

thus we find three relations

D0ϕ2(r) = E(2) + iB(2) = F(0)(2) − iF(3)(1) = f6(r) D0 + if9(r) D0,

D−1ϕ1(r) = E(1) + iB(1) = F(0)(1) − iF(2)(3) = f5(r) D−1 − i f8(r) D−1,

D+1ϕ3(r = E(3) + iB(3) = F03 − iF12 = f7(r) D+1 − if10(r) D+1,

whence it follows

ϕ2 = f6 + i f9, ϕ1 = f5 − i f8, ϕ3 = f7 − i f10. (5.29)

Taking into account the spatial parity restrictions (5.22) and (5.23), we obtain

P = (−1)j+1, f6 = 0, f7 = −f5, f10 = +f8 =⇒
ϕ2 = +i f9, ϕ1 = f5 − i f8, ϕ3 = −f5 − i f8;

(5.30)

P = (−1)j , f9 = 0, f7 = +f5, f10 = −f8 =⇒
ϕ2 = f6, ϕ1 = f5 − i f8, ϕ3 = f5 + i f8;

(5.31)

the inverse relations are

P = (−1)j+1, f9 = −iϕ2, f8 =
i

2
(ϕ1 + ϕ3), f5 =

1

2
(ϕ1 − ϕ3); (5.32)

P = (−1)j , F6 = ϕ2, F5 =

√
Φ

2
(ϕ1 + ϕ3), F8 = i

√
Φ

2
(ϕ1 − ϕ3). (5.33)

5.5 Studying equations for states with P = (−1)j

First consider the case P = (−1)j . In six equations (5.25), we are to take into account
(5.33). Three first equations (containing F5, F6, and F8)

iωF6 − i
2ν

r
F8 = 0, Φ(

d

dr
+

2

r
)F6 +

2ν

r
F5 = 0, iωF5 + iΦ(

d

dr
+

1

r
)F8 = 0
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in the new variables read

iω ϕ2 − i
ν

r
i
√

Φ (ϕ1 − ϕ3) = 0,

Φ (
d

dr
+

2

r
)ϕ2 +

ν

r

√
Φ (ϕ1 + ϕ3) = 0,

iω
√

Φ (ϕ1 + ϕ3) + iΦ (
d

dr
+

1

r
) i
√

Φ (ϕ1 − ϕ3) = 0.

(5.34)

Equations (5.34) may be compared with (5.8)

3) − ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0,

1)
√

Φ(
d

dr
+

2

r
)ϕ2 +

ν

r
(ϕ1 + ϕ3) = 0,

2) + 4) − ω√
Φ

(ϕ1 + ϕ3)− i(
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 − ϕ3) = 0,

2)− 4)− ω√
Φ

(ϕ1 − ϕ3)− i(
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 + ϕ3)− 2iν

r
ϕ2 = 0.

(5.35)

Three first equations coincide, but the last is the consequence of these three. Recall that
ϕ1, ϕ2, and ϕ3 are determined by the primary function G:

ϕ2 = − 1

iω

ν

r2
G(r), ϕ1 + ϕ3 =

1

iω

√
Φ

r

d

dr
G, ϕ1 − ϕ3 =

1

r
√

Φ
G(r), (5.36)

where G obeys the equation

d2G

dr2
+

M

r(r −M)

dG

dr
+
( ω2r2

(r −M)2
− j(j + 1)

r(r −M)

)
G = 0. (5.37)

Remaining three equation in eq. (5.25) relate the radial functions F1, F2, and F3 of the
electromagnetic 4-vector with the radial functions F5, F6, and F8 of the electromagnetic
tensor by equations

iωF3 + Φ
d

dr
F1 + Φ F6 = 0, −iωF2 +

ν

r
F1 − F5 = 0,

iΦ(
d

dr
+

1

r
)F2 + i

ν

r
F3 + F8 = 0;

(5.38)

whence with the help of eq. (5.33) we derive

iωF3 + Φ
d

dr
F1 + Φϕ2 = 0, −iωF2 +

ν

r
F1 −

√
Φ

2
(ϕ1 + ϕ3) = 0,

iΦ(
d

dr
+

1

r
)F2 + i

ν

r
F3 + i

√
Φ

2
(ϕ1 − ϕ3) = 0.

(5.39)

In turn, from eq. (5.39), with the help of eq. (5.36), we obtain

iω

Φ
F3 +

d

dr
F1 −

1

iω

ν

r2
G(r) = 0,

−iωF2 +
ν

r
F1 −

1

iω

Φ√
2r

d

dr
G(r) = 0,

Φ(
d

dr
+

1

r
)F2 +

ν

r
F3 +

1√
2r
G(r) = 0.

(5.40)
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It should be emphasised that all terms with F1 cancel each other. This means that the
function F1 may be arbitrary. This fact is the result of the known gauge symmetry in the
electromagnetic 4-vector at the fixed electromagnetic tensor. The system (5.40) is equivalent
to

F3 =
iΦ

ω

dF1

dr
− Φ ν

ω2r2
G(r) , F2 = − iν

ωr
F1 +

Φ√
2ω2r

dG(r)

dr
,

d2G(r)

dr2
+

Φ′

Φ

dG(r)

dr
−
√

2 ν2

r2 Φ
G(r) +

ω2

Φ2
G(r) = 0 .

(5.41)

5.6 Studying the case P = (−1)j+1

In the system (5.24), let us take into account (5.32):

P = (−1)j+1, −iωf2 −
√

Φf5 = 0,

iωf5 + iΦ(
d

dr
+

1

r
+

Φ′

2Φ
)f8 + iν

√
Φ

r
f9 = 0,

−iΦ(
d

dr
+

1

r
)f2 −

√
Φf8 = 0, i2ν

√
Φ

r
f2 −

√
Φf9 = 0,

which yields

ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0,

− ω√
Φ

(ϕ1 − ϕ3)− i
√

Φ(
d

dr
+

1

r
+

Φ′

2Φ
)(ϕ1 + ϕ3) +

2i ν

r
ϕ2 = 0,

−
√

Φ(
d

dr
+

2

r
)ϕ2 +

ν

r
(ϕ1 + ϕ3) = 0, f2 = − r

2 ν
ϕ2 .

(5.42)

Note that the variable F2 referring to the electromagnetic 4-vector is determined uniquely
by the components of the electromagnetic tensor. This means that this class of solutions
does not contain any gauge degrees of freedom.

Let us compare eq. (5.42) with the first three equations in eq. (5.8) (the last equation
2)+4) in eq. (5.8) turns out to be identity)

3) − ω√
Φ
ϕ2 +

iν

r
(ϕ1 − ϕ3) = 0, 1)

√
Φ(

d

dr
+

2

r
)ϕ2 +

ν

r
(ϕ1 + ϕ3) = 0,

2)− 4), − ω√
Φ

(ϕ1 − ϕ3)− i(
√

Φ
d

dr
+

√
Φ

r
+

Φ′

2
√

Φ
)(ϕ1 + ϕ3)− 2iν

r
ϕ2 = 0.

(5.43)

The systems (5.42) and (5.43) differ only in notation.
In eq. (5.42), let us introduce new variables

f = ϕ1 + ϕ3, g = ϕ1 − ϕ3,

then we get the system

ϕ2 = − iν
ω

√
Φ

r
g, i

√
Φ(

d

dr
+

2

r
)

√
Φ

r
g +

ω

r
f = 0,

−ω
2

Φ
g − iω(

d

dr
+

1

r
+

Φ′

2Φ
) f +

2ν2

r2
g = 0.

(5.44)
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The system (5.44) is simplified by the substitution

g =
1

r
√

Φ
G(r), f =

1

r
√

Φ
F (r),

as a result we obtain

ϕ2 = − iν

ωr2
G, ωF = −iΦ d

dr
G, −ω

2

Φ
G− i d

dr
ωF +

2ν2

r2
G = 0 . (5.45)

So, the problem reduces to the equation

d2G

dr2
+

M

r(r −M)

dG

dr
+
( ω2r2

(r −M)2
− j(j + 1)

r(r −M)

)
G = 0. (5.46)

All concomitant functions are determined from eq. (5.46) as follows
P = (−1)j+1,

ϕ2 = −i ν

ωr2
G, ϕ1 + ϕ3 = −i

√
Φ

ωr

d

dr
G, ϕ1 − ϕ3 =

1

r
√

Φ
G(r). (5.47)

In turn, for solutions with opposite parity we have
P = (−1)j ,

ϕ2 = +i
ν

ωr2
G, ϕ1 + ϕ3 = −i

√
Φ

ωr

d

dr
G, ϕ1 − ϕ3 =

1

r
√

Φ
G(r). (5.48)

Relations between two methods to describe the Maxwell field may be expressed as follows

Majorana–Oppenheimer =⇒ ϕ2, +ϕ1 ϕ3,

P = (−1)j , Duffin–Kemmer =⇒ +ϕ2, ϕ1, ϕ3,

P = (−1)j+1, Duffin–Kemmer =⇒ −ϕ2, ϕ1, ϕ3.

5.7 The gauge degrees of freedom

Maxwell equations permit the existence of pure gauge solutions, for which the following
initial substitution should be used

Φωjm(x) = e−iωt( f1D0, f2D−1, f3D0, f4D+1, 0, 0, 0, 0, 0, 0 ). (5.49)

For states with parity P = (−1)j+1 we have

P = (−1)j+1, f1 = f3 = 0, f4 = −f2,

0 = 0, −iωf2 = 0, −iΦ (
d

dr
+

1

r
) f2 = 0, i2ν

√
Φ

r
f2 = 0,

whence it follows f2 = 0. This means that any pure gauge states do not exist with the parity
P = (−1)j+1.

For states with the parity P = (−1)j , we have

P = (−1)j , f4 = +f2,
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(F1 =
√

Φ f1, F2 = f2, F3 =
√

Φ f3 ) ,

0 = 0, 0 = 0, 0 = 0,

−iωF2 +
ν

r
F1 = 0, iωF3 + Φ

d

dr
F1 = 0, iΦ(

d

dr
+

1

r
)F2 + i

ν

r
F3 = 0,

whence it follows

iωF2 =
ν

r
F1, iωF3 = −Φ

d

dr
F1, iΦ(

d

dr
+

1

r
)F2 + i

ν

r
F3 = 0.

Eliminating the variables F2, F3, we get an identity of 0 ≡ 0. Therefore, the function F1(r)
may be arbitrary, and the concomitant functions are defined by relations

iωF2 =
ν

r
F1, iωF3 = −Φ

d

dr
F1. (5.50)

The last relations may be verified with the use of the Lorentz gauge. In radial form, it reads

−iω√
Φ
f1 −

√
Φ (

d

dr
+

2

r
+

Φ′

2Φ
) f3 −

ν

r
(f2 + f4) = 0. (5.51)

This constraint turns to be an identity for states with the parity P = (−1)j+1; for states
with the parity P = (−1)j , it takes the form

−iω√
Φ
f1 −

√
Φ (

d

dr
+

2

r
+

Φ′

2Φ
) f3 −

2ν

r
f2 = 0 ; (5.52)

whence, taking into account (5.26), we obtain

−iω
Φ

F1 − (
d

dr
+

2

r
) F3 −

2ν

r
F2 = 0. (5.53)

From this, allowing for (5.50), we derive an equation[ d2

dr2
+ (

2

r
+

Φ′

Φ
)
d

dr
+
ω2

Φ2
− j(j + 1)

Φr2

]
F1 = 0. (5.54)

Let us compare this result with the radial form of the wave equation for massless scalar
field in Schwarzschild space-time, ∇α∇αΨ = 0. This wave equation reads

∇α∇αΨΨ =
1√
−g

∂α
√
−gg

αβ∂βΨ

=
( 1

Φ

∂2

∂t2
− 1

r2

∂

∂r
r2Φ

∂

∂r
− 1

sin θ

∂

∂θ
sin θ

1

r2

∂

∂θ
− 1

r2 sin2 θ

∂2

∂φ2

)
Ψ = 0;

so the radial equation is(
− ω2

Φ
− 1

r2

∂

∂r
r2Φ

∂

∂r
+
j(j + 1)

r2

)
f(r) = 0,

which coincides with eq. (5.54).
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5.8 Conclusions

Let us summarise results. It is shown that the generally covariant extended
method of Riemann–Silberstein–Majorana–Oppenheimer in electrodynamics, specified in
Schwarzschild metrics, after separating the variables, provide us with the possibility to
have reduce the problem to a differential equation similar to that arising in case of a scalar
filed in the Schwarzschild space-time. This differential equation is recognised as a confluent
Heun equation.

We have considered the electromagnetic field on the basis of 10-dimensional Duffin–
Kemmer approach, when in addition to six components of the strength tensor, one uses
four components of an electromagnetic potential. After separation of the variables, we have
arrive at a system of ten radial equations, which were simplified by the use of additional
constraints followed from eigenvalue equation for spatial parity operator Π̂Ψ = PΨ; the
radial system has been divided into two subsystems of four and six equations, respectively.
In this second approach, the problem of the electromagnetic field has been reduced to the
confluent Heun differential equation as well.

In particular, we have shown explicitly how solutions found in complex form are embed-
ded into matrix 10-dimensional formalism; besides, we determine radial functions that are
responsible for gauge degrees of freedom.
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6

Particle with polarisability in the
Coulomb field

Methods for solving the differential equation describing the wave functions of a
polarisable particle in the Coulomb potential are discussed. Relations between the
coefficients under which the general solutions of this equation can be found in an-
alytical form are detailed. For the case of zero polarisability, the general solution
to this equation in terms of special functions is obtained; for the first values of the
parameter j, plots of the corresponding solutions are presented. For nonzero polar-
isability and certain specially chosen values of the parameters, solutions possessing
the required physical properties are constructed with the use of numerical methods
and functional objects of the type DifferentialRoot. Instructions in Mathematica are
presented which permit to apply elaborated methods in studying other problems in
physics and mathematics.

The chapter is based on [1–15].

6.1 Introduction: starting equation

There is known the generalised Klein–Fock–Gordon wave equation for a scalar charged
particle with additional electromagnetic characteristic, polarisability [1]. In the presence of
the external Coulomb field, this equation after separation of the variables, gives the following
radial equation [ d2

dR2
+

2

R

d

dR
+

1

~2c2

(
E +

e2

R

)2

− m2c2

~2

−j(j + 1)

R2
+ σ(

e2

~c
)2 1

R4

~
m2c2

]
f(R) = 0, (6.1)

where the quantum number of the angular momentum takes the values j = 0, 1, 2, 3, ...; the
dimensionless parameter σ is responsible for additional electromagnetic characteristics of
the particle associated with its polarisability. In dimensionless units:

E

mc2
= ε,

~
mc

= λ,
e

~c
=

1

137
≡ α, r =

R

λ

eq. (6.1) reads (
d2

dr2
+

2

r

d

dr
+ (ε+

α

r
)2 − 1− j(j + 1)

r2
+ σ

α2

r4

)
f = 0 . (6.2)

This equation is related to the known class of Heun type. In the present chapter, we will
perform analytical and numerical study of the problem.
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6.2 Formal exact solutions

Let us re-write eq. (6.2) as an equation with polynomial coefficients

r4 f ′′ + 2r3 f ′ +
[
α2σ + r2

(
α2 − j2 − j

)
+ r4

(
ε2 − 1

)
+ 2αr3ε

]
f = 0. (6.3)

Note that standard requirements for solutions describing bound quantum-mechanical states
are

f(r)→ 0 at r → 0 , and f(r)→ 0 at r →∞ . (6.4)

Let us construct solutions of eq. (6.3) as functions obeying the additional 1st-order con-
straint

f ′(r) =
γ2r

2 + γ1r + γ0

r2
f(r), (6.5)

where γ2, γ1, and γ0 are some numerical coefficients. After simple calculations, we arrive
at the set of constraints on parameters

α2σ + γ2
0 = 0, 2γ0γ1 = 0,

α2 + γ2
1 + γ1 + 2γ0γ2 − j2 − j = 0,

2αε+ 2γ1γ2 + 2γ2 = 0,
γ2

2 + ε2 − 1 = 0.

(6.6)

In general, the system (6.6) permits six different solutions. When σ 6= 0 only two solu-
tions are possible:

γ2 = − α√
α2 + 1

, γ1 = 0, γ0 =

√
α2 + 1

(
α2 − j2 − j

)
2α

,

σ =

(
α2 + 1

) (
α2 − j2 − j

)2
4α4

, ε =
1√

α2 + 1
;

(6.7)

γ2 =
α√

α2 + 1
, γ1 = 0, γ0 =

√
α2 + 1

(
−α2 + j2 + j

)
2α

,

σ = −
(
α2 + 1

) (
−α2 + j2 + j

)2
4α4

, ε = − 1√
α2 + 1

.

(6.8)

Because the energy values do not depend on the number j and the parameter σ must have
a different value depending on j, we can conclude that such solutions are of small physical
interest in the context of quantum mechanics. Nevertheless, let us complete this line of
consideration. In the case (6.7), eq. (6.5) results in

f = C1f1(r), f1(r) = exp
j(1 + j) + (j + j2 − 1− 2r2)α2 − α4

2rα
√

1 + α2
, (6.9)

where C1 stands for an arbitrary constant. Relation (6.9) provides us with the one-
parametric set of solutions of eq. (6.3)

r4f ′′ + 2r3f ′ +
[(α2 + 1

) (
α2 − j2 − j

)2
4α2

+ r2
(
α2 − j2 − j

)
+
( 1

α2 + 1
− 1
)
r4 +

2αr3

√
α2 + 1

]
f = 0. (6.10)
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A second particular solution can be easily found (see, for instance, in [2])

f2(r) = exp
(j(j + 1)− α4 + α2

(
j2 + j − 2r2 − 1

)
2α
√
α2 + 1r

)

×
∫ exp

(
− −α

4+α2(j2+j−2r2−1)+j(j+1)

α
√
α2+1r

)
r2

dr. (6.11)

General solution of eq. (6.10) reads

f(r) = C1f1(r) + C2f2(r), (6.12)

where C1 and C2 are arbitrary constants. To investigate the behaviour of the solution at
the boundary points, we plot three particular solutions determined by eq. (6.12) (see Fig.
6.1).

6.3 Zero polarisability, numerical simulation

Let us consider the case when σ = 0. The main equation takes the form

r2f ′′(r) + 2rf ′(r) + f(r)
[(
α2 − j2 − j

)
+ r2

(
ε2 − 1

)
+ 2αrε

]
= 0. (6.13)

We will specify a solutions which tend to zero when r → 0; it can be expressed through
confluent hypergeometric functions as follows:

f(r) = Ce−r
√

1−ε2r
√

(j+1/2)2−α2−1/2

×U
(1

2
− αε√

1− ε2
+
√

(j + 1/2)2 − α2, 2
√

(j + 1/2)2 − α2 + 1, 2r
√

1− ε2
)
.

To have polynomial solutions, we must require

1

2
− αε√

1− ε2
+
√

(j + 1/2)2 − α2 = −n, n = 0, 1, 2, ... ; (6.14)

this leads to the known energy spectrum

ε =
1√

1 + α2/N2
, N =

1

2
+ n+

√
(j + 1/2)2 − α2.

If n = 0, then from eq. (6.14) it follows

ε =

√
2j4 + 4j3 − 2 (α2 − 1) j2 − 2α2j + α2

(√
(2j + 1)2 − 4α2 + 1

)
√

2
√
α2 + j2(j + 1)2

; (6.15)

at j = 1, ..., 10, we obtain ten energy levels

j = 1 : ε = 0.9999933400, j = 2 : ε = 0.9999970400, j = 3 : ε = 0.9999983350,

j = 4 : ε = 0.9999989344, j = 5 : ε = 0.9999992600, j = 6 : ε = 0.9999994563,
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j = 7 : ε = 0.9999995838, j = 8 : ε = 0.9999996711, j = 9 : ε = 0.9999997336,

j = 10 : ε = 0.9999997798.

Note that all values for ε belong to vicinity of 1 (from the left) and they become closer to
1 as j increases.

Taking into account the value ε (n = 0, j = 1), we get expressions for two asymptotical
terms

f(r) = e−
√

685−
√

168917
20571098 r r

√
168917
274 − 1

2 , (6.16)

the relevant graph is given in Fig. 6.2. Evidently, this solution satisfies condition (6.4).
Now, let it be n = 1

αε√
1− ε2

− 1

2

√
−4α2 + 4j2 + 4j + 1− 1

2
= 1; (6.17)

resolving equation under ε we obtain

ε =

√
2j4 + 4j3 − 2 (α2 + 3) j2 − 2 (α2 + 4) j + α2

(
3
√

(2j + 1)2 − 4α2 + 13
)

+ 8

√
2

√
9α2 + (j2 + j − 2)

2
.

Taking for j the values 1, ..., 10 we get

j = 1 : ε = 0.9999970400, j = 2 : ε = 0.9999983350, j = 3 : ε = 0.9999989344,

j = 4 : ε = 0.9999992600, j = 5 : ε = 0.9999994563, j = 6 : ε = 0.9999995838,

j = 7 : ε = 0.9999996711, j = 8 : ε = 0.9999997336, j = 9 : ε = 0.9999997798,

j = 10 : ε = 0.9999998150.

Energy ε becomes closer to 1 when j increases. Besides, all these values are bigger than the
values for ε from eq. (6.15). Substituting j = 1 and respective ε (n = 1, j = 1), we get the
asymptotic behaviour

f(r) =
1

411
e−

√
1
2
−
√

168917
822

rr
√

168917
274

− 1
2

(√
822

(
411−

√
168917

)
r − 3

(
137 +

√
168917

))
,

its graph is given in Fig. 6.3. Note that this function has only one zero. The graphs for
functions at

j = 2, C = 1, and j = 3, C = 10−3, (6.18)

demonstrates the same behaviour, see Fig. 6.4.
Let us consider other series of levels at n = 2:

ε =

√
2j4 + 4j3 − 2 (α2 + 11) j2 − 2 (α2 + 12) j + α2

(
5
√

(2j + 1)2 − 4α2 + 37
)

+ 72√
50α2 + 2 (j2 + j − 6)2

.

Taking j = 1, ..., 10, we obtain ten energy levels

j = 1 : ε = 0.9999983350, j = 2 : ε = 0.9999989344, j = 3 : ε = 0.9999992600,

j = 4 : ε = 0.9999994563, j = 5 : ε = 0.9999995838, j = 6 : ε = 0.9999996711,
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j = 7 : ε = 0.9999997336, j = 8 : ε = 0.9999997798, j = 9 : ε = 0.9999998150,

j = 10 : ε = 0.9999998424.

As j increases, the energy ε increases as well.
Substituting j = 1 and the respective value ε (n = 2, j = 1), we derive the following

expression (let C = 1)

f(r) = r
√

168917
274 − 1

2 e
−

√
θr√

82290146

×(
975980

137θ
− 75056

√
168917

18769θ
− 10

√
168917r2

41145073
+

34r2

300329

−14

√
337834

41145073

√
1

θ
r +

412878

137

√
2

41145073

√
1

θ
r), (6.19)

where θ ≡ 2329− 5
√

168917; its graph is given in Fig. 6.5.
Now, let it be n = 3:

αε√
1− ε2

−
√

(j + 1/2)2 − α2 − 1

2
= 3. (6.20)

In the case ε (n = 3, j = 1), we derive an explicit expression of the complete solution (let
C = 1)

f = e
−
√

3973−7θr√
514284026 r

θ
274
− 1

2

×U
( 1

274

(
θ −
√

14
√

137θ + 77757 + 137
)
,
θ

137
+ 1,

√
2

257142013
r
√

3973− 7θ
)
,

θ ≡
√

168917; its graph is given in Fig. 6.6; the corresponding function has three zeros.
Behaviour of the function f(r) at n = 3, for j = 2, 3, 4, and 5 is illustrated by Fig. 6.7.
It should be noted that graphs for functions f(r) are very sensible under small shifts

of the values ε. Indeed, let us take a value ε = 0.999995, that is located between ε =√
20570413+

√
168917

20571098 (j = 1) and ε =
√

1
822

(
411 +

√
168917

)
(j = 1).

6.4 Numerical study at nonzero polarisability

Now we will examine eq. (6.3) for nonzero polarisability. We will apply numerical calculation
and computer modelling with the use of the functional object DifferentialRoot [5]. Applying
visualizing tools, we will compare the final results. For definiteness, let r varies in the interval
[0, 7000], and σ = −10−3; the sign is substantial for having bound states (at negative σ,
the bound state does not exist).

In order to fix the initial data, we use the approximate equation in the vicinity of the
singular point r = 0

f ′′(r) +
2f ′(r)

r
+
α2σf(r)

r4
= 0. (6.21)

Allowing for the values α = 1
137 , σ = −10−3, and integrating eq. (6.21), we get

f(r) = C1 cosh
( 1

1370
√

10r

)
− iC2 sinh

( 1

1370
√

10r

)
. (6.22)
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To obtain a solution that tends to zero near the singular point r = 0, we choose the arbitrary
constants as C1 = 1 and C2 = −i, which yields

f = exp
(
− 1

1370
√

10r

)
. (6.23)

The graph of this solution is given in Fig. 6.8. As a start, we take the value r0 = 10−5.
Therefore, the starting value for f(r) is

f(10−5) = 9.450969564 · 10−11. (6.24)

Further, we obtain the starting value for the first derivative

f ′(10−5) = 0.0002181502914. (6.25)

For simplicity, we will use the energy values when polarisability equals zero

ε = (α2 + 2j4 + 4j3 − 2j2
(
α2 + 2n(n+ 1)− 1

)
+α2

√
(2j + 1)2 − 4α2 − 2j

(
α2 + 2n(n+ 1)

)
+2α2n

√
(2j + 1)2 − 4α2 + 2n(n+ 1)

(
3α2 + n2 + n

)
)1/2

×
(√

2
√

(j − n)2(j + n+ 1)2 + (α+ 2αn)2
)−1

, (6.26)

where α = 1
137 , j ∈ N, n = 0, 1, 2, ... . Relation (6.26) arises as a solution of eq. (6.14). It

is the first approximation, it is reasonable because little perturbation of parameters should
produce a small perturbation of corresponding solutions.

When σ = −10−3, n = 0, and j = 1 the energy is

ε =

√
20570413 +

√
168917

20571098
. (6.27)

To numerically solve eq. (6.3) at initial conditions (6.24), (6.25), we use the Command
[4]:

ρ1 = {α→ 1

137
, σ → −10−3, ε→

√
20570413 +

√
168917

20571098
};

sol1 = NDSolve[{0 == eq[ε, σ, j, r]/.ρ1./j → 1,

f [10−5] = N [φ0, 100], f ′[10−5] = N [φ′0, 100]}, f, {r, 0.0001, 7000}]//F irst

where 0 == eq[ε, σ, j, r] determines eq. (6.4). It provides us with interpolation for

{f → InterpolatingFunction[{{0.0001, 7000}}, <>]}

its graph is given in Fig. 6.9 and constructed with the help of the Command

gr1 = Plot[Evaluate[{f [r]/.sol1}], {r, 0.0001, 7000}, P lotRange→ All,

P lotStyle→ {Black, Thickness→ 0.005}, AxesStyle→ Directive[13],

AxesLabel→ {Style[r, 14], Style[“f(r)”, 14]}]

In order to find a solution in symbolic form, we use the Command

sol2 = DSolve[{0 == (eq[ε, σ, j, r]/.ρ1./j → 1, f [10−5] = φ0,
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f ′[10−5] = φ′0, f, r]//F irst

which results in

{f → DifferentialRoot[Function[y, x, {(−75077− 2818165349000x2 + 1000×√
20571098(20570413 +

√
168917)x3 − 46922500x4 + 68500

√
168917x4)y[x]+

2818240426000x3y′[x] + 1409120213000x4y′′[x] == 0,

y[
1

100000
] ==

108271

1145607329178882
, y′[

1

100000
] ==

220588659091

1011177467159038
}]]}]

the graph of this solution is given in Fig. 6.10 and constructed by means of the Command

gr2 = Plot[Evaluate[{f [r]/.sol2}], {r, 0.0001, 7000}, P lotRange→ All,

P lotStyle→ {Gray,Dashing[{0.03, 0.04}], Thickness→ 0.02}], AxesStyle→ Directive[13],

AxesLabel→ {Style[r, 13], Style[“f”, 13]}]

Let us compare curves in Figs. 6.9 and 6.10. With the use of the Command Show[gr1,
gr2], we get Fig. 6.11 – these graphs coincide ideally in the interval [0,7000].

Similarly, we can examine other energy levels. For instance, let us take

ε(n = 1, j = 1) =

√
1

822
(411 +

√
168917). (6.28)

Then, for numerical integration of eq. (6.3), we use the Command

ρ2 = {α→ 1

137
, σ → −10−3, ε→

√
1

822
(411 +

√
168917)};

sol3 = NDSolve[{0 == eq[ε, σ, j, r]/.ρ2./j → 1,

f [10−5] = φ0, f
′[10−5] = φ′0}, f, {r, 0.001, 7000}]//F irst

Here, 0 == eq[ε, σ, j, r] determines eq. (6.4). In this way we produce interpolation for

{f → InterpolatingFunction[{{0.001, 7000}}, <>]}

its graph is given in Fig. 6.12 and constructed with the help of the Command

gr3 = Plot[f [r]/.sol3, {r, 0.0001, 7000}, P lotRange→ All,

P lotStyle→ {Black, Thickness→ 0.005}, AxesStyle→ Directive[13],

AxesLabel→ {Style[r, 13], Style[“f(r)”, 13]}]

To find solution in symbolic form we will apply the Command

sol4 = DSolve[{0 == (eq[ε, σ, j, r]/.ρ2./j → 1, f [10−5] = φ0,

f ′[10−5] = φ′0, f, r]//F irst

which results in

{f → DifferentialRoot[Function[y, x, {(−3− 112611000x2 + 1000×√
882(411 +

√
168917)x3 − 28153500x4 + 68500

√
168917x4)y[x]+
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112614000x3y′[x] + 56307000x4y′′[x] == 0,

y[
1

100000
] == E−

103√10
137 , y′[

1

100000
] ==

108

137

√
10E−

103√10
137 }]]}]

Its graph (Fig. 6.13) is produced through the Command

gr4 = Plot[f [r]/.sol 4], {r, 0.0001, 7000}, P lotRange→ All,

P lotStyle→ {Gray,Dashing[{0.04, 0.05}], Thickness→ 0.015}], AxesStyle→ Directive[13],

AxesLabel→ {Style[r, 13], Style[“f(r)”, 3]}]

The last two curves are coincided excellently in the interval [0, 7000] (Fig. 6.14).
While changing j = 1 to j = 2, j = 3 and so on, the general behaviour of curves remains

the same, though the amplitude increases as j becomes greater.
The present section provides the testing of possible computational methods rather than

a detailed examination of the real physical problem of searching perturbations for energy
levels due to σ 6= 0. Evidently, we need additional study of this problem.

6.5 Conclusions

Methods for solving the differential equation describing the wave functions of a polarisable
particle in the Coulomb potential are discussed. Relations between the coefficients under
which the general solutions of this equation can be found in analytical form are detailed.
For the case of zero polarisability, the general solution to this equation in terms of special
functions is obtained; for the first values of the parameter j, plots of the corresponding
solutions are presented. For nonzero polarisability and certain specially chosen values of the
parameters, solutions possessing the required physical properties are constructed with the
use of numerical methods and functional objects of the type DifferentialRoot. Instructions
in Mathematica are presented which permit to apply elaborated methods in studing other
problems in physics and mathematics.
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6.6 Figures

FIGURE 6.1
Graphs for solutions (6.12) r ∈ [0.2, 100].

FIGURE 6.2
Plot of function (6.16) on the interval [0, 2000].
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FIGURE 6.3
Plot of function (6.18) on the interval [0, 8000].

FIGURE 6.4
Plots of functions (6.14) on the interval [0, 10000] corresponding to parameters (6.18).

FIGURE 6.5
Plot of function (6.19) on the interval [0, 7000].
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FIGURE 6.6
Plot of function (6.21) on the interval [0, 10000].

FIGURE 6.7
Plots of function (6.14), (6.20), C = 10−6, j = 2, 3, 4, 5 on the interval [0, 25000].
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FIGURE 6.8
Plot of function (6.23) in the region close to r = 0.

FIGURE 6.9
Plot of Interpolating Function sol1.

FIGURE 6.10
Plot of the function sol2.
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FIGURE 6.11
Comparing functions sol1 and sol2.

FIGURE 6.12
Plot of the Interpolating Function sol3.

FIGURE 6.13
Plot of the function sol4.
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FIGURE 6.14
Comparing functions sol3 and sol4.
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7

Dirac particle in the Coulomb field
in curved models

The known systems of radial equations describing relativistic hydrogen atoms
on the basis of the Dirac equation in spherical Riemann spaces are investigated.
The relevant 2nd-order differential equations have six regular singular points, and
there solutions of Frobenius type are constructed. To produce the quantisation rule
for energy values, we use the known condition separating transcendental Frobenius
solutions. This provides us with energy spectra that are physically interpretable
and similar to spectra arising from the scalar Klein–Fock–Gordon equation in these
geometrical models. The spectra coincide with those previously found when studying
the same radial equations within the semi-classical method. The convergence of the
series involved is proved analytically and numerically. The squared integrability of
solutions is demonstrated numerically. Visualisation of the results is given.

7.1 Introduction

Quantum mechanics had been started with the theory of the hydrogen atom, so when
considering quantum mechanics in Riemannian spaces, it is natural to turn first to just
this simplest system. A common quantum-mechanical hydrogen atom description is based
materially on the assumption of the Euclidean character of the physical 3-space geometry.
In this context, natural questions arise: what in the description is determined by this special
assumption, and which changes will be entailed by allowing for other spatial geometries, for
instance, Lobachevsky’s H3 or Riemann’s S3. The questions are of fundamental significance,
even beyond their possible experimental testing.

For the first time, the hydrogen atom in a 3-dimensional space of constant positive
curvature S3 was considered by Schrödinger [1]. He had studied the so-called factorisation
method. in quantum mechanics; in particular, the application of this technique to a discrete
part of the energy spectrum for hydrogen atoms had been elaborated. An idea was to modify
the basic atom system in such a way that to cover all the energy spectrum including the
region E > 0 as well. However, the placing of the atom system inside a finite box in order
to make the whole energy spectrum discrete did not seem attractive, so Schrödinger had
placed the atom into the curved background of the Riemann space model S3. Due to its
compactness, this geometry may simulate the effect of the finite box.

The hydrogen atom in the Lobachevsky space H3 was first considered by Infeld and
Shild [2]. It turned out that the number of discrete levels in Lobachevsky space is always
finite, and the number of levels varies and depends on the value of the curvature radius.

Thus, the models of the hydrogen atom in Euclid, Riemann, and Lobachevsky spaces sig-
nificantly differ from each other, which is the result of differences in three spatial geometries:
E3, H3, and S3.
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At present, we see plenty of investigations on this subject. In the first place, it concerns
details of relevant wave functions, generalised spectra, and the role of spin effects [2,5,6,15,
20,22,25,26,28,32,34,36,39,40,43,47]. Also, there were discussed the role of hydrogen atoms
as a probe system in the cosmology context: [4, 11, 13, 14, 16–18, 23, 24]. Much interest was
given to studying the hidden symmetry in the nonrelativistic description of the hydrogen
in curved geometrical models, see [7–10], and the role of generalised parabolic coordinates
in this context: [12, 19, 29, 44, 46]. A number of papers on other aspects were published:
scattering theory [41, 45]; path integral treatment [27, 31, 32]; classical Coulomb problem
[33,35]; quasi-classical approach [26,42]. A comprehensive account of the matter was given
in the books [48,49].

The most difficult and still unsolved is the case of spin 1/2 particle in the Coulomb field
on the background of curved models. For this system, resulting radial 2nd-order differential
equation turns out to be rather complicated, it contains six regular singularities, and with
the help of special transformation the task may be reduced to a 2nd-order equation with
five singular points (see [48,49]). In [26,42], some energy spectra were found on the basis of
semi-classical approximation, which seems to be quite appropriate from a physical point of
view. Besides they are similar to the spectra arising when solving the Klein–Fock–Gordon
equation for this system.

In the present chapter, we have studied exact solutions of the Frobenius type for these
radial equations. As a quantisation rule, we apply the transcendency condition to Frobe-
nius solutions, so producing simple algebraic equations, which provide us with physically
reasonable energy spectra. In fact, they coincide with those obtained from a semiclassical
study [26,42]. It should be noted that for spherical Riemann space, exactly the same spec-
trum was derived as well in [37], though it was claimed mistakenly that this spectrum refers
to polynomial solutions.

7.2 Hydrogen atom in the Lobachevsky space

In spherical coordinates of the space H3, a diagonal tetrad is taken in the form

dS2 = dt2 − dr2 − sinh2 r(dθ2 + sin2 dφ2), r ∈ (0,∞),

eα(0) = (1, 0, 0, 0) , eα(3) = (0, 1, 0, 0),

eα(1) = (0, 0,
1

sinh r
, 0), eα(2) = (0, 0, 0,

1

sinh r sin θ
);

(7.1)

the radial variable is dimensionless due to dividing by the curvature radius ρ. For this tetrad,
the Ricci rotation coefficients are γab0 = 0, γab3 = 0, and

γab1 =

∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 − coth r
0 0 0 0
0 + coth r 0 0

∣∣∣∣∣∣∣∣ ,

γab2 =

∣∣∣∣∣∣∣∣
0 0 0 0

0 0 cot θ sinh−1 r 0

0 − cot θ sinh−1 r 0 − coth r
0 0 + coth r 0

∣∣∣∣∣∣∣∣ .
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Generally covariant Dirac equation (the notation according to [48, 49] is used)[
iγc
(
eα(c)∂α +

1

2
jabγabc

)
−m

]
Ψ = 0

takes the form (let Ψ = sinh−1 r ψ)[
iγ0 ∂

∂t
+ iγ3 ∂

∂r
+

1

sinh r
Σθφ −m

]
Ψ̃ = 0, Σθ,φ = iγ1∂θ + γ2 i∂φ + iσ12

sin θ
. (7.2)

To diagonalise the operators i∂t, ~J
2, J3, one takes the wave function in the form [48,49]

ψ = e−iεt

∣∣∣∣∣∣∣∣
f1(r) D−1/2

f2(r) D+1/2

f3(r) D−1/2

f4(r) D+1/2

∣∣∣∣∣∣∣∣ , (7.3)

where the Wigner functions [50] are noted as Dσ = Dj
−m.σ(φ, θ.0). After separating the

variables we get four radial equations (let j + 1/2 = ν)

εf3 − i
d

dr
f3 − i

ν

sinh r
f4 −mf1 = 0, εf4 + i

d

dr
f4 + i

ν

sinh r
f3 −mf2 = 0 ,

εf1 + i
d

dr
f1 + i

ν

sinh r
f2 −mf3 = 0, εf2 − i

d

dr
f2 − i

ν

sinh r
f1 −mf4 = 0 .

(7.4)

In spherical tetrad (7.1), the space reflection operator is given by the formula

Π̂sph =

∣∣∣∣∣∣∣∣
0 0 0 −1
0 0 −1 0
0 −1 0 0
−1 0 0 0

∣∣∣∣∣∣∣∣ ⊗ P̂ , P̂ (θ, φ) = (π − θ, φ+ π).

From eigenvalues equation Π̂sph Ψjm = Π Ψjm we obtain

Π = δ (−1)j+1, δ = ±1 , f4 = δ f1, f3 = δ f2 . (7.5)

This simplifies the system (7.4)( d
dr

+
ν

sinh r

)
f + (ε+ δm) g = 0 ,

( d
dr
− ν

sinh r

)
g − (ε− δm) f = 0 , (7.6)

where instead of f1 and f2, the new variables f and g are used

f =
f1 + f2√

2
, g =

f1 − f2

i
√

2
.

In presence of the Coulomb field, we have equations( d
dr

+
ν

sinh r

)
f +

(
E +

e

tanh r
+m

)
g = 0,( d

dr
− ν

sinh r

)
g −

(
E +

e

tanh r
−m

)
f = 0.

(7.7)

After transforming the system (7.7) to the variable tanh r
2 = z, z ∈ (0, 1), we obtain

d

dz
f +

ν

z
f +

( e
z

+
−E − e−m

z − 1
+
E − e+m

z + 1

)
g = 0 ,

d

dz
g − ν

z
g −

( e
z

+
−E − e+m

z − 1
+
E − e−m
z + 1

)
f = 0 .

(7.8)



Hydrogen atom in the Lobachevsky space 147

Whence it follows a 2nd-order equation for f(z):

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
− 2

ez + E +m

ez2 + 2(E +m) z + e

] df
dz

+
[
2

2Ee2 − (E +m) ν

ez
+
−(E + e)2 +m2 + ν

z − 1
+

(E − e)2 −m2 − ν
z + 1

+
e2 − ν2

z2
+

(E + e)2 −m2

(z − 1)2
+

(E − e)2 −m2

(z + 1)2

+
2 ν [ez(E +m) + 2 (E +m)2 − e2]

e [ ez2 + 2(E +m) z + e ]

]
f = 0 . (7.9)

The last equation has six singular points (let E+m
e = σ > 0):

0 , ∞ , ±1, z1, 2 = −σ ±
√
σ2 − 1 (z1z2 = 1 , z1 + z2 = −2σ) . (7.10)

Eq. (7.9) may be re-written differently

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
− 1

z − z1
− 1

z − z2

] df
dz

+
[4Ee− 2σ ν

z
− (E + e)2 −m2 − ν

z − 1
+

(E − e)2 −m2 − ν
z + 1

+
e2 − ν2

z2

+
(E + e)2 −m2

(z − 1)2
+

(E − e)2 −m2

(z + 1)2
+

A

z − z1
+

B

z − z2

]
f = 0 , (7.11)

where

2ν
σ z + 2 σ2 − 1

(z − z1)(z − z2)
=

A

z − z1
+

B

z − z2
,

A = 2ν
σz1 + 2σ2 − 1

z1 − z2
, B = 2ν

σz2 + 2σ2 − 1

z2 − z1
.

For shortness let us apply notations

C = (E + e)2 −m2, D = (E − e)2 −m2, 4Ee = C −D,

then eq. (7.11) reads

d2f

dz2
+
(1

z
+

1

z − 1
+

1

z + 1
− 1

z − z1
− 1

z − z2

) df
dz

+
(C −D − 2σν

z
− C − ν
z − 1

+
D − ν
z + 1

+
e2 − ν2

z2

+
C

(z − 1)2
+

D

(z + 1)2
+

A

z − z1
+

B

z − z2

)
f = 0. (7.12)

Near the points z = 0,+1,−1, z1, z2 solutions behave as

f ∼ (z − 1)α, α = ±
√
−C ; f ∼ (z + 1)β , β = ±

√
−D ;

f ∼ zM , M = ±
√
ν2 − e2; f ∼ (z − z1)γ , f ∼ (z − z2)γ , γ = 0, 2 .

(7.13)

Let us search Frobenius type solutions in the form

f(z) = xM (z − 1)α(z + 1)βF (z) = ϕ(z)F (z) ; (7.14)
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for function F (z) we derive the equation

d2F

dz2
+
[2M + 1

z
+

2α+ 1

z − 1
+

2β + 1

z + 1
− 1

z − z1
− 1

z − z2

] dF
dz

+
[M2 + e2 − ν2

z2
+
α2 + C

(z − 1)2
+
β2 +D

(z + 1)2

+
C −D − (α− β) (2M + 1)− 2σ(ν +M)

z
+
M (z1 + 2σ z1 z2 + z2)

z z2 z1

+
M + α/2 + β/2− C + ν + 2Mα+ αβ

z − 1
− α (1− z1 z2)

(z − 1) (z1 − 1) (z2 − 1)

−M + α/2 + β/2−D + ν + 2Mβ + αβ

z + 1
+

β (1− z1 z2)

(z + 1) (z1 + 1) (z2 + 1)

+
1

z − z1

(
A− α

z1 − 1
− β

z1 + 1
− M

z1

)
+

1

z − z2

(
B − α

z2 − 1
− β

z2 + 1
− M

z2

)]
F = 0 .

Impose restrictions on parameters M,α, β:

M = ±
√
ν2 − e2,

α = ±
√
−C = ±

√
m2 − (E + e)2,

β = ±
√
−D = ±

√
m2 − (E − e)2;

(7.15)

it should be emphasised that bound states may correspond to the following values for
parameters

M = +
√
ν2 − e2 , α = +

√
m2 − (E + e)2 , β = ±

√
m2 − (E − e)2 . (7.16)

With (7.16) in mind, for function F (z) we obtain the equation

d2F

dz2
+
[2M + 1

z
+

2α+ 1

z − 1
+

2β + 1

z + 1
− 1

z − z1
− 1

z − z2

] dF
dz

+
[C −D − (α− β) (2M + 1)− 2σ(ν +M)

z
+
M (z1 + 2σ z1 z2 + z2)

z z2 z1

+
M + α/2 + β/2− C + ν + 2Mα+ αβ

z − 1
− α (1− z1 z2)

(z − 1) (z1 − 1) (z2 − 1)

−M + α/2 + β/2−D + ν + 2Mβ + αβ

z + 1
+

β (1− z1 z2)

(z + 1) (z1 + 1) (z2 + 1)

+
1

z − z1

(
A− α

z1 − 1
− β

z1 + 1
− M

z1

)
+

1

z − z2

(
B − α

z2 − 1
− β

z2 + 1
− M

z2

)]
F = 0 .

It is convenient to use its shortening presentation

d2F

dz2
+
(P1

z
+

P2

z − 1
+

P3

z + 1
− 1

z − z1
− 1

z − z2

)dF
dz

+
(Q1

z
+

Q2

z − 1
+

Q3

z + 1
+

Q4

z − z1
+

Q5

z − z2

)
F = 0 .

Multiplying the last equation by z(z − 1)(z + 1)(z − z1)(z − z2) we get[
z5 + (−z1 − z2) z4 + (z1 z2 − 1) z3 + (z1 + z2) z2 − z1 z2 z

] d2F

dz2
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+
[
(P1 + P2 + P3 − 2) z4 + {(1− P1 − P2 − P3) z1 + (1− P1 − P2 − P3) z2 + P2 − P3} z3

+ (2− P1 − P2 z1 + P3 z2 + P2 z1 z2 + P1 z1 z2 + P3 z1 z2 + P3 z1 − P2 z2) z2

+ (−z1 − z2 + P1 z1 − P3 z1 z2 + P1 z2 + P2 z1 z2) z − P1 z1 z2]
dF

dz

+[(Q1 +Q2 +Q3 +Q4 +Q5)z4 + {(−Q1 −Q2 −Q3 −Q5)z1

+(−Q1 −Q2 −Q3 −Q4)z2 +Q2 −Q3}z3

+ (Q3 z1 z2 +Q2 z1 z2 +Q3 z2 −Q1 −Q4 −Q5 +Q1 z1 z2 +Q3 z1 −Q2 z2 −Q2 z1) z2

+ (Q1 z2 +Q2 z1 z2 +Q5 z1 +Q1 z1 −Q3 z1 z2 +Q4 z2) z −Q1 z1 z2]F = 0 .

Solutions F (z) may be constructed in the form of power series, F (z) =
∑∞
n=0 dnz

n; after
performing needed calculation, we derive 6-term recurrent relations:

k ≥ 4, (Q1 +Q2 +Q3 +Q4 +Q5) dk−4

+ [(k − 3)(k − 4) + (P1 + P2 + P3 − 2) (k − 3)

+ (−Q1 −Q2 −Q3 −Q5) z1 + (−Q1 −Q2 −Q3 −Q4) z2 +Q2 −Q3] dk−3

+ [(−z1 − z2) (k − 2)(k − 3) + {(1− P1 − P2 − P3) z1 + (1− P1 − P2 − P3) z2 + P2 − P3} (k − 2)

+ Q3z1z2 +Q2z1z2 +Q3z2 −Q1 −Q4 −Q5 +Q1z1z2 +Q3 z1 −Q2z2 −Q2z1] dk−2

+[(z1z2 − 1)(k − 1)(k − 2) + (2− P1 − P2z1 + P3z2

+P2z1z2 + P1z1z2 + P3z1z2 + P3z1 − P2z2)(k − 1)

+Q1 z2 +Q2 z1 z2 +Q5 z1 +Q1 z1 −Q3 z1 z2 +Q4 z2] dk−1

+ [(z1 + z2) k (k − 1) + (−z1 − z2 + P1 z1 − P3 z1 z2 + P1 z2 + P2 z1 z2) k −Q1 z1 z2] dk

+ [−z1 z2 (k + 1) k − P1 z1 z2 (k + 1)] dk+1 = 0 . (7.17)

To analyse convergence of power series, we apply Poincaré–Perron method, so divide
relation (7.17) by k2dk−4

(Q1 +Q2 +Q3 +Q4 +Q5)

+ [(k − 3)(k − 4) + (P1 + P2 + P3 − 2) (k − 3)

+ (−Q1 −Q2 −Q3 −Q5) z1 + (−Q1 −Q2 −Q3 −Q4) z2 +Q2 −Q3]
dk−3

dk−4

+[(−z1 − z2)(k − 2)(k − 3) + {(1− P1 − P2 − P3)z1 + (1− P1 − P2 − P3)z2 + P2 − P3}(k − 2)

+ Q3z1z2 +Q2z1z2 +Q3z2 −Q1 −Q4 −Q5 +Q1z1z2 +Q3z1 −Q2z2 −Q2z1]
dk−2

dk−3

dk−3

dk−4

+[(z1z2 − 1)(k − 1)(k − 2) + (2− P1 − P2z1 + P3z2 + P2z1z2

+P1z1z2 + P3z1z2 + P3z1 − P2z2)(k − 1)

+Q1 z2 +Q2 z1 z2 +Q5 z1 +Q1 z1 −Q3 z1 z2 +Q4 z2]
dk−1

dk−2

dk−2

dk−3

dk−3

dk−4

+[(z1 + z2)k(k − 1) + (−z1 − z2 + P1z1 − P3z1z2

+P1z2 + P2z1z2)k −Q1z1z2]
dk
dk−1

dk−1

dk−2

dk−2

dk−3

dk−3

dk−4

+ [−z1z2(k + 1)k − P1 z1 z2 (k + 1)]
dk+1

dk

dk
dk−1

dk−1

dk−2

dk−2

dk−3

dk−3

dk−4
= 0 ,

and tend k →∞. In this way, for quantity R = limk→∞(dk−3/dk−4) we derive an algebraic
equation with simple roots:

R− (z1 + z2)R2 + (z1z2 − 1)R3 + (z1 + z2)R4 − z1z2R
5 = 0 =⇒ R = 0,±1,

1

z1
,

1

z2
.
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Therefore, possible convergence radii are

Rconv =

∣∣∣∣ 1

R

∣∣∣∣ = +1 , +∞ , |z1| , |z2|. (7.18)

Turning to recurrent formulas (7.17), we can see that coefficient at dk−4 vanish identi-
cally:

Q1 +Q2 +Q3 +Q4 +Q5 = 0.

This means that (7.17) actually leads to a 5-term recurrent relation

Sk−3dk−3 + Sk−2dk−2 + Sk−1dk−1 + Skdk + Sk+1dk+1 = 0 . (7.19)

As a quantisation rule, let us apply transcendency condition for Frobenius type functions,
this yields

Sk−3 = 0, k ≥ 3, (k − 3)(k − 4) + (P1 + P2 + P3 − 2) (k − 3)

+ (−Q1 −Q2 −Q3 −Q5) z1 + (−Q1 −Q2 −Q3 −Q4) z2 +Q2 −Q3 = 0 , (7.20)

with the use of the above formulas for coefficients it reads

k2 + (2M + 2α+ 2β − 6) k − (B − 2σ ν) z1 − (A− 2σ ν) z2

+ (2M + 2β − 6)α+ (2M − 6)β − 6M − C −D + 2 ν + 9 = 0 .

Whence substituting expressions for A,B,C,D, we derive

k ≥ 3, dk2 + 2 (M + α+ β − 3) k + 2σν (z1 + z2) + 2 (M + β − 3)α

+2 (M − 3)β + 9− 6M + 2m2 + 4σ2ν − 2e2 − 2E2 = 0. (7.21)

Now let us allow for expressions for parameters

α = +
√
m2 − (E + e)2, β = ±

√
m2 − (E − e)2,

M =
√
ν2 − e2, z1z2 = 1, z1 + z2 = −2σ = −2

E +m

e
;

then eq. (7.21) takes the form (two variants arise depending on the choice for β):

β = +
√
m2 − (E − e)2,

(√
m2 − (E + e)2 +

√
m2 − (E − e)2

+k − 3 +
√
ν2 − e2

)2

− (ν2 − e2) = 0 ; (7.22)

β = −
√
m2 − (E − e)2,

(√
m2 − (E + e)2 −

√
m2 − (E − e)2

+k − 3 +
√
ν2 − e2

)2

− (ν2 − e2) = 0 . (7.23)

We will follow both variants (± signs). Let us factorise expressions (7.22) and (7.23) in
product of two terms (let k − 3 = n, n = 0, 1, ...):(√

m2 − (E + e)2 ±
√
m2 − (E − e)2 + n+

√
ν2 − e2 −

√
ν2 − e2

)
×
(√

m2 − (E + e)2 ±
√
m2 − (E − e)2 + n+

√
ν2 − e2 +

√
ν2 − e2

)
= 0,
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that is (√
m2 − (E + e)2 ±

√
m2 − (E − e)2 + n

)
×
(√

m2 − (E + e)2 ±
√
m2 − (E − e)2 + n+

√
ν2 − e2 +

√
ν2 − e2

)
= 0 . (7.24)

For upper sign (when β > 0), the first multiplier is positive and cannot be equal to zero;
therefore, it remains only the following equation

β > 0,
(√

m2 − (E + e)2 +
√
m2 − (E − e)2 + n+

√
ν2 − e2 +

√
ν2 − e2

)
= 0 ;

however, it does not have any physical solutions because all terms are positive.
For lower sign (when β < 0), we have an equation(√

m2 − (E + e)2 −
√
m2 − (E − e)2 + n

)
×
(√

m2 − (E + e)2 −
√
m2 − (E − e)2 + n+

√
ν2 − e2 +

√
ν2 − e2

)
= 0 .

There arise two possibilities:√
m2 − (E + e)2 −

√
m2 − (E − e)2 + n = 0 , (7.25)

and √
m2 − (E + e)2 −

√
m2 − (E − e)2 + n+

√
ν2 − e2 +

√
ν2 − e2 = 0 . (7.26)

Equation (7.25) does not contain the angular parameter ν = j+1/2, and it is of no physical
interest. The most promising is the variant (7.26):√

m2 − E2 − e2 + 2eE −
√
m2 − E2 − e2 − 2eE = n+ 2

√
ν2 − e2 = 2N > 0 . (7.27)

This equation gives

m2 − E2 − e2 + 2eE = m2 − E2 − e2 − 2eE + 4N
√
m2 − E2 − e2 − 2eE + 4N2,

that is eE −N2 = +N
√
m2 − E2 − e2 − 2eE, and further

E2(e2 +N2) = N2(m2 − e2)−N4,

whence we arrive at the following formula for energy spectrum

E

m
=

√
1− (e2 +N2)/m2

1 + e2

N2

, N =
n

2
+
√
ν2 − e2 . (7.28)

Expression under the square root in eq. (7.28) must be positive, this provides us with the
restriction

e2 +N2

m2
< 1 . (7.29)

Note that this spectrum coincides with that found in [10, 14] when studying the same
problem for the Dirac equation in Lobachevsky space within the WKB-approach.
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TABLE 7.1
The values of ε and ε = E/m

m E ε
350 349.9926417 0.9999790
500 499.9918300 0.9999837
103 999.9870350 0.9999870
5 · 103 999.9870350 0.9999881
104 9999.8814869 0.9999881
1.5 · 104 14999.8223240 0.9999882
2 · 104 19999.7631425 0.9999882

The next question may be posed: does there exist or not the possibility to get the
energy spectrum (7.28) by imposing polynomial conditions? To this end, we should turn to
the recurrent formula (7.19)

Sk−3dk−3 + Sk−2dk−2 + Sk−1dk−1 + Skdk + Sk+1dk+1 = 0

and for energies given by eq. (7.28) check the values of three coefficients of the power series:

dk−2 = 0, dk−1 = 0, dk = 0 . (7.30)

If the equalities (7.30) are valid, then from the recurrent formula, it follows that the series
becomes polynomials

dk+1 = 0, dk+2 = 0, dk+3 = 0, ... .

Numerical study in the next section shows that eq. (7.30) cannot be satisfied.

7.3 Numerical study

Let us fix the parameters

e =
1

137
, m = 103, ν = 1 (j =

1

2
), n = 1, εn=1 = 0.99998703496159 ; (7.31)

recall that in this case, k − 3 = n = 1. For different parameters m, we have the values for
energy ε see the Table 7.1

I. Consider the variant (see Figs. 7.1–7.3):

e =
1

137
, m = 2 · 103, ν = 1, n = 5, E = 1999.9925881514 ; (7.32)

for these parameters the corresponding series F (z) =
∑12
i=0 diz

i explicitly reads (restricting
ourselves by 12 terms in the variable z)

F (z) = 1 + 730657.434 · z − 4.57148738 · 106z2 + 5.274935 · 106z3 − 602972.6478 · z4

+591399.332 · z5 + 586542.255 · z6 + 634277.967 · z7 + 680299.381272 · z8

+723806.99277 · z9 + 764600.05174 · z10 + 802779.5976 · z11 + 838564.1712 · z12 + ...
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Evidently, here we have an infinite series, so conditions (7.30) cannot be valid. Therefore,
exact solutions do not exist in polynomials. It is readily checked that equation F (z) = 0
has two roots in the physical region

F (z) = 0 , z1 = 0.209647, z2 = 0.612462 . (7.33)

II. Consider the variant (see Figs. 7.4–7.6):

e =
1

137
, m = 2 · 104, ν = 1, n = 5, E = 19999.956199892. (7.34)

construct the series for F (z); equation F (z) = 0 has two roots in physical region

z1 = 0.0195201, z2 = 0.0549307 . (7.35)

III. Consider the variant (see Figs. 7.7–7.9):

e =
1

137
, m = 5 · 103, ν = 1, n = 10, E = 4999.99270004484. (7.36)

construct the series for F (z); eq. F (z) = 0 has four roots in physical region

z1 = 0.0745704, z2 = 0.186869, z3 = 0.366653, z4 = 0.65265. (7.37)

IV. Consider the variant (see Figs. 7.10–7.12):

e =
1

137
, m = 104, ν = 1, n = 10, E = 9999.990800048 ; (7.38)

construct the series for F (z); eq. F (z) = 0 has four roots in physical region

z1 = 0.0363635, z2 = 0.0889571, z3 = 0.169237, z4 = 0.293264. (7.39)

7.4 Hydrogen atom is spherical Riemann space

In spherical Riemann space S3, we use the following coordinates and tetrad

dS2 = dt2 − dr2 − sin2 r(dθ2 + sin2 dφ2), r ∈ (0, π),

eα(0) = (1, 0, 0, 0) , eα(3) = (0, 1, 0, 0),

eα(1) = (0, 0,
1

sin r
, 0), eα(2) = (0, 0, 0,

1

sin r sin θ
).

(7.40)

After separating the variables, we obtain the radial system [18,20]:( d
dr

+
ν

sin r

)
f +

(
E +

e

tan r
+m

)
g = 0,( d

dr
− ν

sin r

)
g −

(
E +

e

tan r
−m

)
f = 0;

(7.41)

the radial coordinate varies in the interval r ∈ [0, π]. In other variable

z = i tan
r

2
, cos r =

1 + z2

1− z2
, sin r =

−2iz

1− z2
, z ∈ [0,+i∞), (7.42)
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the above system takes the form

df

dz
+
ν

z
f +

( e
z

+
iE − e+ im

z − 1
+
−iE − e− im

z + 1

)
g = 0 ,

dg

dz
− ν

z
g +

(
− e

z
+
−iE + e+ im

z − 1
+
iE + e− im

z + 1

)
f = 0 ,

(7.43)

whence it follows the 2nd-order equation for f(z):

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
+ 2

−ez + iE + im

ez2 − 2i (E +m) z + e

] df
dz

+
[
− 2i

2Ee2 − (E +m) ν

ez
+
e2 − ν2

z2
+

(E + ie)
2 −m2 + ν

z − 1
+
− (E + ie)

2
+m2

(z − 1)
2

+
− (E − ie)2

+m2 − ν
z + 1

+
− (E − ie)2

+m2

(z + 1)
2

+
2ν
[
iez(E +m) + 2(E +m)2 + e2

]
e [−ez2 + 2i (E +m) z − e]

]
f = 0. (7.44)

Equation (7.44) has six singular points (let E+m
e = σ > 0)

0 , ∞ , ±1, z1, 2 = i
(
σ ±

√
σ2 + 1

)
; (7.45)

physical region for the variable z is the interval z ∈ [0,+i∞).
Equation (7.44) may be written differently

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
− 1

z − z1
− 1

z − z2

] df
dz

+
[−4 iEe+ 2 iσ ν

z
+
e2 − ν2

z2
+

(E + ie)
2 −m2 + ν

z − 1
+
− (E + ie)

2
+m2

(z − 1)
2

+
− (E − ie)2

+m2 − ν
z + 1

+
− (E − ie)2

+m2

(z + 1)
2 +

A

z − z1
+

B

z − z2

]
f = 0 , (7.46)

where

A = −
2ν
(
iz1 σ + 1 + 2σ2

)
z1 − z2

, B = −
2ν
(
iz2 σ + 1 + 2σ2

)
z2 − z1

and
C = − (E + ie)

2
+m2, D = − (E − ie)2

+m2, −4iEe = C −D.

Then eq. (7.46) takes the form

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
− 1

z − z1
− 1

z − z2

] df
dz

+
[C −D + 2 iσ ν

z
+
e2 − ν2

z2
− C − ν
z − 1

+
C

(z − 1)
2

+
D − ν
z + 1

+
D

(z + 1)
2 +

A

z − z1
+

B

z − z2

]
f = 0 .
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Frobenius solutions in vicinity of the point z = 0 are searched in the form

f(z) = zM (z − 1)α(z + 1)β g(z) = ϕ(z)g(z) ; (7.47)

the function g(z) obeys the equation

d2g

dz2
+
[2M + 1

z
+

2α+ 1

z − 1
+

2β + 1

z + 1
− 1

z − z1
− 1

z − z2

] dg
dz

+
[M2 + e2 − ν2

z2
+
α2 + C

(z − 1)2
+
β2 +D

(z + 1)2

+
C −D − (α− β) (2M + 1) + 2iσ(ν +M)

z
+
M (z1 − 2 iσ z1 z2 + z2)

z z2 z1

+
M + α/2 + β/2− C + ν + 2Mα+ αβ

z − 1
− α (1− z1 z2)

(z − 1) (z1 − 1) (z2 − 1)

−M + α/2 + β/2−D + ν + 2Mβ + αβ

z + 1
+

β (1− z1 z2)

(z + 1) (z1 + 1) (z2 + 1)

+
1

z − z1

(
A− α

z1 − 1
− β

z1 + 1
− M

z1

)
+

1

z − z2

(
B − α

z2 − 1
− β

z2 + 1
− M

z2

)]
g = 0 .

Impose restrictions

M = ±
√
ν2 − e2 ,

α = ±
√
−C = ±

√
(E + ie)

2 −m2 = ±
√
E2 −m2 − e2 + 2ieE ,

β = ±
√
−D = ±

√
(E − ie)2 −m2 = ±

√
E2 −m2 − e2 − 2ieE .

(7.48)

To have solutions vanishing at the point z = 0 (r = 0), we must use positive value for M :
M = +

√
ν2 − e2 ; near the point z = +∞ (r = π) the multiplier ϕ before g(z) behaves as

follows

ϕ = zM (z − 1)α(z + 1)β ∼ x
√
ν2−e2+(α+β), z = ix; (7.49)

depending on signs at α, β there exist four possibilities:

(−,−) α+ β = −
√
E2 −m2 − e2 + 2ieE −

√
E2 −m2 − e2 − 2ieE < 0 ;

(+,+) α+ β =
√
E2 −m2 − e2 + 2ieE +

√
E2 −m2 − e2 − 2ieE > 0 ;

(+,−) α+ β =
√
E2 −m2 − e2 + 2ieE −

√
E2 −m2 − e2 − 2ieE imaginary ;

(−,+) α+ β = −
√
E2 −m2 − e2 + 2ieE +

√
E2 −m2 − e2 − 2ieE imaginary .

We can see that only two first variants may give multipliers tending to zero; this requires
the following inequality: M + α + β < 0. The inequality M + α + β < 0 is definitely true
for the case (−,−).

Now we turn to equation for g(z):

d2g

dz2
+
[2M + 1

z
+

2α+ 1

z − 1
+

2β + 1

z + 1
− 1

z − z1
− 1

z − z2

] dg
dz

+
[C −D − (α− β) (2M + 1) + 2iσ(ν +M)

z
+
M (z1 − 2 iσ z1 z2 + z2)

z z2 z1



156 Dirac particle in the Coulomb field in curved models

+
M + α/2 + β/2− C + ν + 2Mα+ αβ

z − 1
− α (1− z1 z2)

(z − 1) (z1 − 1) (z2 − 1)

−M + α/2 + β/2−D + ν + 2Mβ + αβ

z + 1
+

β (1− z1 z2)

(z + 1) (z1 + 1) (z2 + 1)

+
1

z − z1

(
A− α

z1 − 1
− β

z1 + 1
− M

z1

)
+

1

z − z2

(
B − α

z2 − 1
− β

z2 + 1
− M

z2

)]
g = 0 ,

re-write it shorter

d2g

dz2
+
(P1

z
+

P2

z − 1
+

P3

z + 1
− 1

z − z1
− 1

z − z2

)dg
dz

+
(Q1

z
+

Q2

z − 1
+

Q3

z + 1
+

Q4

z − z1
+

Q5

z − z2

)
g = 0 , (7.50)

and multiply it by z(z − 1)(z + 1)(z − z1)(z − z2):

[
z5 + (−z1 − z2) z4 + (z1 z2 − 1) z3 + (z1 + z2) z2 − z1 z2 z

] d2g

dz2

+
[
(P1 + P2 + P3 − 2) z4 + {(1− P1 − P2 − P3) z1 + (1− P1 − P2 − P3) z2 + P2 − P3} z3

+ (2− P1 − P2 z1 + P3 z2 + P2 z1 z2 + P1 z1 z2 + P3 z1 z2 + P3 z1 − P2 z2) z2

+ (−z1 − z2 + P1 z1 − P3 z1 z2 + P1 z2 + P2 z1 z2) z − P1 z1 z2]
dg

dz

+[(Q1 +Q2 +Q3 +Q4 +Q5)z4 + {(−Q1 −Q2 −Q3 −Q5)z1

+(−Q1 −Q2 −Q3 −Q4)z2 +Q2 −Q3}z3

+ (Q3 z1 z2 +Q2 z1 z2 +Q3 z2 −Q1 −Q4 −Q5 +Q1 z1 z2 +Q3 z1 −Q2 z2 −Q2 z1) z2

+ (Q1 z2 +Q2 z1 z2 +Q5 z1 +Q1 z1 −Q3 z1 z2 +Q4 z2) z −Q1 z1 z2] g = 0 .

Solutions for g(z) are constructed as power series with 6-term recurrent relations

k ≥ 4, (Q1 +Q2 +Q3 +Q4 +Q5) dk−4

+ [(k − 3)(k − 4) + (P1 + P2 + P3 − 2) (k − 3)

+ (−Q1 −Q2 −Q3 −Q5) z1 + (−Q1 −Q2 −Q3 −Q4) z2 +Q2 −Q3] dk−3

+[(−z1 − z2) (k − 2)(k − 3) + {(1− P1 − P2 − P3) z1

+ (1− P1 − P2 − P3) z2 + P2 − P3} (k − 2)

+ Q3 z1 z2 +Q2 z1 z2 +Q3 z2 −Q1 −Q4 −Q5 +Q1 z1 z2 +Q3 z1 −Q2 z2 −Q2 z1] dk−2

+[(z1z2 − 1) (k − 1)(k − 2) + (2− P1 − P2z1 + P3z2

+P2z1z2 + P1z1z2 + P3z1z2 + P3z1 − P2z2)(k − 1)

+Q1 z2 +Q2 z1 z2 +Q5 z1 +Q1 z1 −Q3 z1 z2 +Q4 z2] dk−1

+ [(z1 + z2) k (k − 1) + (−z1 − z2 + P1 z1 − P3 z1 z2 + P1 z2 + P2 z1 z2) k −Q1 z1 z2] dk

+ [−z1 z2 (k + 1) k − P1 z1 z2 (k + 1)] dk+1 = 0 . (7.51)

Possible convergence radii are

Rconv =

∣∣∣∣ 1

R

∣∣∣∣ = +1 , +∞ , |z1| , |z2|. (7.52)
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It is readily checked that the coefficient at dk−4 (7.51) vanishes identically, so in (7.51) we
have 5-term recurrent relations

k ≥ 4, Sk−3dk−3 + Sk−2dk−2 + Sk−1dk−1 + Skdk + Sk+1dk+1 = 0 . (7.53)

As a quantisation rule, we apply the known transcendency condition

k ≥ 3, Sk−3 = 0, (k − 3)(k − 4) + (P1 + P2 + P3 − 2) (k − 3)

+ (−Q1 −Q2 −Q3 −Q5) z1 + (−Q1 −Q2 −Q3 −Q4) z2 +Q2 −Q3 = 0 , (7.54)

which yields

k2 + (2M + 2α+ 2β − 6) k − (B + 2 iσ ν) z1 − (A+ 2 iσ ν) z2

+ (2M + 2β − 6)α+ (2M − 6)β − 6M − C −D + 2 ν + 9 = 0 .

Whence, taking into account expressions for A,B,C,D:

A = −
2ν
(
iz1 σ + 1 + 2σ2

)
z1 − z2

, B = −
2ν
(
iz2 σ + 1 + 2σ2

)
z2 − z1

,

C = − (E + ie)
2

+m2 , D = − (E − ie)2
+m2 , −4iEe = C −D ,

we arrive at

k2 + 2 k (M + α+ β − 3)− 2 iσ ν (z1 + z2) + 2 (M + β − 3)α+ 2 (M − 3)β

+9− 6M − 2m2 − 4 ν σ2 − 2 e2 + 2E2 = 0 . (7.55)

We will follow two possibilities. The first one is

M =
√
ν2 − e2 , α = +

√
(E + ie)

2 −m2 , β = +

√
(E − ie)2 −m2 , (7.56)

then eq. (7.55) takes the form(√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 + k − 3 +

√
ν2 − e2

)2

−
(
ν2 − e2

)
= 0

or differently (√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 + k − 3

)
×
(√

(E + ie)
2 −m2 +

√
(E − ie)2 −m2 + k − 3 + 2

√
ν2 − e2

)
= 0 .

Here arise two equations, both of small physical interest (let n = k − 3):√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 + n = 0 , (7.57)

√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 + n+ 2

√
ν2 − e2 = 0 . (7.58)

Now consider the second variant

M =
√
ν2 − e2 , α = −

√
(E + ie)

2 −m2 , β = −
√

(E − ie)2 −m2 , (7.59)
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then we have transcendency condition in the form(√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 − (k − 3)−

√
ν2 − e2

)2

−
(
ν2 − e2

)
= 0

or differently (√
(E + ie)

2 −m2 +

√
(E − ie)2 −m2 − (k − 3)

)
×
(√

(E + ie)
2 −m2 +

√
(E − ie)2 −m2 − (k − 3)− 2

√
ν2 − e2

)
= 0 .

So we obtain two alternative equations√
(E + ie)2 −m2 +

√
(E − ie)2 −m2 − n = 0 , (7.60)

√
(E + ie)2 −m2 +

√
(E − ie)2 −m2 − n− 2

√
ν2 − e2 = 0 . (7.61)

Interesting is only the second one (7.61), it yields√
(E + ie)2 −m2 = 2N −

√
(E − ie)2 −m2, N = n/2 +

√
ν2 − e2

or
N
√
E2 −m2 − e2 − 2 iEe = −iEe+N2 .

Further, we obtain

N2(E2 −m2 − e2 − 2ieE) = N4 − 2ieEN2 − e2E2,

whence it follows the needed energy spectrum

E = m

√
1 + (e2 +N2)/m2

1 + e2/N2
, N =

n

2
+
√
ν2 − e2, m =

Mcρ

~
. (7.62)

This spectrum coincides with that found in [26, 42], when studying the same problem for
the Dirac equation in the spherical Riemann space within the semi-classical approach.

Below, we will demonstrate that there is no possibility to get the energy spectrum (7.62)
in polynomials.

7.5 Numerical study

It is convenient to use a dimensionless parameter ε = E/m. Let us present the expression for
ε in the product form ε = ε1ε2, where ε1 determines the energy spectrum in flat Minkowski
space and ε2 describes the influence of cirved geometry (it depends on parameter m).
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Let us calculate the values for ε1, ε2, and ε at n = 1, 12 and m = 1, 103, 104:

ε1 ε2 ε1ε2
0.9999881599, 1.802768249, 1.802746904, n = 1,m = 1
0.9999933400, 2.236056064, 2.236041171, n = 2,m = 1
0.9999957376, 2.692567563, 2.692556086, n = 3,m = 1
0.9999970400, 3.162260811, 3.162251451, n = 4,m = 1
0.9999978253, 3.640036648, 3.640028732, n = 5,m = 1
0.9999983350, 4.123086242, 4.123079377, n = 6,m = 1
0.9999986844, 4.609752002, 4.609745938, n = 7,m = 1
0.9999989344, 5.098998615, 5.098993182, n = 8,m = 1
0.9999991193, 5.590148499, 5.590143576, n = 9,m = 1
0.9999992600, 6.082740632, 6.082736131, n = 10,m = 1
0.9999993695, 6.576450940, 6.576446793, n = 11,m = 1
0.9999994563, 7.071045207, 7.071041363, n = 12,m = 1

ε1 ε2 ε1ε2
0.9999881599, 1.000001125, 0.9999892849, n = 1,m = 1000
0.9999933400, 1.000002000, 0.9999953399, n = 2,m = 1000
0.9999957376, 1.000003125, 0.9999988625, n = 3,m = 1000
0.9999970400, 1.000004500, 1.000001540, n = 4,m = 1000
0.9999978253, 1.000006125, 1.000003950, n = 5,m = 1000
0.9999983350, 1.000008000, 1.000006335, n = 6,m = 1000
0.9999986844, 1.000010125, 1.000008809, n = 7,m = 1000
0.9999989344, 1.000012500, 1.000011434, n = 8,m = 1000
0.9999991193, 1.000015125, 1.000014244, n = 9,m = 1000
0.9999992600, 1.000018000, 1.000017260, n = 10,m = 1000
0.9999993695, 1.000021125, 1.000020494, n = 11,m = 1000
0.9999994563, 1.000024500, 1.000023956, n = 12,m = 1000

ε1 ε2 ε1ε2
0.9999881599, 1.000000011, 0.9999881712, n = 1,m = 104

0.9999933400, 1.000000020, 0.9999933600, n = 2,m = 104

0.9999957376, 1.000000031, 0.9999957688, n = 3,m = 104

0.9999970400, 1.000000045, 0.9999970850, n = 4,m = 104

0.9999978253, 1.000000061, 0.9999978866, n = 5,m = 104

0.9999983350, 1.000000080, 0.9999984150, n = 6,m = 104

0.9999986844, 1.000000101, 0.9999987857, n = 7,m = 104

0.9999989344, 1.000000125, 0.9999990594, n = 8,m = 104

0.9999991193, 1.000000151, 0.9999992706, n = 9,m = 104

0.9999992600, 1.000000180, 0.9999994400, n = 10,m = 104

0.9999993695, 1.000000211, 0.9999995807, n = 11,m = 104

0.9999994563, 1.000000245, 0.9999997013, n = 12,m = 104

Let us find the values for the possible convergence radii |z1(n)| and |z2(n)| at n = 1, 10.
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Let m = 1:
σ(n) |z1(n)| |z2(n)|
383.9763259 767.9539539 0.0013022
443.3376405 886.6764088 0.0011278
505.8801838 1011.7613559 0.0009884
570.2284488 1140.4577745 0.0008768
635.6839363 1271.3686592 0.0007866
701.8618747 1403.724462 0.000712
768.5351935 1537.071037 0.000651
835.5620659 1671.124730 0.000598
902.8496699 1805.699894 0.000554
970.3348500 1940.670215 0.000515

Now let m = 103:

σ(n) |z1(n)| |z2(n)|
273998.53203243916184 547997.06406670315098 1.82482729 · 10−6

273999.36157030053471 547998.72314242589120 1.82482177 · 10−6

273999.84416671429123 547999.68833525340102 1.82481856 · 10−6

274000.21096908314543 548000.42193999110697 1.82481611 · 10−6

274000.54117852697293 548001.08235887875978 1.82481391 · 10−6

274000.86787818381619 548001.73575819244411 1.82481174 · 10−6

274001.20687271021047 548002.41374724523043 1.82480948 · 10−6

274001.56648614990005 548003.13297412460718 1.82480709 · 10−6

274001.95144098015059 548003.90288378510571 1.82480452 · 10−6

274002.36457819477482 548004.72915821435140 1.82480177 · 10−6

Let m = 104:

σ(n) |z1(n)| |z2(n)|
2.7399837945238901875 · 106 5.4799675890479628579 · 106 1.824828 · 10−7

2.7399909031599425982 · 106 5.4799818063200676787 · 106 1.824824 · 10−7

2.7399942033085950102 · 106 5.4799884066173725025 · 106 1.824821 · 10−7

2.7399960064450303417 · 106 5.4799920128902431654 · 106 1.824820 · 10−7

2.7399971045818599740 · 106 5.4799942091639024299 · 106 1.824819 · 10−7

2.7399978285521337912 · 106 5.4799956571044500644 · 106 1.824819 · 10−7

2.7399983364043434328 · 106 5.4799966728088693474 · 106 1.824819 · 10−7

2.7399987113811094465 · 106 5.4799974227624013747 · 106 1.824818 · 10−7

2.7399990007096444048 · 106 5.4799980014194712913 · 106 1.824818 · 10−7

2.7399992328025831516 · 106 5.4799984656053487851 · 106 1.824818 · 10−7

Because solutions near the points z1, z2 are given by the formulas

f(z) ∼ (z − z1)a, (z − z2)a, where a = 0, 2,

we may state that at these points, the series has no singular behaviour. Therefore, we may
assume that the convergence radius of the power series under consideration equals the unit,
Rconv = 1.
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7.6 Solutions in the half-spaces, r ∈ (0, π/2) and r ∈ (π/2, π)

The complete spherical space consists of two-half spaces:

S+
3 , r ∈ (0,

π

2
), z = i tan

r

2
= ix, x ∈ (0,+1);

S−3 , r ∈ (
π

2
, π), z = i tan

r

2
= ix, x ∈ (+1,+∞).

Fig. 7.13, shows behaviour of the factor |ϕn(x)| in the half-space S+
3 ; Fig. 7.14 shows

behaviour of the complete solution |fn(x)|, n = 1, in the same half-space S+
3 . This figure

proves the finiteness of solutions in S+
3 , they are quadratically integrable.

In order to construct solutions f(z) in the half-space S−3 . To this end, let us transform
eq. (7.44)

d2f

dz2
+
[1

z
+

1

z − 1
+

1

z + 1
+ 2

−ez + iE + im

ez2 − 2i (E +m) z + e

] df
dz

+
[
− 2i

2Ee2 − (E +m) ν

ez
+
e2 − ν2

z2
+

(E + ie)2 −m2 + ν

z − 1
+
− (E + ie)2 +m2

(z − 1)2

+
− (E − ie)2 +m2 − ν

z + 1
+
− (E − ie)2 +m2

(z + 1)2
+

2ν
[
iez(E +m) + 2(E +m)2 + e2

]
e [−ez2 + 2i (E +m) z − e]

]
f = 0

to the new variable

y =
1

z
= −i 1

x
= ix̄, x̄ ∈ (−∞, 0). (7.63)

Frobenius type solutions in vicinity of the point y = 0 (r = π) are searched in the form

f(y) = yc(y − 1)a(y + 1)bg(y) = ϕ(y)g(y). (7.64)

To bound states there corresponds the following parameters

c =
√
ν2 − e2, a =

√
−e2 + 2ieε−m2 + ε2, b =

√
−e2 − 2ieε−m2 + ε2. (7.65)

Solutions for g(y) are given by power series with 5-term recurrence relations (details are
omitted). The transcendency condition gives yet another known formula (7.62) for energy
levels. We have studied constructed solutions in the half-space S−3 numerically (in the
domain x̄ ∈ (−1, 0)). Fig. 7.15 demonstrates behaviour of complete solutions with different
energies:

|fn(y)|, n = 1, ν = 1, m = 104.

The Fig. 7.15 proves the finiteness of solutions in this half-space, they are quadratically
integrable.

Let us compare the values of solutions at contiguity point r = π/2 (both functions are
defined up to multipliers):

f−(x→ +1− 0) ≈ 1.2 · 10162, f+(x̄→ −1 + 0) ≈ 6.2 · 10146;

whence we find the relative parameter Λ:

f− = Λf+, Λ ≈ 1.9 · 1015.

All graphs may be re-calculated to the initial variable r. Let us illustrate this for one case,
m = 104, ν = 1, n = 1 – see Figs. 7.16 and 7.17.
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7.7 Conclusion

The known systems of radial equations describing relativistic hydrogen atoms on the basis
of Dirac equation in spherical Riemann spaces are investigated. The relevant 2nd-order
differential equations have six regular singular points, there solutions of Frobenius type are
constructed. To produce the quantisation rule for energy values, we use the known condition
separating transcendental Frobenius solutions. This provides us with energy spectra which
are physically interpretable and similar to spectra arising from scalar Klein–Fock–Gordon
equation in these geometrical models. The spectra coincide with those previously found
when studying the same radial equations within the semi-classical method. The squared
of the series involved is proved analytically and numerically. The squared integrability of
solutions is demonstrated numerically. A visualisation of the results is given.

7.8 Figures for the problem in Lobachevsky space

FIGURE 7.1
The graphs of the factors ϕ(z) and ϕ(r), at m = 2 · 103, n = 5.

FIGURE 7.2
The graphs of the series F (z) and F (r), at m = 2 · 103, n = 5.
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FIGURE 7.3
The graphs of the function f(z) and f(r), at m = 2 · 103, n = 5.

FIGURE 7.4
The graphs of the factors ϕ(z) and ϕ(r), at m = 2 · 104, n = 5.

FIGURE 7.5
The graphs of the series F (z) and F (r), at m = 2 · 104, n = 5.
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FIGURE 7.6
The graphs of the function f(z) and f(r), at m = 2 · 104, n = 5.

FIGURE 7.7
The graphs of the factors ϕ(z) and ϕ(r), at m = 5 · 103, n = 10.

FIGURE 7.8
The graphs of the series F (z) and F (r), at m = 5 · 103, n = 10.
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FIGURE 7.9
The graphs of the function f(z) and f(r), at m = 5 · 103, n = 10.

FIGURE 7.10
The graphs of the factors ϕ(z) and ϕ(r), at m = 104, n = 10.

FIGURE 7.11
The graphs of the series F (z) and F (r), at m = 104, n = 10.
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FIGURE 7.12
The graphs of the function f(z) and f(r), at m = 104, n = 10.

7.9 Figures for the problem in spherical space

FIGURE 7.13
The graph for ϕn(x), when m = 104, n = 1, 6.
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Graphs for |fn(x)|, when n = 1, 6.
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8

Particle with spin 1 in the Coulomb
field

We have studied the system of six equations which describe the quantum states
of a spin 1 particle with parity P = (−1)j in the external Coulomb field. It is shown
that due to the Lorentz condition, one of the radial functions must be equal to zero.
Any of five remaining functions may be taken as a primary one. For such a primary
function, we derive two different 2nd-order differential equations. Their Frobenius
solutions are constructed, and the convergence of the involved power series is studied.
As a quantisation rule, we apply so called transcendency condition to Frobenius
solutions. In this way, for both equations, we have found different reasonable, from
physical point of view, energy spectra.

8.1 Separation of the variables

Many years ago, a very peculiar behaviour of a spin 1 particle in the presence of the external
Coulomb field was noticed by I.E. Tamm [1]. As far as we know the whole situation with
this system stays much the same. In the present chapter, we examine the problem anew
on the basis of the Duffin–Kemmer–Petiau formalism with the use of the tetrad generally
covariant tetrad technique, it turns out to be more convenient than a common Proca tensor
approach: {

iβc
[
i(eβ(c)∂β +

1

2
jabγabc(x)) − eAc

]
−M

}
Ψ = 0. (8.1)

Choosing a diagonal spherical tetrad

dS2 = dt2 − dr2 − r2(dθ2 + sin2 θdφ2),

eα(0) = (1, 0, 0, 0), eα(3) = (0, 1, 0, 0),

eα(1) = (0, 0,
1

r
, 0), eα(2) = (1, 0, 0,

1

r sin θ
),

(8.2)

we reduce the above eq. (8.1) to the form[
β0
(
ε+

α

r

)
+ i
[
β3∂r +

1

r

(
β1j31 + β2j32

) ]
+

1

r
Σθ,φ −M

]
Φ(x) = 0, (8.3)

where ε = E/(c~), α = e2/(c~), and M = mc/~. The angular operator Σθ,φ is given by the
formula

Σθ,φ = iβ1∂θ + β2 i∂ + ij12 cos θ

sin θ
, (8.4)
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its form signifies that we have here a generalised Schrödinger–Pauli basis.
Spherical waves with (j,m) quantum numbers should be constructed within the following

general substitution
Ψ(x) = { Φ0(x), ~Φ(x), E(x),H(x) },

Φ0(x) = e−iEt/~ Φ0(r) D0, ~Φ(x) = e−iEt/~

∣∣∣∣∣∣
Φ1(r) D−1

Φ2(r) D0

Φ3(r) D+1

∣∣∣∣∣∣ ,
E(x) = e−iEt/~

∣∣∣∣∣∣
E1(r) D−1

E2(r) D0

E3(r) D+1

∣∣∣∣∣∣ , H(x) = e−iEt/~

∣∣∣∣∣∣
H1(r) D−1

H2(r) D0

H3(r) D+1

∣∣∣∣∣∣ ;
(8.5)

short notation for Wigner functions is used: Dσ = Dj
−m,σ(φ, θ, 0), σ = 0, +1, −1. The

quantum number j takes values 0, 1, 2, ... . With the help of recurrent formulas

ν =
√
j(j + 1), a =

√
(j − 1)(j + 2),

∂θ D−1 =
1

2
( a D−2 − ν D0 ),

m− cos θ

sin θ
D−1 =

1

2
( a D−2 + ν D0 ),

∂θ D0 =
1

2
( ν D−1 − ν D+1 ),

m

sin θ
D0 =

1

2
( ν D−1 + ν D+1 ),

∂θ D+1 =
1

2
( ν D0 − a D+2 ),

m+ cos θ

sin θ
D+1 =

1

2
( ν D0 + a D+2 ),

(8.6)

after simple algebraic calculation, we arrive at the radial equations (for clarity, the corre-
sponding Proca tensor equations are written down as well; the notation ν =

√
j(j + 1)/2

is used):

Db Φab = M Φa,

−
( d
dr

+
2

r

)
E2 −

ν

r
(E1 + E3) = MΦ0,

+i
(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 + i

ν

r
H2 = MΦ1,

+i
(
ε+

α

r

)
E2 − i

ν

r
(H1 −H3) = MΦ2,

+i
(
ε+

α

r

)
E3 − i(

d

dr
+

1

r
)H3 − i

ν

r
H2 = MΦ3 ;

(8.7)

DaΦb −DbΦa = M Φab,

−i
(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −ME1 = 0,

−i
(
ε+

α

r

)
Φ2 −

d

dr
Φ0 −ME2 = 0,

−i
(
ε+

α

r

)
Φ3 +

ν

r
Φ0 −ME3 = 0,

−i
( d
dr

+
1

r

)
Φ1 − i

ν

r
Φ2 −MH1 = 0,

+i
ν

r
(Φ1 − Φ3)−MH2 = 0,

+i
( d
dr

+
1

r

)
Φ3 + i

ν

r
Φ2 −MH3 = 0.

(8.8)
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Concurrently with J2, J3, let us diagonalise the operator of the spacial inversion Π̂. After
transition to spherical tetrad basis, and also to cyclic representation for DKP-matrices βa,
for this discrete operator we get

Π̂ =

∣∣∣∣∣∣∣∣
1 0 0 0
0 Π3 0 0
0 0 Π3 0
0 0 0 −Π3

∣∣∣∣∣∣∣∣ P̂ , Π3 =

∣∣∣∣∣∣
0 0 −1
0 −1 0
−1 0 0

∣∣∣∣∣∣ . (8.9)

Eigenvalue equation Π̂Ψ = P Ψ results in two classes of states different in parity:

P = (−1)j+1, Φ0 = 0, Φ3 = −Φ1, Φ2 = 0, E3 = −E1, E2 = 0, H3 = H1; (8.10)

P = (−1)j , Φ3 = Φ1, E3 = +E1, H3 = −H1, H2 = 0 . (8.11)

Correspondingly, 10 equations in (8.7)–(8.8) yield subsystems of four and six equations:

P = (−1)j+1, +i(ε+
α

r
) E1 + i(

d

dr
+

1

r
)H1 + i

ν

r
H2 = MΦ1,

−i(ε+
α

r
) Φ1 = ME1, −i(

d

dr
+

1

r
)Φ1 = MH1, 2i

ν

r
Φ1 = MH2;

(8.12)

whence excluding E1, H1, and H2, we get a 2nd-order differential equation for Φ1[
d2

dr2
+

2

r

d

dr
+ (ε+

α

r
)2 −M2 − j(j + 1)

r2

]
Φ1 = 0. (8.13)

It coincides with that arising in the case of a scalar particle in Coulomb potential. Its
solution is well known and provides us with the following energy spectrum (in usual units)

E =
mc2√

1 + α2/N2
, N = n+

1

2
+
√

(j + 1/2)2 − α2. (8.14)

For states with parity P = (−1)j , we have the system

(
d

dr
+

2

r
)E2 + 2

ν

r
E1 +MΦ0 = 0,

+i(ε+
α

r
) E1 + i(

d

dr
+

1

r
)H1 −MΦ1 = 0,

+i(ε+
α

r
)E2 − 2i

ν

r
H1 −MΦ2 = 0,

−i(ε+
α

r
) Φ1 +

ν

r
Φ0 −ME1 = 0,

i(ε+
α

r
)Φ2 +

d

dr
Φ0 +ME2 = 0,

i(
d

dr
+

1

r
)Φ1 + i

ν

r
Φ2 +MH1 = 0.

(8.15)



The case of minimal value j = 0 175

8.2 The case of minimal value j = 0

States with the minimal value j = 0 should be treated separately. In this case, we should
start with a more simple substitution for the wave function

Φ0(x) = e−iεtΦ0(r), ~Φ(x) = e−iεt

∣∣∣∣∣∣
0

Φ2(r)
0

∣∣∣∣∣∣ ,
~E(x) = e−iεt

∣∣∣∣∣∣
0

E2(r)
0

∣∣∣∣∣∣ , ~H(x) = e−iεt

∣∣∣∣∣∣
0

H2(r)
0

∣∣∣∣∣∣ .
(8.16)

The operator Σθ,φ acts on this wave function as a zero operator, and the parity for this
state equals P = (−1)0+1 = −1.

The corresponding radial system is as follows (for eliminating imaginary unit i, we use
slightly different variables: Φ0 = ϕ0, −iΦ1 = ϕ1, −iΦ2 = ϕ2)

H2 = 0, −
( d
dr

+
2

r

)
E2 = Mϕ0,(

ε+
α

r

)
E2 = Mϕ2,

(
ε+

α

r

)
ϕ2 −

d

dr
ϕ0 = ME2.

(8.17)

Whence it follows a 2nd-order equation (let E2(r) = r−1f(r))

d2

dr2
f +

(
ε2 −M2 +

2αε

r
− 2− α2

r2

)
f = 0 . (8.18)

In dimensionless variables

x = rε =
rE

c~
,
M2

ε2
=
m2c4

E2
= λ2,

it reads

d2

dx2
f +

(
1− λ2 +

2α

x
− 2− α2

x2

)
f = 0. (8.19)

With the substitution f(x) = xae−bxF (x), for F (x) we obtain

xF ′′ + (2a− 2bx)F ′ +
[a(a− 1) + α2 − 2

x
+ (b2 + 1− λ2)x+ (2α− 2ab)

]
F = 0.

Requiring

a =
1±
√

9− 4α2

2
, b = ±

√
λ2 − 1 = ±

√
m2c4 − E2

E
,

the choice of upper signs in the formulas provides us with appropriate parameters for bound
states, we get

x F ′′ + 2(a− bx) F ′ + 2(α− ab) F = 0.

In the variable y = 2bx, it takes the form of the confluent hypergeometric equation

d2

dy2
F + (2a− y)

d

dt
F − ab− α

b
F = 0 .

To get polynomial solutions, we must require (ab− α)/b = −n, which leads to the quanti-
sation formula for energies

E =
mc2√

1 + α2/(Γ + n)2
, Γ =

1 +
√

9− 4α2

2
. (8.20)
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8.3 Nonrelativistic approximation, energy spectra

In this section, we examine nonrelativistic approximation in the theory. First, consider states
with parity P = (−1)j+1:

i
(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 + i

ν

r
H2 = MΦ1,

−i
(
ε+

α

r

)
Φ1 = ME1, −i

( d
dr

+
1

r

)
Φ1 = MH1, 2i

ν

r
Φ1 = MH2.

(8.21)

Here the H1, H2 represent so-called non-dynamical variables, excluding them we obtain

i
(
ε+

α

r

)
E1 +

1

M

( d
dr

+
1

r

)2

Φ1 −
2ν2

Mr2
Φ1 = MΦ1,−i

(
ε+

α

r

)
Φ1 = ME1. (8.22)

Now we should make special substitutions, introducing the big and small constituents, Ψ1(r)
and ψ1(r):

Φ1 = Ψ1 + ψ1, iE1 = Ψ1 − ψ1; (8.23)

correspondingly eq. (8.21) take the form(
ε+

α

r

)
(Ψ1 − ψ1) +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ1 + ψ1)

= M(Ψ1 + ψ1),
(
ε+

α

r

)
(Ψ1 + ψ1) = M(Ψ1 − ψ1).

(8.24)

Summing and subtracting these two equations, we get

2
(
ε+

α

r

)
Ψ1 +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ1 + ψ1) = 2MΨ1,

−2
(
ε+

α

r

)
ψ1 +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ1 + ψ1) = 2Mψ1.

(8.25)

Now we should separate the rest energy. To this end, it suffices to make a formal change
ε =⇒ ε+M , which results in

2
(
ε+

α

r

)
Ψ1 +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ1 + ψ1) = 0,

−2
(
ε+

α

r

)
ψ1 +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ1 + ψ1) = 4Mψ1.

Thus, we produce equation for the big Ψ1(r) and small ψ1(r) components:

2
(
ε+

α

r

)
Ψ1 +

1

M

( d
dr

+
1

r

)2

Ψ1 −
j(j + 1)

Mr2
Ψ1 = 0,( d

dr
+

1

r

)2

Ψ1 −
j(j + 1)

r2
Ψ1 = 4M2ψ1.

(8.26)

Equation for the big component Ψ1(r) can be written as a Schrödinger-like equation:[ d2

dr2
+

2

r

d

dr
+ 2M(ε+

α

r
)− j(j + 1)

r2

]
Ψ1 = 0. (8.27)
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Now let us consider radial equations for states with the opposite parity P = (−1)j :

−
( d
dr

+
2

r

)
E2 − 2

ν

r
E1 = MΦ0, +i

(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 = MΦ1,

+i
(
ε+

α

r

)
E2 − 2i

ν

r
H1 = MΦ2, −i

(
ε+

α

r

)
Φ1 +

ν

r
Φ0 = ME1,

−i
(
ε+

α

r

)
Φ2 −

d

dr
Φ0 = ME2, −i

( d
dr

+
1

r

)
Φ1 − i

ν

r
Φ2 = MH1.

(8.28)

Among the four dynamical functions Φ1,Φ2, E1, E2, the separation of big and small con-
stituents is performed as follows

Φ1 = Ψ1 + ψ1, Φ2 = Ψ2 + ψ2, iE1 = Ψ1 − ψ1, iE2 = Ψ2 − ψ2. (8.29)

Excluding the nondynamical variables Φ0, H1, we obtain the system (the rest energy is
separated by the formal change ε =⇒ ε+M)

i
(
ε+M +

α

r

)
E1 +

1

M
(
d

dr
+

1

r
)
[( d
dr

+
1

r

)
Φ1 +

ν

r
Φ2

]
= MΦ1,

i
(
ε+M +

α

r

)
E2 −

2ν

Mr

[( d
dr

+
1

r

)
Φ1 +

ν

r
Φ2

]
= MΦ2,

−i
(
ε+M +

α

r

)
Φ1 +

ν

Mr

[
−
( d
dr

+
2

r

)
E2 −

2ν

r
E1

]
= ME1,

−i
(
fε+M +

α

r

)
Φ2 −

1

M

d

dr

[
− (

d

dr
+

2

r
)E2 −

2ν

r
E1

]
= ME2.

(8.30)

Taking into account relations (8.29), we transform eq. (8.30) into the form(
ε+M +

α

r

)
(Ψ1−ψ1) +

1

M

( d
dr

+
1

r

)2

(Ψ1 +ψ1) +
ν

M

( d
dr

+
1

r

)1

r
(Ψ2 +ψ2) = M(Ψ1 +ψ1),

(
ε+M +

α

r

)
(Ψ2 − ψ2)− 2ν

Mr

( d
dr

+
1

r

)
(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ2 + ψ2) = M(Ψ2 + ψ2),(

ε+M +
α

r

)
(Ψ1 + ψ1)− ν

mr

( d
dr

+
2

r

)
(Ψ2 − ψ2)− 2ν2

Mr2
(Ψ1 − ψ1) = M(Ψ1 − ψ1),(

ε+M +
α

r

)
(Ψ2 + ψ2) +

1

M

d

dr

( d
dr

+
2

r

)
(Ψ2 − ψ2) +

2ν

M

d

dr

1

r
(Ψ1 − ψ1) = M(Ψ2 − ψ2) .

Whence we get(
ε+

α

r

)
(Ψ1 − ψ1) +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1) +
ν

M

( d
dr

+
1

r

)1

r
(Ψ2 + ψ2) = +2M ψ1 ,(

ε+
α

r

)
(Ψ1 + ψ1)− ν

Mr

( d
dr

+
2

r

)
(Ψ2 − ψ2)− 2ν2

Mr2
(Ψ1 − ψ1) = −2Mψ1;

(
ε+

α

r

)
(Ψ2 − ψ2)− 2ν

Mr

( d
dr

+
1

r

)
(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ2 + ψ2) = +2M ψ2 ,(

ε+
α

r

)
(Ψ2 + ψ2) +

1

M

d

dr

( d
dr

+
2

r

)
(Ψ2 − ψ2) +

2ν

M

d

dr

1

r
(Ψ1 − ψ1) = −2M ψ2.

Summing and subtracting equations within the first pair and doing the same within the
second pair, we arrive at(

ε+
α

r

)
(Ψ1 − ψ1) +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1) +
ν

M

( d
dr

+
1

r

)1

r
(Ψ2 + ψ2)
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+
(
ε+

α

r

)
(Ψ1 + ψ1)− ν

Mr

( d
dr

+
2

r

)
(Ψ2 − ψ2)− 2ν2

Mr2
(Ψ1 − ψ1) = 0,(

ε+
α

r

)
(Ψ1 − ψ1) +

1

M

( d
dr

+
1

r

)2

(Ψ1 + ψ1) +
ν

M

( d
dr

+
1

r

)1

r
(Ψ2 + ψ2)

−
(
ε+

α

r

)
(Ψ1 + ψ1) +

ν

Mr

( d
dr

+
2

r

)
(Ψ2 − ψ2) +

2ν2

Mr2
(Ψ1 − ψ1) = +4M ψ1,(

ε+
α

r

)
(Ψ2 − ψ2)− 2ν

Mr

( d
dr

+
1

r

)
(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ2 + ψ2)

+
(
ε+

α

r

)
(Ψ2 + ψ2) +

1

M

d

dr

( d
dr

+
2

r

)
(Ψ2 − ψ2) +

2ν

M

d

dr

1

r
(Ψ1 − ψ1) = 0,

(ε+
α

r
)(Ψ2 − ψ2)− 2ν

Mr
(
d

dr
+

1

r
)(Ψ1 + ψ1)− 2ν2

Mr2
(Ψ2 + ψ2)

−
(
ε+

α

r

)
(Ψ2 + ψ2)− 1

M

d

dr

( d
dr

+
2

r

)
(Ψ2 − ψ2)− 2ν

M

d

dr

1

r
(Ψ1 − ψ1) = +4M ψ2.

Now, taking in mind that Ψ1,Ψ2 are big components, and ψ1, ψ2 are small, we arrive
at two equations for the big components, and two equations defining the small components
through the big ones:

1

M

( d
dr

+
1

r

)2

Ψ1 +
ν

M

( d
dr

+
1

r

)1

r
Ψ2 +

ν

Mr

( d
dr

+
2

r

)
Ψ2 +

2ν2

Mr2
Ψ1 = +4M ψ1,

− 2ν

Mr

( d
dr

+
1

r

)
Ψ1 −

2ν2

Mr2
Ψ2 −

1

M

d

dr
(
d

dr
+

2

r
)Ψ2 −

2ν

M

d

dr

1

r
Ψ1 = +4M ψ2,

2
(
ε+

α

r

)
Ψ2 −

2ν

Mr

( d
dr

+
1

r

)
Ψ1 −

2ν2

Mr2
Ψ2 +

1

M

d

dr

( d
dr

+
2

r

)
Ψ2 +

2ν

M

d

dr

1

r
Ψ1 = 0,

2
(
ε+

α

r

)
Ψ1 +

1

M

( d
dr

+
1

r

)2

Ψ1 +
ν

M
(
d

dr
+

1

r
)
1

r
Ψ2 −

ν

Mr

( d
dr

+
2

r

)
Ψ2 −

2ν2

Mr2
Ψ1 = 0.

The last two equations provide us with the nonrelativistic radial equations, which can
be written as follows

r2
[ d2

dr2
+

2

r

d

dr
+ 2M

(
ε+

α

r

)
− 2ν2

r2

]
Ψ2 = 2Ψ2 + 4ν Ψ1,

r2
[ d2

dr2
+

2

r

d

dr
+ 2M

(
ε+

α

r

)
− 2ν2

r2

]
Ψ1 = 2ν Ψ2.

(8.31)

It is convenient to presents eq. (8.31) in the matrix form

1

2
r2∆

∣∣∣∣ Ψ1

Ψ2

∣∣∣∣ =

∣∣∣∣ 0 ν
2ν 1

∣∣∣∣ ∣∣∣∣ Ψ1

Ψ2

∣∣∣∣ . (8.32)

The right-hand part can be brought to a diagonal form∣∣∣∣ f1

f2

∣∣∣∣ =

∣∣∣∣ a c
d b

∣∣∣∣ ∣∣∣∣ Ψ1

Ψ2

∣∣∣∣ , r2∆

∣∣∣∣ f1

f2

∣∣∣∣ =

∣∣∣∣ λ1 0
0 λ2

∣∣∣∣ ∣∣∣∣ f1

f2

∣∣∣∣ .
the last task reduces to the following equation∣∣∣∣ a c

d b

∣∣∣∣ ∣∣∣∣ 0 ν
2ν 1

∣∣∣∣ =

∣∣∣∣ λ1 0
0 λ2

∣∣∣∣ ∣∣∣∣ a c
d b

∣∣∣∣ ,
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whence it follows{
λ1 a− 2ν c = 0
−ν a+ (λ1 − 1) c = 0,

λ1 =
1 +

√
1 + 4j(j + 1)

2
= j + 1, c =

λ1

2ν
a;

{
λ2 d− 2ν b = 0
−ν d+ (λ2 − 1) b = 0,

λ2 =
1−

√
1 + 4j(j + 1)

2
= −j , b =

λ2

2ν
d.

Thus, the needed transformation reads∣∣∣∣ f1

f2

∣∣∣∣ =

∣∣∣∣ a λ1a/2ν
d λ2d/2ν

∣∣∣∣ ∣∣∣∣ Ψ1

Ψ2

∣∣∣∣ . (8.33)

In this way, we obtain two separate 2nd-order differential equations:[ d2

dr2
+

2

r

d

dr
+ 2M

(
ε+

α

r

)
− 2ν2

r2
− 2λ1

r2

]
f1 = 0,[ d2

dr2
+

2

r

d

dr
+ 2M

(
ε+

α

r

)
− 2ν2

r2
− 2λ2

r2

]
f2 = 0.

(8.34)

Note two identities

2ν2

r2
+

2λ1

r2
=
j(j + 1) + 2(j + 1)

r2
=

(j + 1)(j + 2)

r2
,

2ν2

r2
+

2λ2

r2
=
j(j + 1)− 2j

r2
=

(j − 1)j

r2
.

Here we have two problems of the same type (below the equations for f1 and f2, corre-
spond to µ = j − 1 and µ = j + 1, respectively)[ d2

dr2
+

2

r

d

dr
+ 2M(ε+

α

r
)− µ(µ+ 1)

r2

]
f = 0. (8.35)

Changing the variable x = 2
√
−2εM r, we obtain[ d2

dx2
+

2

x

d

dx
− 1

4
− αM

x
√
−2εM

− µ(µ+ 1)

x2

]
f(x) = 0.

Further, introducing the substitution f(x) = xae−bx F (x), we arrive at

x
d2F

dx2
+ (2a+ 2− 2bx)

dF

dx

+
[a(a+ 1)− µ(µ+ 1)

x
− 2b− 2ab+

αM√
−2εM

+ (b2 − 1

4
)x
]
F = 0 .

When b = +1/2, a = +µ, the last equation simplifies

x
d2F

dx2
+ (2ν + 2− x)

dF

dx
−
[
1 + µ− αM√

−2εM

]
F = 0,

what is the confluent hypergeometric equation for F (A,C; x) with parameters given by

A = 1 + µ− αM√
−2εM

, C = 2µ+ 2.

The quantisation condition is A = −n, which gives the following energy spectrum

1 + µ− αM√
−2εM

= −n =⇒ ε = − α2M

2(1 + µ+ n)2
= − Me4

2~2(1 + µ+ n)2
; (8.36)

recall that to linearly independent solutions correspond the different values of µ: µ = j − 1
and µ = j + 1.
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8.4 The Lorentz condition in presence of the Coulomb field

As shown above, the states with parity P = (−1)j are described by six equations( d
dr

+
2

r

)
E2 + 2

ν

r
E1 +mΦ0 = 0, i

(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −mΦ1 = 0,

i
(
ε+

α

r

)
E2 − 2i

ν

r
H1 −mΦ2 = 0, −i

(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −mE1 = 0,

i
(
ε+

α

r

)
Φ2 +

d

dr
Φ0 +mE2 = 0, i

( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +mH1 = 0 .

(8.37)

There is known that for the spin 1 particle in the presence of electromagnetic fields there
must exist a generalised Lorentz condition. In radial form for states with P = (−1)j , it has
the form [2]

−i
(
ε+

α

r

)
Φ0 −

( d
dr

+
2

r

)
Φ2 −

2ν

r
Φ1 =

iα

2mr2
E2 . (8.38)

Taking into account (8.38), from the system (8.37), we may derive an additional constraint
on radial functions. Indeed, from eq. (8.38), let us exclude the function Φ2 with the help of
the third equation in eq. (8.37)

−i
(
ε+

α

r

)
mΦ0 −

( d
dr

+
2

r

) [
i(ε+

α

r
)E2 −

2iν

r
H1

]
− 2mν

r
Φ1 =

iα

2r2
E2,

whence it follows

i
(
ε+

α

r

)
mΦ0 + i

(
ε+

α

r

)( d
dr

+
2

r

)
E2 −

2iν

r

( d
dr

+
1

r

)
H1 +

2mν

r
Φ1 =

iα

2r2
E2 .

Transforming the second and the third terms with the help of the first and the second
equations in eq. (8.37), we obtain

i
(
ε+

α

r

)
mΦ0 − im

(
ε+

α

r

)
Φ0 =

iα

2r2
E2 =⇒ E2 = 0 . (8.39)

Thus, in the system (8.37) we have six equations for only five unknown functions. Al-
lowing for the constraint E2 = 0, we reduce the system (8.37) to the form

1) 2
ν

r
E1 +mΦ0 = 0, 2) + i

(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −mΦ1 = 0,

3)− 2i
ν

r
H1 −mΦ2 = 0, 4) − i

(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −mE1 = 0,

5) i
(
ε+

α

r

)
Φ2 +

d

dr
Φ0 = 0, 6) i

( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +mH1 = 0 .

(8.40)

Introducing new variables iΦ1 = ϕ1, iΦ2 = ϕ2, we may exclude the imaginary unit from
equations:

1) mE1 = −m
2

2ν
rΦ0, 2)

(
ε+

α

r

)
mE1 +

( d
dr

+
1

r

)
mH1 +m2ϕ1 = 0,

3) mH1 =
m2

2ν
rϕ2, 4)

(
ε+

α

r

)
ϕ1 −

ν

r
Φ0 +mE1 = 0,

5)
(
ε+

α

r

)
ϕ2 +

d

dr
Φ0 = 0, 6)

( d
dr

+
1

r

)
ϕ1 +

ν

r
ϕ2 +mH1 = 0 .

(8.41)
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With the help of equations 1) and 3), we may exclude E1, H1, then remain four equations
for the variables Φ0, ϕ1, ϕ2:

2) −
(
ε+

α

r

)m2

2ν
rΦ0 +

( d
dr

+
1

r

)m2

2ν
rϕ2 +m2ϕ1 = 0,

4)
(
ε+

α

r

)
ϕ1 −

ν

r
Φ0 −

m2

2ν
rΦ0 = 0,

5)
(
ε+

α

r

)
ϕ2 +

d

dr
Φ0 = 0, 6)

( d
dr

+
1

r

)
ϕ1 +

ν

r
ϕ2 +

m2

2ν
rϕ2 = 0 .

(8.42)

It is evident that from physical point of view, there must exist two independent classes
of states described within the initial system (8.37) and the system (8.42) as well.

There exist two simple possibilities to get second order differential equations for functions
ϕ1 and ϕ2. The first is as follows: from equation 2) with the use of equation 6) we exclude
the variable ϕ2, and then with the help of equation 4) we exclude the variable ϕ1, so we get

d2ϕ1

dr2
+
(4

r
− 2r

r2 + 2ν2/m2

)dϕ1

dr

+
(
−m2 + ε2 +

2α ε

r
− 2

r2 + 2 ν2/m2
+
−2 ν2 + α2 + 2

r2

)
ϕ1 = 0 . (8.43)

This equation has four singular points: three are regular points, and the point r = ∞ is
an irregular one of rank 2. Only two singular points belong to the physical region of the
variable r. Having known the function ϕ1, we may find all remaining functions.

Consider the second possibility: from 4) we express Φ0 through ϕ1; then from 2) express
ϕ1 through ϕ2 and substitute these in equation 6); in this way, we obtain the following
equation for function ϕ2:

d2ϕ2

dr2
+
[4

r
+

2m2r

m2r2 + 2 ν2
+

2 (−m2r + ε2r + α ε)

m2r2 − ε2r2 − 2αε r + 2 ν2 − α2

]dϕ2

dr

+
[
−m2 + ε2 +

2α ε
(

2 ν2 − α2 + 2
)

(
2 ν2 − α2

)
r

+
4m2

m2r2 + 2 ν2
+
−2 ν2 + α2 + 2

r2

+
−4m2rα ε+ 4 rα ε3 − 8m2ν2 + 4m2α2 + 8 ν2ε2 + 4α2ε2(

m2r2 − ε2r2 − 2αε r + 2 ν2 − α2
)(

2 ν2 − α2
) ]

ϕ2 = 0 . (8.44)

Having known ϕ2, we may find all remaining functions.

8.5 The study of equation for ϕ1

Let us transform eq. (8.43) to dimensionless variable:

x = mr =
Mc

~
r =

r

λ
,

ε

m
= E, 2ν2 = Γ2;

this results in

d2ϕ1

dx2
+
( 4

x
− 2x

x2 + Γ2

)dϕ1

dx
+
(
E2 − 1 +

2αE

x
− 2

x2 + Γ2
+
α2 + 2− Γ2

x2

)
ϕ1 = 0, (8.45)
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or differently

d2ϕ1

dx2
+
( 4

x
− 1

x+ iΓ
− 1

x− iΓ

)dϕ1

dx
+
(
E2 − 1 +

2αE

x
− i/Γ

x+ iΓ
+

i/Γ

x− iΓ −
µ2

x2

)
ϕ1 = 0, (8.46)

where the notation µ2 = Γ2 − 2 − α2 is used. The last equation has three regular points
x = 0,−iΓ,+iΓ, and one irregular, x = ∞, of the rank 2. Its Frobenius solutions are
constructed in the form

ϕ1(x) = ϕ(x)f(x) = xAeBxf(x).

For function f(x) we obtain the following equation

f ′′ +
(2A

x
+ 2B +

4

x
− 1

x+ iΓ
− 1

x− iΓ

)
f ′ +

(A(A− 1)

x2
+

2AB

x
+B2

+
4

x

A

x
− 1

x+ iΓ

A

x
− 1

x− iΓ
A

x
+

4B

x
− B

x+ iΓ
− B

x− iΓ

+E2 − 1 +
2αE

x
− i/Γ

x+ iΓ
+

i/Γ

x− iΓ
− µ2

x2

)
f = 0 .

Allowing for restrictions A = −3/2±
√

(3/2)2 + µ2, B = ±
√

1− E2, we arrive at a simpler
equation

d2f

dx2
+
(

2B +
4 + 2A

x
− 1

x− iΓ
− 1

x+ iΓ

) df
dx

+
(2AB + 2Eα+ 4B

x
+
iA−BΓ + i

Γ (x− iΓ)
− iA+BΓ + i

Γ (x+ iΓ)

)
f = 0 . (8.47)

To get solutions suitable to describe bound states, we should take the following parameters

A = −3

2
+

√
(
3

2
)2 + µ2 > 0, B = −

√
1− E2 < 0. (8.48)

To present eq. (8.47), it is convenient to apply the shortening notations:

d2f

dx2
+
(
K +

L

x
− 1

x− iΓ
− 1

x+ iΓ

) df
dx

+
(a
x

+
b

x− iΓ
− c

x+ iΓ

)
f = 0 . (8.49)

We construct solutions of the last equation in the form of power series, f(x) =
∑∞
n=0 dnx

n.
Having performed needed calculations, we get 4-term recurrent relations for coefficients of
the series:

[ K(k − 2) + (a+ b− c) ] dk−2

+[ (k − 1)(k − 2) + (L− 2)(k − 1) + iΓ(b+ c) ] dk−1

+[ KΓ2k + aΓ2 ] dk + [Γ2(k + 1)k + LΓ2(k + 1) ] dk+1 = 0 . (8.50)

Having studied the convergence of the series by Poincaré–Perron method, we get two possible
convergence radii: Rconv = Γ, +∞. It is easy to show that behaviour of solutions near the
singular point ±iΓ is given by the simple structure, ϕ1 ∼ (x± iΓ)D, D = 0,+2. Therefore,
we may expect that the series converges in all points.

Let us try to get some quantisation rules for energy levels by applying the known condi-
tion [10], which separates so-called transcendental Frobenius solutions. The needed restric-
tion has the form (see eq. (8.50))

K(k − 2) + (a+ b− c) = 0, k ≥ 2 . (8.51)
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Explicitly the last condition reads√
1− E2 N = Eα, where N ≡ (k − 2) +A+ 1 ; (8.52)

whence it follows the formula for energy levels (let k − 2 = n = 0, 1, 2, 3, ...)

E =
1√

1 + α2/N2
, N = n− 1

2
+

√
(
3

2
)2 + µ2. (8.53)

Allowing for the equality µ2 = j(j + 1)− 2− α2, we obtain final formulas for energy levels

E =
1√

1 + α2/N2
, N = n− 1

2
+

√
j(j + 1) +

1

4
− α2, (8.54)

where j = 1, 2, 3, ...; n = 0, 1, 2, 3, ... To illustrate the spectrum, let us find a number of

energy values, ε
(1)
n,j at j = 1, n = 0, 20:

n = 0, 0.9999733604,
n = 1, 0.9999933400, n = 11, 0.9999998150,
n = 2, 0.9999970400, n = 12, 0.9999998424,
n = 3, 0.9999983350, n = 13, 0.9999998641,
n = 4, 0.9999989344, n = 14, 0.9999998816,
n = 5, 0.9999992600, n = 15, 0.9999998959,
n = 6, 0.9999994563, n = 16, 0.9999999078,
n = 7, 0.9999995838, n = 17, 0.9999999178,
n = 8, 0.9999996711, n = 18, 0.9999999262,
n = 9, 0.9999997336, n = 19, 0.9999999334,
n = 10, 0.9999997798, n = 20, 0.9999999396.

(8.55)

This spectrum is illustrated by Fig. 8.1. Behaviour of the factor ϕ(x) in Frobenius
solutions ϕ(x) at j = 1, n = 1, 5, 10, 20 is illustrated by Fig. 8.2. Behaviour of the factor
ϕ(x) at j = 1, n = 0 is illustrated by Fig. 8.3. Also, for these parameters we calculate
coefficients of the polynomial approximation Pk=20 of the series:

Pk=20 = 1 + 0.004515x+ 0.1299x2 + 0.0005247x3 − 0.01032x4 − 0.0000354x5

+0.001825x6 + 5.58 · 10−6x7 − 0.000431x8 − 1.21 · 10−6x9

+0.0001190x10 +3.11 ·10−7x11−0.0000364x12−9.0 ·10−8x13 +0.00001194x14 +2.8 ·10−8x15

−4.13 ·10−6x16−9.4 ·10−9x17+1.49 · 10−6x18+ 3.3 ·10−9x19−5.55 · 10−7x20. (8.56)

Besides, numerical study show that polynomial Pk=20 has the following zero points,
Pk=20(x) = 0:

−2.1, +2.1; −2.03− 0.65i,−2.03 + 0.65i; −1.72− 1.23i,−1.72 + 1.23i;
−1.23− 1.66i,−1.23 + 1.66i; −0.63− 1.89i,−0.63 + 1.89i; −1.81i, +1.81i;

0.63− 1.89i; 0.63 + 1.89i; 1.23− 1.67i; 1.23 + 1.67i; 1.72− 1.23i, 1.72 + 1.23i;
2.03− 0.65i, 2.03 + 0.65,

where we can see only one zero point x = +2.1 in the physical region of the variable.
Behaviour of the function f(x) and the complete Frobenius solution ϕ1(x) = ϕ(x)f(x)

at n = 0 is illustrated by Fig. 8.4. A numerical study of the series f1(x) for other values
of n proves that the qualitative situation does not change. In particular, the polynomial
approximation gives only one zero points in the physical region; they are localised in a small
interval. Figure 8.5 illustrates behaviour of the complete Frobenius solutions at n = 5, 10, 15,
and 20.
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8.6 Equation for function ϕ2

Let us turn to the eq. (8.44) for function ϕ2. In the variables x = mr, ε/m = E, 2ν2 = Γ2 it
has the form

d2ϕ2

dx2
+

[
4

x
+

2x

x2 + Γ2
+

2αE − 2(1− E2)x

x2(1− E2)− 2αEx+ Γ2 − α2

]
dϕ2

dx

+
[
− (1− E2) +

2αE(Γ2 − α2 + 2)

Γ2 − α2

1

x
+

4

x2 + Γ2
+

2− (Γ2 − α2)

x2

+
1

Γ2 − α2

−4αE(1− E2)x− 4Γ2(1− E2) + 4α2(1 + E2)

x2(1− E2)− 2xαE + Γ2 − α2

]
ϕ2 = 0 . (8.57)

The roots of the polynomial x2(1− E2)− 2xαE + Γ2 − α2 = 0 are

x1,2 =
αE ±

√
α2E2 − (Γ2 − α2)(1− E2)

1− E2
. (8.58)

Equation (8.57) may be presented differently

d2ϕ2

dx2
+
[ 4

x
+

1

x+ iΓ
+

1

x− iΓ
− 1

x− x1
− 1

x− x2

]dϕ2

dx

+
[
− (1− E2) +

2αE(Γ2 − α2 + 2)

(Γ2 − α2)

1

x
+
α2 − Γ2 + 2

x2
+

2i

Γ

1

x+ iΓ
− 2i

Γ

1

x− iΓ

+
1

Γ2 − α2

−4αE(1− E2)x− 4Γ2(1− E2) + 4α2(1 + E2)

x2(1− E2)− 2xαE + Γ2 − α2

]
ϕ2 = 0 . (8.59)

It has five regular singular points and one irregular one, x =∞ of the rank 2:

0, x1, x2, −iΓ, +iΓ ; ∞[2] .

In the neighbourhood of the points x1, x2, and x = ±iΓ solutions behave as follows

ϕ2(x) = (x− x1)ρ, ρ = 0, 2; ϕ2(x) = (x− x2)ρ, ρ = 0, 2 ; (8.60)

ϕ2(x) = (x± iΓ)σ, σ(σ − 1) + σ = 0, σ = 0. (8.61)

Near the point x = 0, solutions have the simple structure ϕ2(x) = xA:

A(A− 1) + 4A = (Γ2 − α2)− 2, A = −3

2
±
√

(
3

2
)2 + Γ2 − 2− α2 ; (8.62)

recall that Γ2 = j(j + 1) ≥ 2. In infinity, solutions behave as

ϕ2(x) = eBx, B = ±
√

1− E2 . (8.63)

To proceed further, we apply for eq. (8.59) a shorter form

ϕ′′2 +
(a1

x
+

a2

x− iΓ
+

a3

x+ iΓ
+

a4

x− x1
+

a5

x− x2

)
ϕ′2

+
(
D +

b1
x

+
b

x2
+

b2
x− iΓ

+
b3

x+ iΓ
+

b4
x− x1

+
b5

x− x2

)
ϕ2 = 0. (8.64)
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Its Frobenius solution are searched in the form

ϕ2(x) = xAeBxf(x),

for function f(x) we have the following equation

f ′′ +
(

2B +
a1 + 2A

x
+

a2

r − iΓ
+

a3

r + iΓ
+

a4

x− x1
+

a5

x− x2

)
f ′

+
(

(D +B2) +
a1A+ b+A(A− 1)

x2

+
a1B − a2A/iΓ + a3A/iΓ− a4A/x1 − a5A/x2 + b1 + 2AB

x

+
a2A/iΓ + a2B + b2

x− iΓ
+
−a3A/iΓ + a3B + b3

x+ iΓ

+
a4A/x1 + a4B + b4

x− x1
+
a5A/x2 + a5B + b5

x− x2

)
f = 0.

To follow for bound state solutions, we should use parameters

B = −
√

1− E2 < 0, A =
3 +

√
1 + 4(Γ2 − α2)

2
> 0 . (8.65)

Equation for f(x) may be presented shortly as

f ′′ +
(

2C +
C1

x
+

C2

x− iΓ
+

C3

x+ iΓ
+

C4

x− x1
+

C5

x− x2

)
f ′

+
(D1

x
+

D2

x− iΓ
+

D3

x+ iΓ
+

D4

x− x1
+

D5

x− x2

)
f = 0 . (8.66)

Searching solutions in the form of power series, f =
∑∞
n=0 dnx

n, we derive 6-term recurrent
relations

[2C(n− 4) +D1 +D2 +D3 +D4 +D5] dn−4

+[(n− 3)(n− 4)− 2C(x1 + x2)(n− 3)

+C1(n− 3) + C2(n− 3) + C3(n− 3) + C4(n− 3) + C5(n− 3)

−D1(x1 + x2)−D2(x1 + x2 − iΓ)−D3(x1 + x2 + iΓ)−D4x2 −D5x1] dn−3

+[−(x1 + x2)(n− 2)(n− 3) + 2C(x1x2 + Γ2)(n− 2)

−C1(x1 + x2)(n− 2)− C2(x1 + x2 − iΓ)(n− 2)

−C3(x1 + x2 + iΓ)(n− 2)− C4x2(n− 2)− C5x1(n− 2)

+D1(x1x2 + Γ2)−D2(x1iΓ + x2iΓ− x1x2) +D3(x1iΓ + x2iΓ + x1x2) +D4Γ2 +D5Γ2] dn−2

+[(x1x2 + Γ2)(n− 1)(n− 2)− 2C(x1 + x2)Γ2(n− 1) + C1(x1x2 + Γ2)(n− 1)

−C2(x1iΓ+x2iΓ−x1x2)(n−1)+C3(x1iΓ+x2iΓ+x1x2)(n−1)+C4Γ2(n−1)+C5Γ2(n−1)

−D1(x1 + x2)Γ2 +D2iΓx1x2 −D3iΓx1x2 −D4Γ2x2 −D5Γ2x1] dn−1

+[−(x1 + x2)Γ2n(n− 1) + 2CΓ2x1x2n− C1(x1 + x2)Γ2n

+C2iΓx1x2n− C3iΓx1x2n− C4Γ2x2n− C5Γ2x1n+D1Γ2x1x2] dn

+ [Γ2x1x2n(n+ 1) + C1Γ2x1x2(n+ 1)] dn+1 = 0. (8.67)
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Having used the Poincaré–Perron method, we find four possible convergence radii:

Rconv =∞, |Γ|, |x1|, |x2|. (8.68)

In order to derive some quantisation rule, let us applying the known transcendency
condition, here it has the form (see relation (8.67))

Pk−4 = 0, k ≥ 4, 2C(k − 4) +D1 +D2 +D3 +D4 +D5 = 0, (8.69)

where
2C = −2

√
1− E2,

D1 = a1B − a2A/iΓ + a3A/iΓ− a4A/x1 − a5A/x2 + b1 + 2AB,

D2 = a2A/iΓ + a2B + b2 , D3 = −a3A/iΓ + a3B + b3,

D4 = a4A/x1 + a4B + b4, D5 = a5A/x2 + a5B + b5 .

Taking into account expressions for involved parameters:

x1 =
αE −

√
α2 − Γ2 + E2Γ2

1− E2
, x2 =

αE +
√
α2 − Γ2 + E2Γ2

1− E2
,

a1 = 4 , a2 = 1 , a3 = 1 , a4 = −1 , a5 = −1 ,

b1 =
2αE

(
Γ2 − α2 + 2

)
Γ2 − α2

, b2 =
−2 i

Γ
, b3 =

2 i

Γ
,

b4 = −2 (αE +
√
α2 − Γ2 + E2Γ2)

Γ2 − α2
, b5 =

2 (−αE +
√
α2 − Γ2 + E2Γ2)

Γ2 − α2
,

from (8.69) we derive an algebraic equation√
1− E2 [ (k − 4) + (A+ 2) ] = αE , k − 4 ≥ 0. (8.70)

Let us apply notation (k − 4) + (A + 2) = N, k − 4 = n = 0, 1, 2, ...; then the formulas for
energy levels reads

E =
1√

1 + α2/N2
, N = n+

1

2
+

√
1

4
+ j(j + 1)− α2. (8.71)

It should be noted that two formulas (8.54) and (8.71) determine the same spectrum.
This agrees with the fact that according to eqs. 4) and 5) in eq. (8.40), the functions ϕ1

and ϕ2 differ only in an elementary multiplier.

8.7 Studying the first equation for Φ0

There exists possibility to get a 2nd-order equation for function Φ0. To this end, from eq.
4) in eq. (8.41) one finds relationship between Φ0 and ϕ1:

2ν

r

(
ε+

α

r

)
ϕ1(r) =

(2ν2

r2
+m2

)
Φ0(r),
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or in dimensionless form

Φ0(x) = 2ν
Ex+ α

2ν2 + x2
ϕ1(x) = F (x)ϕ1(x) . (8.72)

Now taking in mind the known 2nd-order equation for ϕ1: ∆ϕ1 = 0, ϕ1 = F−1Φ0, one
finds 2nd-order equation for Φ0:

∆F−1Φ0 = 0 =⇒ F∆F−1 Φ0 = 0 .

Thus, equation for Φ0 reads

Ex+ α

2ν2 + x2
∆

2ν2 + x2

Ex+ α
Φ0 = 0, (8.73)

where

∆ =
d2

dx2
+
( 4

x
− 2x

x2 + Γ2

) d
dx

+ E2 − 1 +
2αE

x
+
α2 + 2− Γ2

x2
− 2

x2 + Γ2
.

Equation (8.73) readily reduces to an explicit form

d2Φ0

dx2
+
[ 4

x
− 2E

Ex+ α
+

2x

x2 + 2 ν2

]dΦ0

dx

+
[2E

(
α2 − 2

)
xα

+
−2 ν2 + α2 + 2

x2
+

8 ν2

(x2 + 2 ν2)
2 +

2
(
4E2ν2 + 3α2

)
E2

(2E2ν2 + α2) (Ex+ α)α

+E2 − 1 +
2E2

(Ex+ α)
2 +
−2Eαx+ 4E2ν2 + 4α2

(x2 + 2 ν2) (2E2ν2 + α2)

]
Φ0 = 0 . (8.74)

We do not need to study this equation because it must lead to the energy spectrum, which
coincides with that derived from the study of equations for ϕ1 and ϕ2.

8.8 Second equation for function Φ0

Now we prove that for variable Φ0(x) there exists another 2nd-order equation, which pro-
vides us with a different energy spectrum. To derive this equation, we start with equations

1) E1 = − 1

2ν
xΦ0, 2)

(
E +

α

x

)
E1 +

( d
dx

+
1

x

)
H1 + ϕ1 = 0,

3)
2ν

x
H1 = ϕ2, 4) −

(
E +

α

x

)
ϕ1 +

ν

x
Φ0 = E1,

5)
(
E +

α

x

)
ϕ2 +

d

dx
Φ0 = 0, 6)

( d
dx

+
1

x

)
ϕ1 +

ν

x
ϕ2 +H1 = 0 .

(8.75)

With the help of eqs. 3) and 4), we exclude the variables ϕ2 and E1:

1) − 2ν

x

(
E +

α

x

)
ϕ1 +

(2ν2

x2
+ 1
)

Φ0 = 0,

2)
( d
dx

+
1

x

)
H1 +

(
E +

α

x

)ν
x

Φ0 +
[
1−

(
E +

α

x

)2]
ϕ1 = 0,

5)
d

dx
Φ0 +

2ν

x

(
E +

α

x

)
H1 = 0, 6)

( d
dx

+
1

x

)
ϕ1 +

(
1 +

2ν2

x2

)
H1 = 0 .

(8.76)
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Act by operator d
dx on eq. 5) in eq. (8.76):

d2

dx2
Φ0 −

2ν

x2

(
E +

α

x

)
H1 −

2ν

x

α

x2
H1 +

2ν

x

(
E +

α

x

) d
dx
H1 = 0.

Then with the help of eq. 2) in eq. (8.76):

d

dx
H1 = −

( 1

x
H1 +

(
E +

α

x

)ν
x

Φ0 +
[
1−

(
E +

α

x

)2]
ϕ1

)
we get [ d2

dx2
− 2ν2

x2

(
E +

α

x

)2]
Φ0

−
[2ν

x2

(
E +

α

x

)
+

2ν

x

α

x2
+

2ν

x2

(
E +

α

x

) ]
H1 −

2ν

x

(
E +

α

x

) [
1− (E +

α

x
)2
]
ϕ1 = 0.

In order to exclude the function ϕ1, let us use equation 1) from eq. (8.76):

2ν

x

(
E +

α

x

)
ϕ1 =

(
1 +

2ν2

x2

)
Φ0;

this yields[ d2

dx2
+
(
E +

α

x

)2

− 1− 2ν2

x2

]
Φ0 −

4ν

x2

(
E +

α

x

)
H1 −

2ν

x

α

x2
H1 = 0. (8.77)

Now with the use of eq. 5) from eq. (8.76):

d

dx
Φ0 +

2ν

x

(
E +

α

x

)
H1 = 0;

we obtain [ d2

dx2
+
(
E +

α

x

)2

− 1− 2ν2

x2
+

2

x

d

dx

]
Φ0 −

2ν

x

α

x2
H1 = 0.

Finally, taking into account eq. 5) from eq. (8.76):

− x

2ν

1

(E + α
x )

d

dx
Φ0 = H1,

we arrive at the needed 2nd-order equation for function Φ0:[ d2

dx2
+
( 3

x
− E

Ex+ α

) d
dx

+ E2 − 1 +
2Eα

x
+
α2 − 2ν2

x2

]
Φ0 = 0. (8.78)

In the variable z, x = − α
E z, z ∈ (−∞, 0) it takes the form

d2Φ0

dz2
+
(3

z
− 1

z − 1

)dΦ0

dz
+
(
α2 − α2

E2
− 2α2

z
− 2ν2 − α2

z2

)
Φ0 = 0. (8.79)

Below we will apply the following notations

γ2 = 2ν2 − α2 = j(j + 1)− α2 > 0, −Λ2 = −(−α2 +
α2

E2
) = −α2 1− E2

E2
< 0; (8.80)

then eq. (8.79) reads

d2Φ0

dz2
+

(
3

z
− 1

z − 1

)
dΦ0

dz
+
(
− Λ2 − 2α2

z
− γ2

z2

)
Φ0 = 0. (8.81)
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It has two regular singular points z = 0, 1 and one irregular point z = ∞ of the rank 2.
Near the point z = 0, the equation becomes simpler, and its solutions behave as

d2Φ0

dz2
+

3

z

dΦ0

dz
− γ2

z2
Φ0 = 0, Φ0 ∼ zA, A = −1 +

√
1 + γ2 > 0. (8.82)

To bound states, there correspond positive values for A. Find asymptotical behaviour of
solutions as z → −∞:

d2Φ0

dz2
+

2

z

dΦ0

dz
− Λ2Φ0 = 0, Φ0 = e±

√
Λ2 z = e∓

√
M2c4−E2 r/~c. (8.83)

Frobenius solutions for eq. (8.81) are searched in the form Φ0(z) = zAeBz f(z); where
f(z) obeys the equation

f ′′ +
(

2B +
2A+ 3

z
− 1

z − 1

)
f ′

+
(

(B2 − Λ2) +
A2 + 2A− γ2

z2
+

2AB +A+ 3B − 2α2

z
− A+B

z − 1

)
f = 0.

Below we use the following parameters, A = −1 +
√

1 + γ2, B = +
√

Λ2 , the previous
equation becomes simpler

f ′′ +
(

2B +
2A+ 3

z
− 1

z − 1

)
f ′

+
(2AB +A+ 3B − 2α2

z
− A+B

z − 1

)
f = 0. (8.84)

It may be identified with confluent Heun equation [10,11]:

f ′′ +
(
− t+

c

z
+

d

z − 1

)
f ′ +

λ− ta z
z(z − 1)

f = 0, (8.85)

its parameters are determined by the formulas

t = −2B, c = 2A+ 3, d = −1,

−λ = 2AB + 3B +A− 2α2, −ta = 2BA+ 2B − 2α2.
(8.86)

For parameter a we readily obtain expression

a = A+ 1− α2

B
= +

√
1 + γ2 − α2

Λ
. (8.87)

Solutions for f(z) may be constructed in the form of a power series f(z) =
∑∞
k=0 dkz

k with
3-term recurrent relations;

c d1 + λ d0 = 0, k = 1, 2, 3, ..., t (k − 1 + a) dk−1

−[ k(k − 1 + t+ d+ c) + λ ] dk + (k + 1) (k + c) dk+1 = 0. (8.88)

The recurrent relation (8.88) may be re-written differently

k = 1, 2, ... Pkdk − (Qk + λ) dk+1 +Rk dk+2 = 0,

Pk = t (k − 1 + a), Qk = k(k − 1 + t+ d+ c), Rk = (k + 1) (k + c),
(8.89)

it is equivalent to

1

k2
Pk −

1

k2
(Qk + λ)

dk+1

dk
+

1

k2
Rk

dk+2

dk+1

dk+1

dk
= 0;
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whence in the limit k →∞ it follows the simple algebraic equation

lim
k→∞

dk+1

dk
= lim
k→∞

dk+2

dk+1
= r, −r + r2 = 0 =⇒ r = 0, 1.

According to Poincaré–Perron method, we conclude that convergence radius is Rconv =
1,∞. Behaviour of solutions near the point z = 1 is determined by the formula Φ0 ∼
(z − 1)ρ, ρ = 0, 2.

Imposing restriction Pn = 0, we get the class of the transcendental confluent Heun
functions

Pk = 0 − a = k − 1 = n, n = 0, 1, 2, 3... . (8.90)

The constraint (8.90) gives the following quantisation rule

n+
√

1 + γ2 =
α2

Λ
≡ α

√
E2

1− E2
;

whence it follows the formula for energies

E =
1√

1 + α2/N2
, N = n+

√
j(j + 1) + 1− α2. (8.91)

It should be emphasised that the last formula does not coincides with the previously
derived formula for energies (8.71):

E =
1√

1 + α2/N2
N = n+

1

2
+

√
j(j + 1) +

1

4
− α2 (8.92)

This means that the 2nd-order equation for Φ0 describes the class of bound states different
from the class of states determined by the 2nd-order equation for ϕ1 (and the equation for
ϕ2). This statement is valid even if both of these classes do not represent genuine spectra.
As said above, by general physical grounds, we should expect existence of two series of
bound states with parity P = (−1)j , determined by six eqs. (8.37).

We may note that two variables Φ0(x) and ϕ1(x) relate to each other by a simple
multiplier

Φ0(x) = 2ν
α+ Ex

2ν2 + x2
ϕ1(x). (8.93)

If one substitutes the last expression for Φ0 into eq. (8.78) for Φ0, the one will derive for
ϕ1(x) an equation different from the above known eq. (8.45). Indeed, starting with the
relationships

Φ0(x) = f(x)ϕ1(x), f(x) =
xE + α

2ν2 + x2
,

and from eq. (8.78) for Φ0[ d2

dx2
+
( 3

x
− E

Ex+ α

) d
dx

+ E2 − 1 +
2Eα

x
+
α2 − 2ν2

r2

]
Φ0 = 0 (8.94)

we obtain the following equation for ϕ1:

ϕ′′1 +
( 3

x
− E

Ex+ α
+

2E

Ex+ α
− 4x

2ν2 + x2

)
ϕ′1
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+
[( E

Ex+ α
− 2x

2ν2 + x2

)2
− E2

(Ex+ α)2
− 2

2ν2 + x2
+

4x2

(2ν2 + x2)2

+(
3

x
− E

Ex+ α
)(

E

Ex+ α
− 2x

2ν2 + x2
) + E2 − 1 +

2Eα

x
+
α2 − 2ν2

x2

]
ϕ1 = 0. (8.95)

This equation for ϕ1 does not coincides with previously studied one (8.46). This means that
classes of solutions determined by eqs. (8.46) and (8.95) for variable ϕ1(x) are different.

Let us perform numerical study of the corresponding energy spectrum ε
(2)
n,j . The formula

(8.91) gives the following values for energies at j = 1, n = 0, 20:

n = 0, 0.999991120,
n = 1, 0.999996430, n = 11, 0.999999835,
n = 2, 0.999998087, n = 12, 0.999999858,
n = 3, 0.999998810, n = 13, 0.999999877,
n = 4, 0.999999189, n = 14, 0.999999892,
n = 5, 0.999999412, n = 15, 0.999999904,
n = 6, 0.999999554, n = 16, 0.999999915,
n = 7, 0.999999650, n = 17, 0.999999924,
n = 8, 0.999999718, n = 18, 0.999999931,
n = 9, 0.999999768, n = 19, 0.999999938,
n = 10, 0.999999806, n = 20, 0.999999943.

(8.96)

This set may be illustrated by Fig. 8.6.
It is helpful to compare two series of energy levels:

∆n = εn,j=1 − ε(2)
n,j=1; (8.97)

we readily obtain the values for ∆n:

−3.091 · 10−6, −1.047 · 10−6, −4.75 · 10−7, −2.55 · 10−7, −1.52 · 10−7,
−9.8 · 10−8, −6.7 · 10−8, −4.8 · 10−8, −3.5 · 10−8, −2.7 · 10−8,
−2.1 · 10−8, −1.6 · 10−8, −1.3 · 10−8, −1.1 · 10−8, −9. · 10−9,
−7. · 10−9, −6. · 10−9, −5. · 10−9, −5. · 10−9, −4. · 10−9

which is illustrated by Fig. 8.9. For completeness, let us detail the third spectrum ε
(3)
n,j ,

related to the states with parity P = (−1)j+1 and described in terms of hypergeometric
functions

E =
1√

1 + α2/N2
, N = n+

1

2
+

√
(j +

1

2
)2 − α2; (8.98)

this formula gives the following values for energy at j = 1, n = 0, 20:

n = 0, 0.999993340,
n = 1, 0.999997040, n = 11, 0.999999842,
n = 2, 0.999998335, n = 12, 0.999999864,
n = 3, 0.999998934, n = 13, 0.999999881,
n = 4, 0.999999260, n = 14, 0.999999895,
n = 5, 0.999999456, n = 15, 0.999999907,
n = 6, 0.999999583, n = 16, 0.999999917,
n = 7, 0.999999671, n = 17, 0.999999926,
n = 8, 0.999999733, n = 18, 0.999999933,
n = 9, 0.999999779, n = 19, 0.999999939,
n = 10, 0.999999815, n = 20, 0.999999945.

(8.99)
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which is illustrated in Fig. 8.10. Let us compare the series of energy levels:

∆̃n = ε
(1)
n,j=1 − ε

(3)
n,j=1;

we readily get for ∆̃n:

−3.700 · 10−6, −1.295 · 10−6, −5.99 · 10−7, −3.26 · 10−7, −1.96 · 10−7,
−1.27 · 10−7, −8.7 · 10−8, −6.28 · 10−8, −4.6 · 10−8, −3.5 · 10−8,
−2.7 · 10−8, −2.2 · 10−8, −1.8 · 10−8, −1.4 · 10−8, −1.2 · 10−8,
−1. · 10−8, −8. · 10−9, −7. · 10−9, −6. · 10−9, −5. · 10−9,

which is illustrated in Fig. 8.11.

8.9 Fourth-order equations, the first method

Let us turn again to six equations (it is convenient to numerate them):

1) + i
(
ε+

α

r

)
E2 − 2i

ν

r
H1 −MΦ2 = 0,

2) − i
(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −ME1 = 0,

3)
( d
dr

+
2

r

)
E2 + 2

ν

r
E1 +MΦ0 = 0,

4) + i
(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −MΦ1 = 0,

5) i
(
ε+

α

r

)
Φ2 +

d

dr
Φ0 +ME2 = 0,

6) i
( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +MH1 = 0.

(8.100)

Equations 2) and 4):

−i
(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −ME1 = 0, +i

(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −MΦ1 = 0

permit us to express Φ1 and E1 through Φ0 and H1:

E1 =
(ε r + α)

(M2 − ε2) r2 − 2α ε r − α2

(
r
dH1

dr
+H1

)
+

Mν r(
M2 − ε2

)
r2 − 2α ε r − α2

Φ0,

Φ1 =
iMr

(M2 − ε2) r2 − 2α ε r − α2

(
r
dH1

dr
+H1

)
+

iν (ε r + α)

(M2 − ε2) r2 − 2α ε r − α2
Φ0 .

(8.101)

Similarly, eqs. 1) and 5):

+i(ε+
α

r
)E2 − 2i

ν

r
H1 −MΦ2 = 0, i

(
ε+

α

r

)
Φ2 +

d

dr
Φ0 +ME2 = 0

permit to express Φ2 and E2 through Φ0 and H1:

E2 = − r2M

(M2 − ε2) r2 − 2α ε r − α2

dΦ0

dr
− 2 ν (ε r + α)

(M2 − ε2) r2 − 2α ε r − α2
H1 ,

Φ2 = − ir (ε r + α)

M2r2 − ε2r2 − 2α ε r − α2

dΦ0

dr
− 2 irMν

M2r2 − ε2r2 − 2α ε r − α2
H1 .

(8.102)
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If in eqs. 3) and 6):( d
dr

+
2

r

)
E2 + 2

ν

r
E1 +MΦ0 = 0, i

( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +MH1 = 0

one excludes with the help of derived relations (8.101) and (8.102) the variables Φ1, E1,Φ2,
and E2, then one obtains equations which contain only the variables Φ0 and H1:

−r2M
d2Φ0

dr2
+
[
− 2Mr + 2

α εM

M2 − ε2

+
Mα2

(Mr − ε r − α) (M − ε)
+

Mα2

(Mr + ε r + α) (M + ε)

]dΦ0

dr

+M
[(
M2 − ε2

)
r2 − 2α ε r + 2 ν2 − α2

]
Φ0+[

− 2 ν Mα

(ε−M) r + α
− 2αν

r
+

2 ν Mα

(M + ε) r + α

]
H1 = 0 ,

(8.103)

−r2M
d2H1

dr2
+
[
− 2Mr + 2

α εM

M2 − ε2

+
Mα2

(Mr − ε r − α) (M − ε)
+

Mα2

(Mr + ε r + α) (M + ε)

]dH1

dr

+
[
M
((
M2 − ε2

)
r2 − 2α ε r + 2 ν2 − α2

)
+

Mα

(M − ε) r − α
− Mα

(M + ε) r + α

]
H1

+
[
− ν Mα

(ε−M) r + α
− αν

r
+

ν Mα

(M + ε) r + α

]
Φ0 = 0 . (8.104)

Whence it follows a 4th-order equation for Φ0:

d4Φ0

dr4
+
[ −4M2r − 4 ε2r − 4α ε

M2r2 + ε2r2 + 2α ε r + α2
+

14

r

]d3Φ0

dr3

+
[
− 2M2 + 2 ε2 +

2α2 − 4 ν2 + 52

r2
+

(
−28M2 + 44 ε2

)
α+ 36 rε

(
M2 + ε2

)
α ((M2 + ε2) r2 + 2α ε r + α2)

−8
M2α2

((M2 + ε2) r2 + 2α ε r + α2)
2 +

4α2ε− 36ε

αr

]d2Φ0

dr2

+
[
4
ε
(
5α2 + 2 ν2 − 16

)
α r2

+
10α2 − 20 ν2 + 48

r3

+
1

(M2r2 + ε2r2 + 2α ε r + α2)α2

×[8M4α2r − 8M4ν2r + 8M2α2ε2r + 8 ε4ν2r + 8M2α3ε− 24M2α ε ν2 + 8α ε3ν2+

+60M4r − 40M2ε2r − 100 ε4r + 184M2α ε− 136α ε3]

+
24M4r + 16M2ε2r − 8 ε4r + 56M2α ε− 8α ε3

(M2r2 + ε2r2 + 2α ε r + α2)
2

+
−18M2α2 + 8M2ν2 + 10α2ε2 − 8 ε2ν2 − 60M2 + 100 ε2

rα2

]dΦ0

dr
+ Big[M4 − 2M2ε2 + ε4
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+
−4

(
α2 + 8

)
(ε−M) (M + ε) ν2 +

(
−2α4 − 44α2

)
M2 + 6 ε2α2

(
α2 + 2

)
r2α2

+
4 ν4 +

(
−4α2 − 20

)
ν2 + α4 + 6α2

r4
− 2

α2ν2

r6M2
+ 4

ε
(
α4 − 2α2ν2 + 5α2 + 6 ν2

)
r3α

+
1

α3((M2 + ε2)r2 + 2α ε r + α2)

×[+
(
32M4 − 48M2ε2

)
α3 − 40 εM2r

(
M2 + ε2

)
α2

−48 ν2
(
ε4 − 5M2ε2 + 2/3M4

)
α− 40 ε rν2

(
−3M2 + ε2

) (
M2 + ε2

)
]

+32

(
1/2M2α3 + 3/2

(
ε2 − 1/3M2

)
ν2α+ ε rν2

(
M2 + ε2

))
M2

α ((M2 + ε2) r2 + 2α ε r + α2)
2

4
ε
(
M2α4 − α4ε2 − 10M2α2 + 30M2ν2 − 10 ε2ν2

)
rα3

]
Φ0 = 0 ; (8.105)

two singular points 0,∞ belong to physical region of the variable r:

− α

ε+ iM
, − α

ε− iM
, 0, ∞.

Similarly, we derive a 4th-order equation for H1:

d4H1

dr4
+
[ −4M2r − 4 ε2r − 4α ε

M2r2 + ε2r2 + 2α ε r + α2
+

14

r

]d3H1

dr3

+
[
− 2M2 + 2 ε2 − 8M2α2

((M2 + ε2) r2 + 2α ε r + α2)
2 +

2α2 − 4 ν2 + 52

r2

+

(
−28M2 + 44 ε2

)
α+ 36 rε

(
M2 + ε2

)
α ((M2 + ε2) r2 + 2α ε r + α2)

+
4α2ε− 36 ε

α r

]d2H1

dr2

+
[24M4r + 16M2ε2r − 8 ε4r + 56M2α ε− 8α ε3

(M2r2 + ε2r2 + 2α ε r + α2)
2

+4
ε
(
5α2 + 2 ν2 − 18

)
α r2

+
10α2 − 20 ν2 + 52

r3

+
1

(M2r2 + ε2r2 + 2α ε r + α2)α2

×[8M4α2r − 8M4ν2r + 8M2α2ε2r + 8 ε4ν2r + 8M2α3ε− 24M2α ε ν2 + 8α ε3ν2

+64M4r − 48M2ε2r − 112 ε4r + 200M2α ε− 152α ε3]

+
−18M2α2 + 8M2ν2 + 10α2ε2 − 8 ε2ν2 − 64M2 + 112 ε2

rα2

]dH1

dr

+
[
M4 − 2M2ε2 + ε4 +

1

α
(
M2r2 + (ε r + α)

2
)2

[
(
(32 ν2 − 24)rε− 16 ν2α+ 16α3 + 8α

)
M4

+32 ε2
(
r(ν2 − 1/2)ε+ α (3/2 ν2 − 3/2)

)
M2 + 8 rε5 + 8α ε4]

+
−4

(
α2 + 8

)
(ε−M) (M + ε) ν2 +

(
−2α4 − 44α2 − 16

)
M2 + 6 ε2

(
α4 + 2α2 + 8

)
r2α2
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+4
ε
(
α4 − 2α2ν2 + 5α2 + 6 ν2 − 6

)
r3α

− 2
α2ν2

r6M2
+

1

(M2r2 + ε2r2 + 2α ε r + α2)α3

×[
(
−40 ν2 + 80

)
rε5 +

(
−48 ν2 + 112

)
α ε4 + 80

(
ν2 − 1/2α2

)
rM2ε3

+240
(
ν2 − 1/5α2 − 4/5

)
αM2ε2 + 120

(
ν2 − 1/3α2 − 2/3

)
rM4ε

−32α
(
ν2 − α2 − 1/2

)
M4] +

4 ν4 +
(
−4α2 − 20

)
ν2 + α4 + 6α2 + 8

r4

+40
ε
((
−1/10α4 − 3 ν2 + α2 + 2

)
M2 + ε2

(
1/10α4 + ν2 − 2

))
rα3

]
H1 = 0 , (8.106)

it has the same structure of singular points:

− α

ε+ iM
, − α

ε− iM
, 0, ∞.

8.10 Fourth-order equations, the second method

Equations 1) and 6) in (8.100):

+i(ε+
α

r
)E2 − 2i

ν

r
H1 −MΦ2 = 0, i

( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +MH1 = 0

permit to express the functions H1,Φ2 through the functions E2,Φ1:

H1 = − iMr

M2r2 + 2 ν2

(
r
dΦ1

dr
+ Φ1

)
+

(ε r + α)ν

M2r2 + 2 ν2
E2 ,

Φ2 = − 2 ν

M2r2 + 2 ν2

(
r
dΦ1

dr
+ Φ1

)
+
i(ε r + α)Mr

M2r2 + 2 ν2
E2. (8.107)

Similarly, eqs. 2) and 3) in eq. (8.100):

−i
(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −ME1 = 0,

( d
dr

+
2

r

)
E2 + 2

ν

r
E1 +MΦ0 = 0,

permit to express the functions Φ0, E1 through E2,Φ1:

E1 = − ν

M2r2 + 2 ν2

(
r
dE2

dr
+ 2E2

)
− i (ε r + α)Mr

M2r2 + 2 ν2
Φ1 ,

Φ0 = − Mr

M2r2 + 2 ν2

(
r
dE2

dr
+ 2E2

)
+

2 i (ε r + α) ν

M2r2 + 2 ν2
Φ1 . (8.108)

Excluding from eqs. 4) and 5)

+i
(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −MΦ1 = 0, i

(
ε+

α

r

)
Φ2 +

d

dr
Φ0 +ME2 = 0,

the variables H1,Φ2 and Φ0, E1, we obtain two equations which contain only the variables
E2 and Φ1:

Mr2 d
2Φ1

dr2
+
(

2Mr +
4Mν2r

M2r2 + 2 ν2

)dΦ1

dr

+
(
−M3r2 +Mε2r2 + 2Mαε r +Mα2 − 2Mν2 +

4Mν2

M2r2 + 2 ν2

)
Φ1
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+
(
− 2 iν ε−

2 iν
(
M2α r − 2 ε ν2

)
M2r2 + 2 ν2

− iν α

r

)
E2 = 0 , (8.109)

Mr2 d
2E2

dr2
+
(

2Mr +
4Mν2r

M2r2 + 2 ν2

)dE2

dr

+
(
−M3r2 +Mε2r2 + 2Mαε r +Mα2 − 2Mν2 − 2M +

8Mν2

M2r2 + 2 ν2

)
E2

+
(

4 iν ε+
4 iν

(
M2α r − 2 ε ν2

)
M2r2 + 2 ν2

+
2 iν α

r

)
Φ1 = 0 . (8.110)

We readily find a 4th-order equation for Φ1:

d4Φ1

dr4
+
[
− 12M2r (ε r + α)

2M2ε r3 + 3M2α r2 + 2αν2
+

14

r

]d3Φ1

dr3

+
[
− 2M2 + 2 ε2 +

18M2α
(
M2α r2 − 4 ε ν2r − 2αν2

)
(2M2ε r3 + 3M2α r2 + 2αν2)

2

− 6M2 (14 ε r + 17α)

2M2ε r3 + 3M2α r2 + 2αν2
+

2α2 − 4 ν2 + 54

r2
+

4α ε

r

]d2Φ1

dr2

+
[72M2α

(
3M2ε r2 + 5M2α r − 4 ε ν2

)
(2M2ε r3 + 3M2α r2 + 2αν2)

2

−
6
(
−2εν4 +

(
3εα2 +

(
2M2r + 3ε2r

)
α+ ε

(
M2r2 + r2ε2 + 10

))
ν2 − (εr + 3/2α) r

(
α2 + 23

)
M2
)
M2

ν2 (r2 (εr + 3/2α)M2 + αν2)

+
10α2 − 20 ν2 + 60

r3
+

24α ε

r2
+

(
−6α2 − 2 ν2 − 138

)
M2 + 14 ε2ν2

ν2r

]
dΦ1

dr

+
[
M4 − 2M2ε2 + ε4 − 18M2

(r2 (ε r + 3/2α)M2 + αν2)
2

(
1/4M4α2r2

+
(
−α4 − 4 rα3ε+

(
−9/4 r2ε2 + 3/2 ν2 − 3

)
α2

+ 3 rε
(
ν2 − 5/3

)
α+

(
2 ν2 − 2

)
ε2r2

)
M2 + ε2ν2α (ε r + 5/2α)

)
−2α2ν2

r6M2
− 18M2

ν2 (r2 (εr + 3/2α)M2 + αν2)α
((−3/2α4 − 7rα3ε+ (−4r2ε2 +

11ν2

6
− 9/2)α2

+5 r
(
ν2 − 7/5

)
ε α+ 8/3 ε2r2 (ν − 1) (ν + 1)

)
M2 + ε2ν2α (ε r + 5/2α)

)
+

4 ν4 +
(
−4α2 − 16

)
ν2 + α4 + 4α2 + 12

r4
+

4α ε
(
α2 − 2 ν2 + 6

)
r3

+

(
4 ν4 +

(
−2α2 + 14

)
ν2 − 18α2 − 54

)
M2 − 4

(
ν2 − 3/2α2 − 11/2

)
ν2ε2

ν2r2

+
4
(((
−α2 + 12

)
ν2 − 18α2 − 12

)
M2 + α2ε2ν2

)
ε

rν2α

]
Φ1 = 0 , (8.111)

and a 4th-order equation for function E2:

d4E2

dr4
+
[14

r
− 12M2r (rε+ α)

2M2r3ε+ 3M2r2α+ 2 ν2α

]d3E2

dr3
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+
[
− 2M2 + 2 ε2 + 4

ε α

r
+

18M2α
(
M2r2α− 4 ν2rε− 2 ν2α

)
(2M2r3ε+ 3M2r2α+ 2 ν2α)

2

+
−4 ν2 + 2α2 + 54

r2
+

(−84 rε− 102α)M2

(2 ε r3 + 3α r2)M2 + 2 ν2α

]d2E2

dr2

+
[(−2 ν2 − 6α2 − 144

)
M2 + 14 ν2ε2

ν2r
+

72M2α
(
3M2r2ε+ 5M2α r − 4 ε ν2

)
(2M2r3ε+ 3M2r2α+ 2 ν2α)

2

+
−20 ν2 + 10α2 + 60

r3
+

24 ε α

r2
− 12M2

2 ν2M2r3ε+ 3M2r2ν2α+ 2 ν4α

×(ε((ν2 − α2 − 24)M2 + ν2ε2)r2 + 2 ((ν2 − 3/4α2 − 18)M2 + 3/2 ν2ε2)α r

−2 ε (ν2 − 3/2α2 − 5)ν2)
]dE2

dr

+
[
M4 − 2M2ε2 + ε4 − 2 ν2α2

r6M2
−

4 ε
(((

α2 − 12
)
ν2 + 18α2 + 12

)
M2 − ν2α2ε2

)
rν2α

−9

2

M2

(r2 (rε+ 3/2α)M2 + ν2α)2
(
M4r2α2 +

(
−4α4 − 16 rα3ε+

(
−9 r2ε2 + 6 ν2 − 16

)
α2

+12 rε
(
ν2 − 2

)
α+

(
8 ν2 − 8

)
ε2r2

)
M2 + 4α ε2ν2 (rε+ 5/2α)

)
−

8 ε α
(
ν2 − 1/2α2 − 3

)
r3

+

(
4M2 − 4 ε2

)
ν4 +

((
−2α2 + 14

)
M2 + 6α2ε2 + 22 ε2

)
ν2 − 18M2

(
α2 + 4

)
ν2r2

− 48M2

α (r2 (rε+ 3/2α)M2 + ν2α) ν2

((
− 9

16
α4 − 21

8
rα3ε+

(
−3/2 r2ε2 +

11

16
ν2 − 9/4

)
α2

+
15

8

(
ν2 − 8/5

)
ε rα+ r2ε2 (ν − 1) (ν + 1)

)
M2 + 3/8α ε2ν2 (rε+ 5/2α)

)
+

4 ν4 +
(
−4α2 − 16

)
ν2 + α4 + 4α2 + 12

r4

]
E2 = 0 = 0 . (8.112)

These equations have identical singular points:

1

2

3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

Mε

+
1

2

Mα2

ε 3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M
− 1

2

α

ε
,

−1

4

3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

Mε

−1

4

Mα2

ε 3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M
− 1

2

α

ε

− i
2

√
3

1

2

3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

Mε
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−1

2

Mα2

ε 3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

 ,

−1

4

3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

Mε

−1

4

Mα2

ε 3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M
− 1

2

α

ε

+
i

2

√
3

1

2

3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

Mε

−1

2

Mα2

ε 3

√
−α

(
M2α2 − 2

√
2ν
√
M2α2 + 2 ε2ν2ε+ 4 ε2ν2

)
M

 , (8.113)

and the points r = 0, ∞.

8.11 Further study of six equations

Let us turn back to the system of six equations for states with parity P = (−1)j :

+i
(
ε+

α

r

)
E2 − 2i

ν

r
H1 −MΦ2 = 0,

−i
(
ε+

α

r

)
Φ1 +

ν

r
Φ0 −ME1 = 0,( d

dr
+

2

r

)
E2 + 2

ν

r
E1 +MΦ0 = 0,

+i
(
ε+

α

r

)
E1 + i

( d
dr

+
1

r

)
H1 −MΦ1 = 0,

i
(
ε+

α

r

)
Φ2 +

d

dr
Φ0 +ME2 = 0,

i
( d
dr

+
1

r

)
Φ1 + i

ν

r
Φ2 +MH1 = 0.

(8.114)

The physical dimensions of the involved quantities are

M =
mc

~
=

1

λ
, [M ] =

1

L
, ε =

E

~c
, [ε] =

1

L
, α =

e2

~c
=

1

137
.

It is convenient to apply the dimensionless form of equations by taking the Compton wave
length λ as a unit for the length and the rest energy of a particle as a unit for energy. In
this way we obtain

rM =⇒ x, ε/M = E/mc2 =⇒ ε,
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i
(
ε+

α

x

)
E2 − 2i

ν

x
H1 − Φ2 = 0,

−i
(
ε+

α

x

)
Φ1 +

ν

x
Φ0 − E1 = 0,( d

dx
+

2

x

)
E2 + 2

ν

x
E1 + Φ0 = 0,

+i
(
ε+

α

x

)
E1 + i

( d
dx

+
1

r

)
H1 − Φ1 = 0,

i
(
ε+

α

x

)
Φ2 +

d

dx
Φ0 + E2 = 0,

i
( d
dx

+
1

x

)
Φ1 + i

ν

x
Φ2 +H1 = 0 .

(8.115)

With the substitutions

Φ1 =
1

x
ϕ1, E2 =

1

x2
e2, H1 =

1

x
h1,

the system reduces to a more simple form

Φ2 = i
(
ε+

α

x

) 1

x2
e2 − 2i

ν

x2
h1, E1 = −i

(
ε+

α

x

) 1

x
ϕ1 +

ν

x
Φ0 ;

d

dx
e2 = −2νxE1 − x2Φ0,

d

dx
h1 = −

(
xε+ α

)
E1 − iϕ1,

d

dx
Φ0 = −i

(
ε+

α

x

)
Φ2 −

1

x2
e2,

d

dx
ϕ1 = −νΦ2 + ih1 .

(8.116)

With the help of two first (non-differential) equations, we exclude the functions Φ2, E1:

d

dx
e2 = 2iν

(
ε+

α

x

)
ϕ1 − (2ν2 + x2)Φ0,

d

dx
h1 = +i

[(
ε+

α

x

)2

− 1
]
ϕ1 − ν

(
ε+

α

x

)
Φ0 ;

(8.117)

d

dx
ϕ1 = − iν

x2

(
ε+

α

x

)
e2 + i

(2ν2

x2
+ 1
)
h1,

d

dx
Φ0 =

1

x2

[(
ε+

α

x

)2

− 1
]
e2 −

2ν

x2

(
ε+

α

x

)
h1.

(8.118)

We use the following notations:

a = 2iν
εx+ α

x
, c = −(2ν2 + x2), d = i

(εx+ α)2 − x2

x2
, b = −ν(εx+ α)

x
,

A = −iν(εx+ α)

x3
, C = +i

(2ν2 + x2)

x2
, D =

(εx+ α)2 − x2

x4
, B = −2ν(εx+ α)

x3
,

ab− cd = i p(x), AB − CD = −ip(x)

x4
, p(x) = (ε2 − 1)x2 + 2αεx− (2ν2 − α2) ;

also we re-designate the functions:

e2 = f1, h1 = f2, ϕ1 = f3, Φ0 = f4 . (8.119)

Then the system under consideration reads

d

dx
f1 = af3 + cf4,

d

dx
f2 = df3 + bf4 ;

d

dx
f3 = Af1 + Cf2,

d

dx
f4 = Df1 +Bf2 .

(8.120)
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Note that two excluded functions (see eq. (8.74)) are determined in these notations as
follows

Φ2 = i
(
ε+

α

x

) 1

x2
f1 −

2iν

x2
f2, E1 = −i

(
ε+

α

x

) 1

x
f3 +

ν

x
f4 . (8.121)

Above, with the use of the Lorentz condition, it was derived the simple constraint E2 =
0 (f1 = 0). Let us apply the same constraint again, and also extend such an approach by
imposing similar constraints on other functions.

I. Let f1(x) = 0, then from the system (8.120) by taking into account the restriction
f1 = 0, we obtain equations

af3 + cf4 = 0, df3 + bf4 =
d

dx
f2 ;

d

dx
f3 = Cf2,

d

dx
f4 = Bf2 ; (8.122)

thereby we examine projection of the solution – curve {f1(x), ..., f4(x)} – on the plane
{0, f2, f3, f3} in 4-space

Considering two first equations in eq. (8.122) as a linear system with respect to f3 and
f4, we get

f3 =
−c

ab− cd
d

dx
f2, f4 =

a

ab− cd
d

dx
f2 . (8.123)

Substituting these formulas into two remaining equations in eq. (8.122), we obtain two
different 2nd-order equations for the variable f2:

d

dr

−c
ab− cd

d

dr
f I2 = Cf I2 =⇒

[ d
dx

2ν2 + x2

p(x)

d

dx
+

2ν2 + x2

x2

]
f I2 = 0 ; (8.124)

d

dr

a

ab− cd
d

dr
f II2 = Bf II2 =⇒

[ d
dx

εx+ α

x p(x)

d

dx
+

(εx+ α)

x3

]
f II2 = 0 . (8.125)

Thus, the system (8.122), describing the projection of the whole solution {f1, ..., f4} on
the plane f1 = 0, may be solved on the basis of two main functions f I2 and f II2 – these obey
different 2nd-order equations, which lead to the different non-zero remaining functions f3

and f4.
In other words, the projection of the whole solution – the curve {fi(x)} on the plane

f1 = 0 consists of the parts (branches), related respectively to the functions f I2 and f II2 . In
fact, the concept of projection is determined by definition, which allows us to get additional
information about the needed entire solutions {fi(x)}.

II. Let f2(x) = 0, then we get the equations

af3 + cf4 =
d

dx
f1, 0 = df3 + bf4,

d

dx
f3 = Af1,

d

dx
f4 = Df1, (8.126)

which lead to

f3 =
b

ab− cd
d

dx
f1, f4 =

−d
ab− cd

d

dx
f1,

d

dx
f3 = Af1,

d

dx
f4 = Df1. (8.127)

Therefore, we derive two equations for f1(x):

d

dx

b

ab− cd
d

dx
fI1 = AfI1 =⇒

[
d

dx

(εx+ α)

xp(x)

d

dx
+

(εx+ α)

x3

]
fI1 = 0; (8.128)
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d

dx

−d
ab− cd

d

dx
fII1 = DfII1 =⇒

[
d

dx

(εx+ α)2 − x2

x2p(x)

d

dx
+

(εx+ α)2 − x2

x4

]
fII1 = 0. (8.129)

III. Let f3(x) = 0, then we get equations

d

dx
f1 = cf4,

d

dx
f2 = bf4, Af1 + Cf2 = 0, Df1 +Bf2 =

d

dx
f4 ;

which result in

f1 =
−C

AB − CD
d

dx
f4, f2 =

A

AB − CD
d

dx
f4,

d

dx
f1 = cf4,

d

dx
f2 = bf4, (8.130)

so we obtain two equations for f4:

d

dx

−C
AB − CD

d

dx
f I4 = cf I4 =⇒[

d

dx

(2ν2 + x2)x2

p(x)

d

dx
+ (2ν2 + x2)

]
f I4 = 0;

(8.131)

d

dx

A

AB − CD
d

dx
f II4 = bf II4 =⇒[

d

dx

(εx+ α)x

p(x)

d

dx
+

(εx+ α

x

]
f II4 = 0.

(8.132)

IV. Let f4(x) = 0, then we have the equations

Af1 + Cf2 =
d

dr
f3, Df1 +Bf2 = 0,

d

dx
f1 = af3,

d

dr
f2 = df3;

these yield

f1 =
B

AB − CD
d

dx
f3, f2 =

−D
AB − CD

d

dx
f3,

d

dx
f1 = af3,

d

dx
f2 = df3, (8.133)

so we derive two equations for f3(x):

d

dx

B

AB − CD
d

dx
f I3 = af I3 =⇒[ d

dx

2ν(εx+ α)x

p(x)

d

dx
+

2ν(εx+ α

x

]
f I3 = 0;

(8.134)

d

dx

−D
AB − CD

d

dx
f II3 = d f II3 =⇒[ d

dx

(εx+ α)2 − x2

p(x)
+

(εx+ α)2 − x2

x2

]
f II3 = 0 .

(8.135)

Let us write down the explicit form of all the derived 2nd-order differential equations
and fix their singular points. Recall that

p(x) = (ε2 − 1)x2 + 2εαx− (2ν2 − α2) ≡ (ε2 − 1)(x− x1)(x− x2),

x1,2 =
ε±

√
2ν2ε2 − (2ν2 − α2)

1− ε2
;

these roots are complex-valued in the case of bound states: 0 < ε < 1.
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For the case of projection f1 = 0, we have the equation[ d2

dx2
+
( 2x

x2 + 2ν2
− p′

p

) d
dx

+
p

x2

]
f I2 = 0, (8.136)

with the singular points x1, x2, x3,4 = ±i
√

2ν2, 0, ∞[2]; and the equation[ d2

dx2
+
( ε

εx+ α
− 1

x
− p′

p

) d
dx

+
p

x2

]
f II2 = 0, (8.137)

with the singular points x1, x2, x7 = −αε , 0, ∞[2].
For the case of projection f2 = 0, we have the equation[ d2

dx2
+
( ε

εx+ α
− 1

x
− p′

p

) d
dx

+
p

x2

]
f I1 = 0, (8.138)

with singular points x1, x2, x7 = −αε , 0, ∞[2]; and the equation[ d2

dx2
+
(2(εx+ α)ε− 2x

(εx+ α)2 − x2
− 2

x
− p′

p

) d
dx

+
p

x2

]
f II1 = 0, (8.139)

(εx+ α)2 − x2 = 0 =⇒ x5,6 = − α

ε+ 1
,

α

1− ε
,

and the singular points x1, x2, x5, x6, 0, ∞[2].
For projection f3 = 0, we have equation[ d2

dx2
+
( 2x

2ν2 + x2
+

2

x
− p′

p

) d
dx
− p

x2

]
f I4 = 0, (8.140)

with singular points x1, x2, x3,4 = ±i
√

2ν2, 0, ∞[2]; and equation[ d2

dx2
+
( ε

εx+ α
+

1

x
− p′

p

) d
dx

+
p

x2

]
f II4 = 0, (8.141)

with singular points x1, x2, x7 = −αε , 0, ∞[2].
For projection f4 = 0, we have equation[ d2

dx2
+
( ε

εx+ α
+

1

x
− p′

p

) d
dx

+
p

x2

]
f I3 = 0, (8.142)

with singular points x1, x2, x5 = −αε , 0, ∞[2]; and equation[
{ d

2

dx2
+
(2(εx+ α)ε− 2x

(εx+ α)2 − x2
− p′

p

) d
dx

+
p

x2

]
f II3 = 0, (8.143)

with singular points x1, x2, x5, x6, 0, ∞[2].
In short, results may be presented as follows:

I, E2 = 0⇔ f1 = 0, f I2 , f
II
2 ⇔ HI

1 , H
II
1 ;

II, H1 = 0⇔ f2 = 0, f I1 , f
II
1 ⇔ EI1 , E

II
1 ;

III, ϕ3 = 0⇔ f3 = 0, f I4 , f
II
4 ⇔ ΦI0,Φ

II
0 ;

IV, Φ0 = 0⇔ f4 = 0, f I3 , f
II
3 ⇔ ϕI1, ϕ

II
1 .

(8.144)
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8.12 The 4th-order differential equations

We start again with the system

d

dx
f1 = af3 + cf4,

d

dx
f2 = df3 + bf4,

d

dx
f3 = Af1 + Cf2,

d

dx
f4 = Df1 +Bf2.

(8.145)

This is equivalent to the following

f1 =
Bf ′3 − Cf ′4
AB − CD

, f2 =
−Df ′3 +Af ′4
AB − CD

,

f3 =
bf ′1 − cf ′2
ab− cd

, f4 =
−df ′1 + af ′2
ab− cd

.

(8.146)

First, we exclude the functions f3 and f4:

f1 =
B

(AB − CD)

d

dx

bf ′1 − cf ′2
ab− cd

− C

(AB − CD)

d

dx

−df ′1 + af ′2
ab− cd

,

f2 = − D

(AB − CD)

d

dx

bf ′1 − cf ′2
ab− cd

+
A

(AB − CD)

d

dx

−df ′1 + af ′2
ab− cd

.

By taking into account expressions for a(x), ..., D(x), the last equations get the following
form [

K2(x)
d2

dx2
+K1(x)

d

dx
+K0(x)

]
f1 =

df2

dx
,[

L2(x)
d2

dx2
+ L1(x)

d

dx
+ L0(x)

]
f2 =

df1

dx
,

(8.147)

where the notations are used

K2(x) =
1

2

−x5ε2 − 2x4α ε+ 2 ν2x3 + x5 − x3α2

x (2 ε x3 + 3αx2 + 2αν2) ν
,

K1(x) =
1

2

ε2 − 1

ε ν
+

1

2

α
(
3x2 − x2ε2 − ε xα+ 2 ν2

)
ε ν (2 ε x3 + 3αx2 + 2αν2)

+
1

2

α

xν
,

K0(x) = −1

4

((
ε2 − 1

)
x2 + 2 ε xα− 2 ν2 + α2

)2
ν (ε x3 + 3/2αx2 + αν2)

,

L2(x) =

(
x5ε2 + 2x4α ε− x5 + x3α2 − 2 ν2x3

)
x

(x2 + x2ε2 + 2 ε xα+ α2) ν α
,

L1(x) =

(
2 ε xα ν2 + 2x3ε α+ 2x2α2 + 2 ν2α2

)
x

(x2 + x2ε2 + 2 ε xα+ α2) ν α
,

L0(x) =

((
ε2 − 1

)
x2 + 2 ε xα− 2 ν2 + α2

)2
x2

ν (x2 + x2ε2 + 2 ε xα+ α2)α
.

Let us exclude the function f2 from the eq. (8.147):

f2(x) =

∫ (
K2(x)

d2

dx2
+K1(x)

d

dx
+K0(x)

)
f1 ,
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L2

d

dx
+ L1

)(
K2

d2

dx2
+K1

d

dx
+K0

)
f1 + L0

∫
dx
(
K2

d2

dx2
+K1

d

dx
+K0

)
f1 = 0.

The second relation should be divided by L0(x) and the result be differentiated; in this way,
we obtain a 4th-order equation for f1(x):{ d

dx

(L2

L0

d

dx
+
L1

L0

)(
K2

d2

dx2
+K1

d

dx
+K0

)
+
(
K2

d2

dx2
+K1

d

dx
+K0

)}
f1(x) = 0 .

Similarly, we obtain a 4th-order equation for f2:{
d

dx

(
K2

K0

d

dx
+
K1

K0

)(
L2

d2

dx2
+ L1

d

dx
+ L0

)
+

(
L2

d2

dx2
+ L1

d

dx
+ L0

)}
f2(x) = 0.

Now, we shall exclude the functions f1 and f2 from the equations

f1 =
Bf ′3 − Cf ′4
AB − CD

, f2 =
−Df ′3 +Af ′4
AB − CD

, f3 =
bf ′1 − cf ′2
ab− cd

, f4 =
−df ′1 + af ′2
ab− cd

;

this results in

f3 =
b

ab− cd
d

dx

Bf ′3 − Cf ′4
AB − CD

− c

ab− cd
d

dx

−Df ′3 +Af ′4
AB − CD

,

f4 = − d

ab− cd
d

dx

Bf ′3 − Cf ′4
AB − CD

+
a

ab− cd
d

dx

−Df ′3 +Af ′4
AB − CD

.

Taking into account the expressions for a(x), ..., D(x), we reduce the last equations to the
form [

P2(x)
d2

dx2
+ P1(x)

d

dx
+ P0(x)

]
f3 =

df4

dx
,[

Q2(x)
d2

dx2
+Q1(x)

d

dx
+Q0(x)

]
f4 =

df3

dx
,

(8.148)

where the following notations are used

P2(x) =
ix2
(
2 ν2 − ε2x2 − 2 ε xα− α2 + x2

)
ν (2x3ε+ 2 ν2α+ 3x2α)

,

P1(x) =
2 iν

(
ε xα+ α2 + 2x2

)
x (2x3ε+ 2 ν2α+ 3x2α)

,

P0(x) =
−i
((
ε2 − 1

)
x2 + 2 ε xα− 2 ν2 + α2

)2
2 ν ε x3 + 3 ν α x2 + 2 ν3α

,

Q2(x) =
1

2

ix4
(
2 ν2 − ε2x2 − 2 ε xα− α2 + x2

)
ν α (2 ε xα+ x2 + ε2x2 + α2)

,

Q1(x) =
ix
(
2 ν2x2 − ν2α2 − ν2ε xα− x4ε2 − 2x2α2 + x4 − 3x3ε α

)
ν α (2 ε xα+ x2 + ε2x2 + α2)

,

Q0(x) =
−1/2 i

((
ε2 − 1

)
x2 + 2 ε xα− 2 ν2 + α2

)2
x2

ν α (x2 + ε2x2 + 2 ε xα+ α2)
.

Acting in accordance with the above method, we may derive the 4th-order equations for
the functions f3, f4. It turns out that equations for f1 and f3 have the same set of singular
points (three regular and two irregular):

(2εx3 + 3αx2 + 2ν2α) = 2ε(x− x1)(x− x2)(x− x3), x = 0[2], x =∞[2] ; (8.149)
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f ′′′′1 +
[
− 12x (εx+ α)

2εx3 + 2ν2α+ 3αx2
+

6

x

]
f ′′′1

+
[
− 2 + 2ε2 −

18α
(
2ν2α+ 4εν2x− αx2

)
(2εx3 + 2ν2α+ 3αx2)2

+
6 + 2α2 − 4ν2

x2
+

−30α− 12εx

2εx3 + 2ν2α+ 3αx2
+

4εα

x

]
f ′′1

+
[ 72αx (εx+ α)

(2εx3 + 2ν2α+ 3αx2)2
+

8εα

x2
+
−4ν2 + 2α2

x3
+

6ν2 − 6α2 − 12 + 6ε2ν2

xν2

+
24ν4ε− 36εα2ν2 − 24xν2α+ 18α3x− 36αxε2ν2 + 36αx− 12x2ν2ε3 + 24x2ε− 12x2εν2 + 12x2εα2

(2εx3 + 2ν2α+ 3αx2) ν2

]
f ′1

+
[
1− 2ε2 + ε4 +

−6α2 + 6ε2ν2 + 6ε2α2ν2 + 6ν2 − 4ε2ν4 + 4ν4 − 2α2ν2

x2ν2
−

4εα
(
2ν2 − α2

)
x3

+
−18 ε2α2ν2 + 18α4 − 18α2ν2 − 84αεxν2 + 120α3εx− 12αε3xν2 − 48x2ε2ν2 + 72x2ε2α2

(2εx3 + 2ν2α+ 3αx2) ν2α

+
72α4 − 180ε2α2ν2 − 108α2ν2 − 72αε3xν2 − 216αεxν2 + 288α3εx− 144x2ε2ν2 + 162x2ε2α2 − 18x2α2

(2εx3 + 2, ν2α+ 3αx2)2

+
−4α2 + α4 + 4ν4 − 4α2ν2

x4
− 2α2ν2

x6
+

4ε
(
−9α2 − α2ν2 + 6ν2 + ε2α2ν2

)
xν2α

]
f1 = 0 , (8.150)

f ′′′′3 +
[
− 12x (εx+ α)

2x3ε+ 3αx2 + 2ν2α
+

10

x

]
f ′′′3

+
[
2ε2 − 2 +

2α2 − 4ν2 + 24

x2
+

−66α− 48εx

2x3ε+ 3αx2 + 2ν2α
−

18α
(
2ν2α+ 4xν2ε− αx2

)
(2x3ε+ 3αx2 + 2ν2α)2

+
4αε

x

]
f ′′3

+
[16αε

x2
+

12 + 6α2 − 12ν2

x3
−

72α
(
2εν2 − 3αx− 2εx2

)
(2x3ε+ 3αx2 + 2ν2α)2

+
24εν4 − 36εα2ν2 − 24εν2 + 18α3x− 24αxν2 − 36αxε2ν2 + 162αx− 12x2ν2ε3 + 108εx2 + 12x2εα2 − 12x2εν2

(2x3ε+ 3αx2 + 2ν2α) ν2

+
−54− 6α2 + 2ν2 + 10ε2ν2

xν2

]
f ′3

+
[
− 2ε2 + ε4 + 1 +

−12α2 + 12ε2ν2 + 6ε2α2ν2 + 4ν4 − 2α2ν2 − 4ν4ε2 + 12ν2

x2ν2

+
−54ε2α2ν2 − 42α2ν2 + 36α4 − 132εxα ν2 + 186α3εx− 24ε3xαν2 − 72x2ε2ν2 + 108α2ε2x2

(2x3ε+ 3αx2 + 2ν2α) ν2α

−
4αε

(
−2− α2 + 2ν2

)
x3

− 2α2ν2

x6

+
72α4 − 180ε2α2ν2 − 108α2ν2 − 72ε3xαν2 − 216εxαν2 + 288α3εx+ 162α2ε2x2 − 18α2x2 − 144x2ε2ν2

(2x3ε+ 3αx2 + 2ν2α)2

+
2ε
(
−27α2 − 2α2ν2 + 18ν2 + 2ε2α2ν2

)
αxν2

+
−2α2 − 4α2ν2 − 4ν2 + α4 + 4ν4

x4

]
f3 = 0. (8.151)

The equations for f2 and f4 have the same set of singular points

(1 + ε2)x2 + 2εαx+ α2 = (1 + ε2)(x− x5)(x− x6), x = 0, x =∞; (8.152)

f ′′′′2 +
[ −4εα− 4xε2 − 4x

2εxα+ x2 + α2 + ε2x2
+

10

x

]
f ′′′2 +

[
− 2 + 2ε2 +

22− 4ν2 + 2α2

x2



206 Particle with spin 1 in the Coulomb field

− 8α2

(2εxα+ x2 + α2 + ε2x2)2
+

32ε2α− 16α+ 24xε3 + 24εx

(2εxα+ x2 + α2 + ε2x2)α
+ 4

ε
(
−6 + α2

)
αx

]
f ′′2

+
[4ε

(
2ν2 − 6 + 3α2

)
αx2

+
24εα− 8ε3α− 8xε4 + 8x

(2εxα+ x2 + α2 + ε2x2)2

+
−72ε3α+ 8ν2ε3α+ 56εα+ 8εα3 − 24ν2εα− 48xε4 + 8xν2ε4 − 32xε2 + 8ε2α2x− 8xν2 + 16x+ 8α2x

(2εxα+ x2 + α2 + ε2x2)α2

+
8ν2 − 8ν2ε2 − 16 + 48ε2 − 14α2 + 6ε2α2

α2x
+
−12ν2 + 8 + 6α2

x3

]
f ′2+

+
[
ε4 − 2ε2 + 1 +

24ν2 + 6ε2α2 + 6ε2α4 − 24ν2ε2 − 4ν2ε2α2 − 30α2 − 2α4 + 4α2ν2

x2α2

+
16α3 − 16αν2 + 48αν2ε2 + 32εxν2 + 32ε3xν2

(2εxα+ x2 + α2 + ε2x2)2 α
− 2α2ν2

x6

+
−40αν2ε4 − 40α3ε2 + 192αν2ε2 + 24α3 − 24αν2 − 32xν2ε5 + 64ε3xν2 − 32xε3α2 − 32εα2x+ 96εxν2

(2εxα+ x2 + α2 + ε2x2)α3
+

+
4ε
(
−24ν2 + ε2α4 + 8ν2ε2 + 8α2 − α4

)
α3x

+
−8ν2 − 4α2ν2 + α4 + 4ν4

x4

−
4ε
(
2α2ν2 − α4 − 4ν2 − 2α2

)
αx3

]
f2 = 0 , (8.153)

d4f4
dx4

+
[ −4εα− 4xε2 − 4x

x2 + α2 + 2εxα+ ε2x2
+ 14x−1

]d3f4
dx3

+
[
2ε2 − 2− 8α2

(x2 + α2 + 2εxα+ ε2x2)2
+
−4ν2 + 2α2 + 52

x2

+
44αε2 − 28α+ 36xε3 + 36εx

(x2 + α2 + 2εxα+ ε2x2)α
+ 4

ε
(
α2 − 9

)
αx

]d2f4
dx2

+
[−8ε3α+ 56εα− 8xε4 + 16xε2 + 24x

(x2 + α2 + 2εxα+ ε2x2)2
+

4ε
(
−16 + 5α2 + 2ν2

)
αx2

+
48 + 10α2 − 20ν2

x3

+
8ν2ε3α− 136ε3α− 24εαν2 + 8α3ε+ 184εα− 100xε4 + 8xν2ε4 − 40xε2 + 8α2xε2 + 60x+ 8α2x− 8xν2

(x2 + α2 + 2εxα+ ε2x2)α2

+
100ε2 − 60 + 10α2ε2 − 18α2 − 8ε2ν2 + 8ν2

α2x

]df4
dx

+
[
ε4 − 2ε2 + 1 +

−20ν2 + α4 + 6α2 + 4ν4 − 4α2ν2

x4

+
48αε2ν2 + 16α3 − 16αν2 + 32ε3xν2 + 32ε xν2

(x2 + α2 + 2εxα+ ε2x2)2 α

+
32ν2 − 44α2 + 12α2ε2 + 4α2ν2 − 2α4 − 4α2ε2ν2 − 32ε2ν2 + 6ε2α4

x2α2

−
4ε
(
−α4 − 5α2 − 6ν2 + 2α2ν2

)
αx3

− 2α2ν2

x6

+
−48αν2ε4 − 48α3ε2 + 240αε2ν2 + 32α3 − 32αν2 − 40xε5ν2 − 40xε3α2 + 80, ε3xν2 − 40εxα2 + 120εxν2

(x2 + α2 + 2εxα+ ε2x2)α3

+
4 ε
(
−30 ν2 + 10α2 − α4 + 10 ε2ν2 + ε2α4

)
α3x

]
f4 = 0 . (8.154)
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Any of four functions f1, f2, f3, and f4 may be taken as a main one, and then all
remaining functions can be straightforwardly calculated.

For instance, let the function f1 be the main one. Then we should apply eqs. (8.146)
and (8.147):

f1 =
Bf ′3 − Cf ′4
AB − CD

, f2 =
−Df ′3 +Af ′4
AB − CD

, f3 =
bf ′1 − cf ′2
ab− cd

, f4 =
−df ′1 + af ′2
ab− cd

,

(K2
d2

dx2
+K1

d

dx
+K0)f1 =

df2

dx
, (L2

d2

dx2
+ L1

d

dx
+ L0)f2 =

df1

dx
. (8.155)

From the fifth equation, we find f2; then from the third and fourth, we express f3 and f4.
If f2 is chosen as a main function, then from the sixth equation we express f1, and

further, from the third and fourth equations we obtain the functions f3 and f4.
If the main function is f3, the we use the equations

f1 =
Bf ′3 − Cf ′4
AB − CD

, f2 =
−Df ′3 +Af ′4
AB − CD

, f3 =
bf ′1 − cf ′2
ab− cd

, f4 =
−df ′1 + af ′2
ab− cd

,

(P2
d2

dx2
+ P1

d

dx
+ P0)f3 =

df4

dx
, (Q2

d2

dx2
+Q1

d

dx
+Q0)f4 =

df3

dx
; (8.156)

then from the firth equation we get f4, and then, from the first and second equations we
obtain the expressions for f1 and f2. If the main function is f4, we get f3 from the sixth
equation, and after that from the first and second equations we find f1 and f2.

From four independent solutions of any 4th-order equations, only two solutions may be
referred as independent series of bound states.

8.13 Conclusion

We have studied the system of six equations that describe the quantum states of a spin
1 particle with parity P = (−1)j in an external Coulomb field. It is shown that, due to
the Lorentz condition, one of the radial functions must be equal to zero. Any of the five
remaining functions may be taken as a primary one. For such a primary function, we derive
two different 2nd-order differential equations. Their Frobenius solutions are constructed, and
the convergence of the involved power series is studied. As a quantisation rule, we apply so
called transcendency condition to Frobenius solutions. In this way, for both equations, we
have found different reasonable, from physical point of view, energy spectra.
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8.14 Figures

FIGURE 8.1
Energy levels; j = 1, n = 1, 20.

FIGURE 8.2
Graphs for factor ϕ(x); n = 1, 5, 10, 20.
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FIGURE 8.3
Graph for factor ϕ(x);n = 0.

FIGURE 8.4
Frobenius solution ϕ1(x);n = 0, j = 1.
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FIGURE 8.5
Frobenius solution ϕ1(x);n = 5, 10, 15, 20, j = 1.

FIGURE 8.6
Energy levels ε

(2)
n,j=1; n = 0, 20.

Figure 8.7 illustrates behaviour of factors ϕ in Frobenius solution at j = 1, n =
1, 5, 10, 20. The Fig. 8.8 illustrates behaviour of the complete Frobenius solutions at j = 1
and n = 1, 5, 10, 20.
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FIGURE 8.7
Graphs for factors ϕ(x), n = 1, 5, 10, 20 in solution Φ0(x).

FIGURE 8.8
Graphs for complete solutions Φ0(x), n = 1, 5, 10, 20.
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FIGURE 8.9
The graph for ∆εn , n = 1, 20.

FIGURE 8.10
Energy levels ε

(3)
n,j=1; n = 0, 20.

FIGURE 8.11
The graph for ∆̃εn , n = 1, 20.
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9

Geometrical modelling of the media
in electrodynamics

It is known that vacuum Maxwell equations being considered on the background
of any pseudo-Riemannian space-time may be interpreted as Maxwell equations
in Minkowski space but specified in some effective medium, in which constitutive
relations are determined by the metric of the curved space-time. In that context,
we will consider space-time models with an event horizon. All of them have the
same metric structure, we restrict ourselves to the spherically symmetric case and
consider de Sitter, anti de Sitter, and Schwarzschild models. Also, we will study
hyperbolic Lobachevsky and spherical Riemann models; parameterised coordinates
with spherical and cylindric symmetry. We will prove that in all examined cases,
effective tensors and of electric permittivity (εij) and magnetic permeability (εij)
obey the same condition: εij(x)µjk(x) = δik. Simplicity of expressions for these
tensors εij(x) and µjk(x) is misleading; for each curved space-time model, we are
to solve Maxwell equations separately and anew. We will construct these solutions
explicitly, applying Maxwell equations in spinor form.

9.1 Geometry and modelling the constitutive relations

It is known that vacuum Maxwell equations being considered on the background of any
pseudo-Riemannian space-time may be interpreted as Maxwell equations in Minkowski space
but specified in some effective medium, whose constitutive relations are determined by the
metric of the curved space-time [1–45]. A detailed treatment of such a possibility for quasi-
Cartesian coordinates was given in [46].

Let us start with Maxwell equation in the medium when using some curvilinear coordi-
nates (xσ) and respective metric Gαβ(x). So we have

∂α Fβγ + ∂β Fγα + ∂γ Fαβ = 0 ,
1√
−G

∂β
√
−GHαβ = Jα , (9.1)

where G = det[Gαβ(x)] stands for a determinant of the metric tensor. We are to use
two electromagnetic tensors, Fαβ(x) and Hαβ(x), related to each other by means of some
constitutive equations.

Let us assume that a certain Riemannian space-time model is parameterised by formally
similar coordinates (xσ) with respective metric gαβ(x). Maxwell vacuum equations in that
space-time have the form

∂αfβγ + ∂βfγα + ∂γfαβ = 0 ,
1√
−g

∂β
√
−g hβα = jα , (9.2)

hαβ(x) = ε0fαβ(x) , hαβ(x) = ε0g
αρ(x)gβσ(x) fρσ(x). (9.3)
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we have specified vacuum constitutive relations; note that g = det[gαβ(x)]. The second
equation in eq. (9.2) may be re-written as

√
−G√
−g

1√
−G

∂β
√
−G
√
−g√
−G

hβα = jα. (9.4)

Let us define new variables

Fαβ(x) = fαβ(x), Hβα(x) =

√
−g√
−G

hβα(x) ,

Jα(x) =

√
−g(x)√
−G(x)

jα(x) ,

(9.5)

then eq. (9.2) may be understood as Maxwell equations of the form (9.1) in flat space-time:

∂αFβγ + ∂βFγα + ∂γFαβ = 0 ,
1√
−G

∂β
√
−GHαβ = Jα ; (9.6)

and relationship between two electromagnetic tensors is governed by the formula

Hαβ(x) = ε0

√
−g(x)√
−G(x)

gαρ(x)gβσ(x) Fρσ(x). (9.7)

In that context, let us consider space-time models with event horizon (let the external
currents vanish); all of them have a metric of the same structure (we restrict ourselves to
spherically symmetric case; for definiteness; we take in mind de Sitter, anti de Sitter, and
Schwarzschild models)

dS2 = ϕdt2 − r2dθ2 − r2 sin2 θdφ2 − ϕ−1dr2,

Minkowski space dS2
0 = dt2 − r2dθ2 − r2 sin2 θdφ2 − dr2.

(9.8)

Because the metric determinant of the models is the same, G(x) = g(x), effective constitu-
tive relations (9.8) become simpler:

Hαβ(x) = ε0 g
αρ(x)gβσ(x)Fρσ(x). (9.9)

Taking into account the explicit form of the metric tensor (numerating coordinates as
follows xα = (t, θ, φ, r)):

gβα =

∣∣∣∣∣∣∣∣
1/ϕ 0 0 0

0 −1/r2 0 0
0 0 −1/r2 sin2 θ 0
0 0 0 −ϕ

∣∣∣∣∣∣∣∣ , (9.10)

we get constitutive relations modified by Riemannian metric

H0j = ε0g
00gjjF0j ,

H01 =
1

ϕ

(
− ε0
r2
, F01

)
, H02 =

1

ϕ

(
− ε0

r2 sin2 θ
F02

)
, H03 = −ε0F03 ,

Hij = ε0g
iigjjFij ,

H23 = ϕ

(
ε0

r2 sin2 θ
F23

)
, H31 = ϕ

( ε0
r2
F31

)
, H12 =

(
ε0

r4 sin4 θ
F12

)
.
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The last formulas may be re-written differently

Dθ =
1

ϕ
ε0
Eθ
r2
, Dφ =

1

ϕ
ε0

Eφ

r2 sin2 θ
, Dr = ε0Er ;

Hθ = ϕ
1

µ0

Bθ

r2 sin2 θ
, Hφ = ϕ

1

µ0

Bφ
r2
, Hr =

1

µ0

Br

r4 sin4 θ
;

(9.11)

were we have used identity c2 = 1/ε0µ0 and definitions for two tensors

(Fab) =

∣∣∣∣∣∣∣∣
0 −E1 −E2 −E3

E1 0 −cB3 +cB2

E2 +cB3 0 −cB1

E3 −cB2 +cB1 0

∣∣∣∣∣∣∣∣ , (H
ab) =

∣∣∣∣∣∣∣∣
0 −D1 −D2 −D3

D1 0 −H3/c +H2/c
D2 +H3/c 0 −H1/c
D3 −H2/c +H1/c 0

∣∣∣∣∣∣∣∣ .
The constitutive relations (9.11) can be presented with the help of electric permittivity and
magnetic permeability tensors:

Di(x) = ε0εij(x)E(j)(x) , Hi(x) =
1

µ0
µij(x)B(j)(x) ,

[εij(r)] =

∣∣∣∣∣∣
ϕ−1(r) 0 0

0 ϕ−1(r) 0
0 0 1

∣∣∣∣∣∣ , [µij(r)] =

∣∣∣∣∣∣
ϕ(r) 0 0

0 ϕ(r) 0
0 0 1

∣∣∣∣∣∣ ,
(9.12)

where

E(j) =
Ej
hj
, B(1) =

B1

h2h3
, B(2) =

B3

h3h1
, B(3) =

B3

h1h2
, (9.13)

and hj are determined by Minkowski metric (9.8) in spherical coordinates:

dS2
0 = dt2 − h1dθ

2 − h2dφ
2 − h3dr

2. (9.14)

The simplicity of relations (9.12) is misleading; in fact, for each curved space-time model,
we are to solve Maxwell equations separately and anew. Let us specify the effective consti-
tutive equations for four models:

Minkowski (r ∈ (0,+∞)),

ε =

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣ , µ =

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣ ;
de Sitter (r ∈ (0,+1)),

ε =

∣∣∣∣∣∣
(1− r2)−1 0 0

0 (1− r2)−1 0
0 0 1

∣∣∣∣∣∣ , µ =

∣∣∣∣∣∣
(1− r2) 0 0

0 (1− r2) 0
0 0 1

∣∣∣∣∣∣ ;
anti de Sitter (r ∈ (0,+∞)),

ε =

∣∣∣∣∣∣
(1 + r2)−1(r) 0 0

0 (1 + r2)−1 0
0 0 1

∣∣∣∣∣∣ , µ =

∣∣∣∣∣∣
(1 + r2) 0 0

0 (1 + r2) 0
0 0 1

∣∣∣∣∣∣ ;
Schwarzschild (r ∈ (1,+∞)),

ε =

∣∣∣∣∣∣
(1− 1/r)−1 0 0

0 (1− 1/r)−1 0
0 0 1

∣∣∣∣∣∣ , µ =

∣∣∣∣∣∣
(1− 1/r) 0 0

0 (1− 1/r) 0
0 0 1

∣∣∣∣∣∣ .
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Direct comparison is possible only for Minkowski and anti de Sitter models, due to the same
region for radial coordinate.

That interpretation is possible for other space-time models as well. Let us discuss the
hyperbolic Lobachevsky and spherical Riemann models being compared with the Minkowski
model:

dS2
0 = dt2 − r2dθ2 − r2 sin2 θdφ2 − dr2,

dS2 = dt2 − sinh2 r dθ2 − sinh2 r sin2 θ dφ2 − dr2,

dS2 = dt2 − sin2 r dθ2 − sin2 r sin2 θ dφ2 − dr2.

(9.15)

For Lobachevsky space we have

H0j =
sinh2 r

r2
ε0g

jjF0j , H03 = − sinh2 r

r2
ε0F03,

H01 = − sinh2 r

r2

ε0

sinh2 r
F01, H

02 = − sinh2 r

r2

ε0

sinh2 r sin2 θ
F02,

Hij =
sinh2 r

r2
ε0g

iigjjFij , H12 =
sinh2 r

r2

ε0

sinh4 r sin4 θ
F12,

H23 =
sinh2 r

r2

ε0

sinh2 r sin2 θ
F23, H31 =

sinh2 r

r2

ε0

sinh2 r
F31,

or differently

H01 = − ε0
r2
F01 , H02 = − ε0

r2 sin2 θ
F02, H03 = − sinh2 r

r2
ε0F03 ,

H23 =
ε0

r2 sin2 θ
F23 , H31 =

ε0
r2
F31 , H12 =

r2

sinh2 r

ε0

r4 sin4 θ
F12 ,

(9.16)

which may be re-written in terms of effective tensors as follows

Di(x) = ε0εij(x)E(j)(x) , Hi(x) =
1

µ0
µij(x)B(j)(x) ,

[εij(r)] =

∣∣∣∣∣∣
1 0 0
0 1 0

0 0 sinh2 r/r2

∣∣∣∣∣∣ , [µij(r)] =

∣∣∣∣∣∣
1 0 0
0 1 0

0 0 r2/ sinh2 r

∣∣∣∣∣∣ .
(9.17)

For spherical model we have similar result with evident modifications

sinh2 r, r ∈ (0,+∞) =⇒ sin2 r, r ∈ (0, π) .

Let us consider examples with cylindric symmetry. For flat Minkowski space we have
(numerate coordinates as xα = (t, r, φ, z))

Gαβ =

∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 −r2 0
0 0 0 −1

∣∣∣∣∣∣∣∣ ; (9.18)

in spherical Riemann space an analogous metric is

gαβ =

∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 − sin2 r 0
0 0 0 − cos2 z

∣∣∣∣∣∣∣∣ , r ∈ (0,
π

2
), z ∈ (−π

2
,+

π

2
). (9.19)
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Generated by the last metric constitutive relations have the form

Hαβ = ε0
sin r cos z

r
gαρgβσFρσ , (9.20)

that is

H0j =
sin r cos z

r
ε0g

jjF0j , H03 = − sin r cos z

r

ε0
cos2 z

F03,

H01 = − sin r cos z

r
ε0F01, H02 = − sin r cos z

r

ε0

sin2 r
F02,

Hij =
sin r cos z

r
ε0g

iigjjFij , H12 =
sin r cos z

r

ε0

sin2 r
F12,

H23 =
sin r cos z

r

ε0

sin2 r cos2 z
F23 , H

31 =
sin r cos z

r

ε0
cos2 r

F31.

This result may be presented with the help of two effective tensors as follows

Di(x) = ε0εij(x)E(j)(x), [εij(r, z)] =

∣∣∣∣∣∣
sin r cos z

r 0 0
0 r cos z

sin r 0
0 0 sin r

r cos z

∣∣∣∣∣∣ ,
Hi(x) =

1

µ0
µij(x)B(j)(x), [µij(r, z)] =

∣∣∣∣∣∣
r

sin r cos z 0 0
0 sin r

r cos z 0
0 0 r cos z

sin r

∣∣∣∣∣∣ ,
(9.21)

where referring to cylindric coordinates in Minkowski space electromagnetic components
are

E(j) =
Ej
hj
, B(1) =

B1

h2h3
, B(2) =

B3

h3h1
, B(3) =

B3

h1h2
,

dt2 − dr2 − r2dφ2 − dz2 = dt2 − h1dr
2 − h2dφ

2 − h3dz
2.

In the case of hyperbolic Lobachevsky space, we have similar results with evident mod-
ifications

Di(x) = ε0εij(x)E(j)(x), [εij(r, z)] =

∣∣∣∣∣∣
sinh r cosh z

r 0 0
0 r cosh z

sinh r 0
0 0 sinh r

r cosh z

∣∣∣∣∣∣ ,
Hi(x) =

1

µ0
µij(x)B(j)(x), [µij(r, z)] =

∣∣∣∣∣∣
r

sinh r cosh z 0 0
0 sinh r

r cosh z 0
0 0 r cosh z

sinh r

∣∣∣∣∣∣ .
We can see that for all examples, effective tensors (εij) and (εij) obey one the same

condition:

εij(x)µjk(x) = δik.

9.2 Spinor form of Maxwell equations

To introduce spinor notations, let us start with the ordinary Dirac equation

(iγa∂a −m)Ψ = 0, γa =

∣∣∣∣ 0 σ̄a

σa 0

∣∣∣∣ ,Ψ =

∣∣∣∣ ξαηα̇
∣∣∣∣ , {α, α̇} = 1, 2 ; (9.22)
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σa = (I, σj), σ̄a = (I,−σj). In 2-spinor form, we have two equations

iσa∂aξ = mη , iσ̄a∂aη = mξ. (9.23)

It is convenient to attach spinor indices to Pauli matrices: σa = (σa)β̇α , σ̄
a = (σ̄a)βα̇ , then

eq. (9.23) read

i(σa∂a)β̇α ξ
α = mηβ̇ , i(σ̄a∂a)βα̇ ηα̇ = mξβ . (9.24)

Electromagnetic tensor is equivalent to a pair of symmetrical 2-rank spinors: Fmn ⇔
{ξαβ , ηα̇β̇}; correspondingly, eight Maxwell equations are presented as follows

(σa∂a)ρ̇α ξ
αβ = (σb)ρ̇αω

αβ Jb, (σ̄a∂a)ρα̇ ηα̇β̇ = (σ̄b)ρα̇ωα̇β̇ Jb ; (9.25)

the second equation is conjugate to the first. In eq. (9.25) we use spinor metrical matrices

(εαβ) = iσ2 , (εαβ) = −iσ2 ; (εα̇β̇) = iσ2 , (εα̇β̇) = −iσ2. (9.26)

To prove the equivalence of the spinor form (9.25) to the ordinary Maxwell equation in
vector notations, let us apply notations without spinor indices. To this end, we take into
account identities

(ξαβ) = ΣmnFmnσ
2 , (ηα̇β̇) = −Σ̄mnFmnσ

2 ,

Σmn =
1

4
(σ̄mσn − σ̄nσm) , Σ̄mn =

1

4
(σmσ̄n − σnσ̄m).

(9.27)

Then, eq. (9.25) may be re-written as

σa∂a ΣmnFmn = −σbJb , σ̄a∂a Σ̄mnFmn = −σ̄bJb . (9.28)

We are to take the following identities into account

ΣmnFmn = σ1(F01 − iF23) + σ2(F02 − iF31) + σ3(F03 − iF12) ,

Σ̄mnFmn = σ1(−F01 − iF23) + σ2(−F02 − iF31) + σ3(−F03 − iF12) ;

with notations

F01 = −E1 , F02 = −E2 , F03 = −E3 , F23 = B1 , F31 = B2 , F12 = B3 (9.29)

they read

ΣmnFmn = −σ1(E1 + iB1)− σ1(E2 + iB2)− σ1(E3 + iB3) = −σjaj ,
Σ̄mnFmn = σ1(E1 − iB1) + σ1(E2 − iB2) + σ1(E3 − iB3) = +σjbj ,

(9.30)

and

(ξαβ) = ΣmnFmnσ
2 =

∣∣∣∣ −i(a1 − ia2) ia3

ia3 +i(a1 + ia2)

∣∣∣∣ ,
(ηα̇β̇) = −Σ̄mnFmnσ

2 =

∣∣∣∣ −i(b1 − ib2) ib3
ib3 i(b1 + ib2)

∣∣∣∣ .
Taking into account (9.30), Maxwell eq. (9.28) may be presented in the form

σa∂a σ
jaj = σbJb , σ̄a∂a σ

jbj = −σ̄bJb, (9.31)
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or

(∂0 + σl∂l) (σkak) = J0 + σjJj , (∂0 − σl∂l) (σkbk) = −J0 + σjJj . (9.32)

From (9.32) we derive

σn∂0an + (δlk + iωnlkσ
n)∂lak ,= J0 + σnJn,

σn∂0bn − (δlk + iωnlkσ
n)∂lbk. = −J0 + σnJn .

Therefore, we have four equations

∂lal = J0 , ∂0an + iωnlk∂lak = Jn , ∂lbl = J0 , ∂0bn − iωnlk∂lbk = Jn ,

or differently
(1) ∂l(E

l + iBl) = J0 ,
(2) ∂0(El + iBl) + iωnlk∂l(E

k + iBk) = Jn ,
(1′) ∂l(E

l − iBl) = J0 ,
(2′) ∂0(El − iBl)− iωnlk∂l(Ek − iBl) = Jn.

Summing and subtracting equations within each pair, we obtain

1 + 1′, ∂lE
l = J0 , 1− 1′, ∂lB

l = 0 ,

2 + 2′, ∂0E
n − ωnlk∂lBk = Jk , 2− 2′, ∂0B

n + ωnlk∂lE
k = 0 ;

they may be identified with Maxwell equations in vector form

div E = J0, div B = 0 , rot B = ∂0E + J , rot E = −∂0B , (9.33)

where
E = (En) , B = (Bn) , J0 = J0 , J = (Jn) = (−Jn).

9.3 Separating the variables in de Sitter models

Generally, covariant Maxwell equations in spinor form can be found by the same method
which is used for generalising the Dirac equation

iσα(x) [∂α + Σα(x)] ξ(x) = mη(x) , iσ̄α(x)
[
∂α + Σ̄α(x)

]
η(x) = mξ(x). (9.34)

So, the Maxwell equations in spinor form are to be generalised as follows [46]

iσα(x) [∂α + Σα(x)⊗ I + I ⊗ Σα(x)] ξ(x) = σβ(x)(−iσ2)Jβ(x) ,

iσ̄α(x)
[
∂α + Σ̄α(x)⊗ I + I ⊗ Σ̄α(x)

]
η(x) = σβ(x)(+iσ2)Jβ(x) ,

(9.35)

where (see in [46]):

σα(x) = σaeα(a)(x) , σ̄α(x) = σ̄aeα(a)(x) ,

Σα(x) =
1

2
Σabeβ(a)∇α(e(b)β), Σ̄α(x) =

1

2
Σ̄abeβ(x)∇α(e(b)β) ,

Σab =
1

4
( σ̄aσb − σ̄b σa ), Σ̄ab =

1

4
(σaσ̄b − σbσ̄a).

(9.36)
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As in Minkowski space, the second equation is conjugate to the first, so it suffices to
study only the first one (further, we follow the case without current)

σα(x) [∂α + Σα(x)⊗ I + I ⊗ Σα(x)] ξ(x) = 0. (9.37)

In eq. (9.37), the quantity ξ(x) stands for a symmetric 2-rank spinor, it can be treated as
a 2×-matrix function. Equation (9.37) may be presented with the help of Ricci rotation
coefficients γabc(x) as follows[

σceα(c)(x)∂α + σc(
1

2
Σab ⊗ I + I ⊗ 1

2
Σab)γabc(x)

]
ξ(x) = 0 ;

γabc = −e(a)β;αe
β
(b)e

α
(c) , Σab =

1

4
(σ̄aσb − σ̄bσa) .

(9.38)

Let us specify eq. (9.37) in static de Sitter coordinates:

dS2 = (1− r2/ρ2)c2dt2 − r2(dθ2 + sin2 θdφ2)− dr2

1− r2/ρ2
, (9.39)

where ρ is the curvature radius; below we will apply dimensionless coordinates ct/ρ =⇒
t, r/ρ =⇒ r. We use diagonal spherical tetrad

xα = (t, θ, φ, r) , ϕ = 1− r2 , ϕ′ =
dϕ

dr
,

e(0)α = (
1
√
ϕ
, 0, 0, 0) , e(3)α = (0, 0, 0,

√
ϕ) ,

e(1)α = (0,
1

r
, 0, 0) , e(2)α = (0, 0,

1

r sin θ
, 0).

(9.40)

Local Pauli matrices are

σα(x) = (
1
√
ϕ
,−σ

1

r
,− σ2

r sin θ
,−√ϕσ3), σ̄α(x) = (

1
√
ϕ
,
σ1

r
,

σ2

r sin θ
,
√
ϕσ3).

Taking in mind general formulas

σab =
1

4

∣∣∣∣ σ̄aσb − σ̄bσa 0
0 σaσ̄b − σbσ̄a

∣∣∣∣ =

∣∣∣∣ Σab 0
0 Σ̄ab

∣∣∣∣ ,
Γα(x) =

1

2

∣∣∣∣∣ Σabeβ(a)∇α( eα(b);β 0

0 Σ̄abeβ(a)∇α(eα(b);β

∣∣∣∣∣ =

∣∣∣∣ Σα(x) 0
0 Σ̄α(x)

∣∣∣∣
and the known expressions [47] for bispinor connection in de Sitter space, we find spinor
connections

Γt =

∣∣∣∣ Σt 0
0 Σ̄t

∣∣∣∣ =
ϕ′

2
σ03 =

ϕ′

2

∣∣∣∣ σ3/2 0
0 −σ3/2

∣∣∣∣ , Γr = 0 ,

Γθ =

∣∣∣∣ Σθ 0
0 Σ̄θ

∣∣∣∣ =
√
ϕ σ31 =

√
ϕ

∣∣∣∣ −iσ2/2 0
0 −iσ2/2

∣∣∣∣ , (9.41)

Γφ =

∣∣∣∣ Σφ 0
0 Σ̄φ

∣∣∣∣ =
√
ϕ sin θ

∣∣∣∣ iσ1/2 0
0 iσ1/2

∣∣∣∣+ cos θ

∣∣∣∣ −iσ3/2 0
0 −iσ3/2

∣∣∣∣ .
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Therefore, eq. (9.37) takes the form{
1
√
ϕ

[
∂t +

ϕ′

4
(σ3 ⊗ I + I ⊗ σ3)

]
+ σ3√ϕ∂r +

σ1

r

[
∂θ − i

√
ϕ

2
(σ2 ⊗ I + I ⊗ σ2)

]
+

σ2

r sin θ

[
∂φ + i

√
ϕ

2
sin θ(σ1 ⊗ I + I ⊗ σ1)− icos θ

2
(σ3 ⊗ I + I ⊗ σ3)

]}
ξ = 0.

It is convenient to re-group the terms differently{
∂

∂t
+ ϕ[σ3 ∂

∂r
+
i

r
(−σ1σ

2 ⊗ I + I ⊗ σ2

2
+ σ2σ

1 ⊗ I + I ⊗ σ1

2
)+

ϕ′

2ϕ

σ3 ⊗ I + I ⊗ σ3

2
]

+

√
ϕ

r

[
σ1∂θF − iσ2 i∂φ + cos θ(σ3 ⊗ I + I ⊗ σ3)/2

sin θ

]}
ξ = 0. (9.42)

Let us search for solutions with spherical symmetry, by diagonalizing operators of the
total angular momentum. In this tetrad basis, it has Schrödinger-like structure

J1 = l1 +
cosφ

sin θ
S3, J2 = l2 +

sinφ

sin θ
S3, J3 = l3 = −i ∂

∂φ
,

S3 = ij12 =
1

2
(σ3 ⊗ I + I ⊗ σ3), σ3 =

∣∣∣∣ 1 0
0 −1

∣∣∣∣ . (9.43)

We are to find eigenstates of the operator S3:

1

2
(σ3 ⊗ I + i⊗ σ3)

∣∣∣∣ a b
b c

∣∣∣∣ = σ

∣∣∣∣ a b
b c

∣∣∣∣ . (9.44)

Explicitly, this equation reads∣∣∣∣ a b
−b −c

∣∣∣∣+

∣∣∣∣ a −b
b −c

∣∣∣∣ = 2σ

∣∣∣∣ a b
b c

∣∣∣∣ ,
whence it follows the linear system with three different solutions a = σa,

0 = σb,
c = −σc,

=⇒
σ = +1, a = 1, b = 0, c = 0 ;
σ = 0, a = 0, b = 1, c = 0 ;
σ = −1, a = 0, b = 0, c = 1.

(9.45)

So we have three eigenvalues σ = −1, 0,+1 and corresponding three eigenstates:

σ = +1,

∣∣∣∣ 1 0
0 0

∣∣∣∣ ; σ = 0,

∣∣∣∣ 0 1
1 0

∣∣∣∣ ; σ = −1,

∣∣∣∣ 0 0
0 1

∣∣∣∣ . (9.46)

In accordance with general theory [47], we construct solutions obeying two equations

(J2
1 + J2

2 + J2
3 ) ξ(x) = j(j + 1) ξ(x), J3 ξ(x) = mξ(x) ,

and ξ(x) should have the form (we apply the known Wigner functions [47])

ξ(x) = e−iωt
∣∣∣∣ f(r)D−1 h(r)D0

h(r)D0 g(r)D+1

∣∣∣∣ , Dσ = Dj
−m,−σ(φ, θ, 0) ; (9.47)
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where f, g, h stand for unknown radial functions; indices j,m at Wigner functions are
omitted. The substitution (9.45) is correct only for the following j,m:

j = 1, 2, 3, ...; m = −j,−j + 1, ..., j − 1, j .

For states with j = 0, the initial substitution is different

j = 0, ξ(x) = e−iωt
∣∣∣∣ 0 h(r)
h(r) 0

∣∣∣∣ . (9.48)

Now we should separate the variables in eq. (9.42). First, we find (the factor e−iωt is
omitted for brevity)

ξ(x) =

∣∣∣∣ f(r)D−1 h(r)D0

h(r)D0 g(r)D+1

∣∣∣∣ ,
∂

∂t
ξ =

∣∣∣∣ −iωf D−1 −iωhD0

−iωhD0 −iωg D+1

∣∣∣∣ , σ3 ∂

∂r
ξ =

∣∣∣∣ f ′D−1 h′D0

−h′D0 −g′D+1

∣∣∣∣ ,
i

r

[
−σ1σ

2 ⊗ I + I ⊗ σ2

2
+ σ2σ

1 ⊗ I + I ⊗ σ1

2
)

]
ξ =

1

r

∣∣∣∣ f(r)D−1 2h(r)D0

−2h(r)D0 −g(r)D+1

∣∣∣∣ ,
σ3 ⊗ I + I ⊗ σ3

2
ξ =

∣∣∣∣ f(r)D−1 0
0 −g(r)D+1

∣∣∣∣ .
Now, we find the action of angular operator Σθ,φ on spinor ξ(x) (taking in mind that

i∂φD
j
−m,σ = −m Dj

−m,σ):

Σθ,φξ(x) = σ1∂θξ − iσ2−m+ cos θ(σ3 ⊗ I + I ⊗ σ3)/2

sin θ
ξ

=

∣∣∣∣ h ∂θD0 g ∂θD+1

f ∂θD−1 h ∂θD0

∣∣∣∣+
1

sin θ

∣∣∣∣ h mD0 g (m+ cos θ)D+1

f (−m+ cos θ)D−1 −h mD0

∣∣∣∣ ,
or

Σθ,φξ(x) =

∣∣∣∣∣ h (∂θ +m sin−1) D0 g [∂θ + (m+ cos θ) sin−1 θ]D+1

f [∂θ + (−m+ cos θ) sin−1 θ] D−1 h (∂θ −m sin−1) D0

∣∣∣∣∣ .
With the use of the known recurrent formulas for Wigner functions [47]

∂θD−1 =
1

2
(b D−2 − a D0) , (−m+ cos θ) sin−1 θ D−1 =

1

2
(−b D−2 − a D0) ,

∂θD+1 =
1

2
(a D0 − b D+2) , (m+ cos θ) sin−1 θ D+1 =

1

2
(a D0 + b D+2) ,

∂θD0 =
1

2
(a D−1 − a D+1) ,m sin−1 θ D0 =

1

2
(a D−1 + a D+1) ,

a =
√
j(j + 1) , b =

√
(j − 1)(j + 1) ,

we derive

Σθ,φξ = a

∣∣∣∣∣ h D−1 g D0

−f D0 −h D+1

∣∣∣∣∣ . (9.49)
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Therefore, eq. (9.42) takes the form∣∣∣∣ −iωf D−1 −iωhD0

−iωhD0 −iωg D+1

∣∣∣∣+ ϕ

{ ∣∣∣∣ f ′D−1 h′D0

−h′D0 −g′D+1

∣∣∣∣
+

1

r

∣∣∣∣ f D−1 2h D0

−2h D0 −g D+1

∣∣∣∣+
ϕ′

2ϕ

∣∣∣∣ f D−1 0
0 −g D+1

∣∣∣∣ }+

√
ϕ

r
a

∣∣∣∣∣ h D−1 g D0

−f D0 −h D+1

∣∣∣∣∣ = 0,

whence it follows the system of four radial equations:

−iωf + ϕ(
d

dr
+

1

r
+
ϕ′

2ϕ
)f + a

√
ϕ

r
h = 0 , +iωg + ϕ(

d

dr
+

1

r
+
ϕ′

2ϕ
)g + a

√
ϕ

r
h = 0 ,

−iωh+ ϕ(
d

dr
+

2

r
)h+ a

√
ϕ

r
g = 0 , +iωh+ ϕ(

d

dr
+

2

r
)h+ a

√
ϕ

r
f = 0 ;

(9.50)

remembering that a =
√
j(j + 1). Equations for the case j = 0 follow from eq. (9.50) by

setting f = 0, g = 0, and a = 0:

0 = 0, 0 = 0 ,−iωh+ ϕ(
d

dr
+

2

r
)h = 0 ,+iωh+ ϕ(

d

dr
+

2

r
)h = 0. (9.51)

There exists only one and trivial solution: h(r) = 0, which means that Maxwell equations
do not have solutions with j = 0.

Turning to (9.50), let us sum and subtract eqs. 3 and 4, this leads to

2ϕ(
d

dr
+

2

r
)h+ a

√
ϕ

r
(f + g) = 0, h =

ia

2ω

√
ϕ

r
(f − g). (9.52)

It is readily checked that the first equation in (9.52) turns out to be an identity 0 = 0 by
substituting from eqs. 3 and 4 the variables f(r) and g(r) expressed through h(r). This
means that we have only three independent equations

h =
ia

2ω

√
ϕ

r
(f − g) ,

−iωf + ϕ(
d

dr
+

1

r
+
ϕ′

2ϕ
)f + a

√
ϕ

r
h = 0 ,

+iωg + ϕ(
d

dr
+

1

r
+
ϕ′

2ϕ
)g + a

√
ϕ

r
h = 0.

(9.53)

Excluding the variable h, we get

(
d

dr
+

1

r
+
ϕ′

2ϕ
− iω

ϕ
)f +

ia2

2ωr2
(f − g) = 0 ,

(
d

dr
+

1

r
+
ϕ′

2ϕ
+
iω

ϕ
)g +

ia2

2ωr2
(f − g) = 0.

(9.54)

Let us sum and subtract equations in eq. (9.54), in the same time introducing new variables,
f + g = F, f − g = G, this results in

(
d

dr
+

1

r
+
ϕ′

2ϕ
)F − iω

ϕ
G+

ia2

ωr2
G = 0, (

d

dr
+

1

r
+
ϕ′

2ϕ
)G− iω

ϕ
F = 0. (9.55)

The system (9.55) is simplified by substitutions F = (r
√
ϕ)−1F̄ , G = (r

√
ϕ)−1Ḡ ; so we

obtain

iω
d

dr
F̄ + (

ω2

ϕ
− a2

r2
)Ḡ = 0 , ϕ

d

dr
Ḡ = iωF̄ , (9.56)
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whence it follows a 2nd-order equation for main function Ḡ:(
d2

dr2
+
ϕ′

ϕ

d

dr
+
ω2

ϕ2
− j(j + 1)

r2ϕ

)
Ḡ = 0, F̄ (r) =

ϕ(r)

iω

d

dr
Ḡ(r). (9.57)

9.4 Solutions in Minkowski space

Let us briefly consider the simplest variant of eq. (9.57) for Minkowski space:(
d2

dr2
+ ω2 − j(j + 1)

r2

)
Ḡ = 0. (9.58)

We have an equation with regular point r = 0 and irregular point r =∞ of the rank 2, so
it belongs to confluent hypergeometric type. Possible asymptotic behaviour for solutions is
as follows

r → 0, Ḡ ∼ rj+1, r−j , r →∞, Ḡ ∼ e−iωr, e+iωr. (9.59)

With the help of substitution

Ḡ = rarbrg(r), a = j + 1, −j , b = ±iω , (9.60)

we get the following equation (in the variable x = −2br)

x
d2g

dx2
+ (2a− x)

dg

dx
− a g = 0 , (9.61)

which is identified with confluent hypergeometric equation

x
d2F

dx2
+ (c− x)

dF

dx
− aF = 0, c = 2a. (9.62)

Let us fix parameters a and b: a = j + 1, b = iω, x = −2br = −2iωr, then the regular in
the point r = 0 solution is (see notations in [48])

Ḡ1(x) = xj+1e−x/2Φ(a, c;x) , a = j + 1 , c = 2a. (9.63)

Taking in mind the known Kummer identity Φ(a, c;x) = exΦ(c−a, c;−x), we readily prove
that solution is real in all points:

Ḡ1(x) = xj+1e−x/2Φ(j + 1, 2j + 2;x)

= (−1)j+1(x∗)j+1e−x
∗/2Φ(j + 1, 2j + 2;x∗), x∗ = −x.

Because the second parameter c = 2(j + 1) takes on integer values, the singular near the
point r = 0 is given by the function (see in [48]):

g(x) = xae−x/2Ψ(a, c;x) , a = −j , c = −2j ; g(x→ 0) = x−j
Γ(1 + 2j)

Γ(j + 1)
. (9.64)

The description becomes more symmetric after transforming the main eq. (9.58) to
Bessel form:

Ḡ(r) =
√
rg(r) , z = ωr,

d2g

dz2
+

1

z

dg

dz
+

(
1− p2

z2

)
g = 0, p = j + 1/2. (9.65)
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Two independent solutions Jp(z) and J−p(z) are referred to confluent hypergeometric func-
tions:

J±p(z) = (
z

2
)±p

eiz

Γ(1± p)
Φ(±p+ 1/2,±2p+ 1;−2iz) ; (9.66)

also there are known relations

J±p(z) = (
z

2
)±p

∞∑
n=0

1

n!Γ(n+ 1± p)
(
iz

2
)2n ,

J±p(|z| → ∞) =

√
2

πz
cos[z − (

1

2
± p)π

2
].

(9.67)

9.5 Solutions in de Sitter space

Let us study the main radial equation for Ḡ(r) in de Sitter model:(
d2

dr2
+
ϕ′

ϕ

d

dr
+
ω2

ϕ2
− j(j + 1)

r2ϕ

)
Ḡ = 0 , (9.68)

explicitly it reads( d2

dr2
− 2r

1− r2

d

dr
+

ω2

(1− r2)2
− j(j + 1)

r2(1− r2)

)
Ḡ = 0. (9.69)

In the variable z = r2, we have [ d2

dz2
+ (

1

z − 1
+

1

2z
)
d

dz

+
ω2

4(−1 + z)2
− ω2

4(−1 + z)
+
ω2

4z
+

j + j2

4(z − 1)
− j + j2

4z2
− j + j2

4z

]
Ḡ = 0. (9.70)

Here, we have an equation of the hypergeometric type with tree regular points. Behaviour
of solutions in the vicinity of singular points is

z → 0, Ḡ = za, a =
j + 1

2
,− j

2
; z → 1, Ḡ = (1− z)b, b = ± i ω

2
.

Searching complete solutions in the form Ḡ = za (1 − z)bH(z), after performing the
needed calculation we arrive at

4z(1− z)H ′′ + [8a(1− z)− 8bz + 2(1− 3z)]H ′

+
[
[4a(a− 1) + 2a− j(j + 1)]

1

z
+ [4b(b− 1) + 4b+ ω2]

1

1− z
−4a(a− 1)− 8ab− 4b(b− 1)− 6a− 6b

]
H = 0.

Equating coefficients at z−1 and (z − 1)−1 to zero, we find yet known restrictions on pa-
rameters a and b, and obtain more simple equation

z(1− z)H ′′ + [2a+
1

2
− (2a+ 2b+ 3/2)z]H ′ − (a+ b)(a+ b+ 1/2)H = 0, (9.71)
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which is identified with hypergeometric equation with parameters

α = a+ b , β = a+ b+
1

2
, γ = 2a+

1

2
. (9.72)

In order to find asymptotic behaviour of basic solutions F (z) = u1(z) at z → 1, we
should apply the Kummer relation [48]

u1(z) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)
u2 +

Γ(γ)Γ(α+ β − γ)

Γ(α)Γ(β)
u6 ,

u1 = H(α, β; γ; z) , u2 = H(α, β;α+ β + 1− γ; 1− z) ,
u6 = (1− z)γ−α−βH(γ − α, γ − β; γ + 1− α− β; 1− z).

(9.73)

When z → 1, relation (9.73) gives

F1(z → 1) =
Γ(γ)Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)
+

Γ(γ)Γ(α+ β − γ)

Γ(α)Γ(β)
(1− z)γ−α−β .

Therefore, the complete solution Ḡ at z → 1 behaves as follows (taking in mind γ−α−β =
−2b, and b = ±i ω/2)

Ḡ1(z → 1) = Γ(γ)
[ Γ(γ − α− β)

Γ(γ − α)Γ(γ − β)
(1− z)b +

Γ(α+ β − γ)

Γ(α)Γ(β)
(1− z)−b

]
.

Due to identities

(γ − α− β) = −2b, α+ β − γ = +2b = (γ − α− β)∗;

(γ − α) = a+
1

2
− b = β∗, (γ − β) = a− b = α∗,

we may conclude that the function Ḡ(z → 1) is real. It is readily proved that the complete
function Ḡ1(z) is real in the whole region of the variable z. To this end, we apply the
Kummer identity

u1 = F (α, β; γ; z) = (1− z)γ−α−βF (γ − α, γ − β; γ; z) ,

which provides us with two apparently different representations for the same function

za(1− z)bF (α, β; γ; z) = za(1− z)b(1− z)γ−α−βF (γ − α, γ − β; γ; z) ,

which can be re-written as follows (remembering that a is real)

Ḡ1(z) = za(1− z)bF (α, β; γ; z) = za(1− z)b
∗
F (β∗, α∗; γ; z) , (9.74)

so Ḡ1(z) = [Ḡ1(z)]∗.
Now, it is convenient to fix parameters, a = (j+1)/2 , b = +iω/2; this choice corresponds

to regular at z = 0 solution. Singular solution refers to the function u5(z):

u5(z) = z1−γF (α+ 1− γ, β + 1− γ; 2− γ; z) ;

Ḡ5(z) = zaz1−γ = z(j+1)/2z−j−1/2 = z−j/2.
(9.75)

For u5, there are two possible representations

u5(z) = z1−γF (α+ 1− γ, β + 1− γ; 2− γ; z)

= z1−γ(1− z)γ−α−βF (1− α, 1− β; 2− γ; z) ;
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so we have two representations for the complete solutions

Ḡ5(z) = z−j/2(1− z)iω/2F (−j/2 + iω/2, 1/2− j/2 + iω/2; 1/2− j; z)
= z−j/2(1− z)−iω/2F (1/2− j/2− iω/2,−j/2− iω/2; 1/2− j; z) ,

so that Ḡ5(z) = [Ḡ5(z)]∗. In order to construct complex and conjugate solutions with the
given behaviour at z → 1:

u2 ∼ (1− z)b = (1− z)+iω/2 , u6 ∼ (1− z)−b = (1− z)−iω/2 ,

we have to apply Kummer solutions u2(z) and u6(z).
In order to clarify additionally the physical meaning of the arising mathematical task,

we turn back to eq. (9.68)

ϕ
( d
dr
ϕ
d

dr
+ ω2 − j(j + 1)

r2
ϕ
)
Ḡ = 0, (9.76)

and transform it to a new variable r∗:

ϕ
d

dr
=

d

dr∗
=⇒ dr∗ =

dr

ϕ(r)
=

dr

1− r2
;

r∗ =
1

2
ln

1 + r

1− r
; r → 0, r∗ → 0 ; r → 1, r∗ → +∞.

(9.77)

Correspondingly, eq. (9.76) reads

[
d2

dr2
∗

+ ω2 − j(j + 1)

r2
(1− r2)]Ḡ = 0, r → 0, [

d2

dr2
∗
− j(j + 1)

r2
]Ḡ = 0;

r → +1, [
d2

dr2
∗

+ ω2]Ḡ = 0, Ḡ = e±iωr∗ = cosωr∗ ± i sinωr∗.

Near the horizon (at r → 1), solutions behave as massless harmonic waves. Equation may
be treated as Schrödinger-like equation with an effective potential

[
d2

dr2
∗

+ ω2 − U(r∗)]Ḡ = 0 , U(r) =
j(j + 1)

r2
(1− r2) ; (9.78)

we should take in mind relations

r =
e2r∗ − 1

e2r∗ + 1
, U(r∗) = (j + 1)(

1

r2
− 1) =

4j(j + 1)e2r∗

(e2r∗ − 1)2
. (9.79)

9.6 Solutions in anti de Sitter space

The study from previous section may be extended to anti de Sitter space-time:

dS2 = ϕdt2 − r2(dθ2 + sin2 θdφ2)− dr2

ϕ
, ϕ = 1 + r2, r ∈ (0,+∞). (9.80)

We do not need to repeat the most of the above calculation, and may start with eq. (9.57)( d2

dr2
+
ϕ′

ϕ

d

dr
+
ω2

ϕ2
− j(j + 1)

r2ϕ

)
Ḡ = 0 , (9.81)
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now it reads (
d2

dr2
+

2r

1 + r2

d

dr
+

ω2

(1 + r2)2
− j(j + 1)

r2(1 + r2)

)
Ḡ = 0. (9.82)

Transforming it to a new variable r2 = y, y ∈ (0,+∞), we get( d2

dy2
+ P 2

)
Ḡ = 0, P 2(y) =

[ω2 − j(j + 1)] y − j(j + 1)

4y2(1 + y)2
. (9.83)

We may interpret it as an equation of Schrödinger type with an effective linear momentum
P 2(y); its behaviour at singular points is described by the formulas

y → 0, P 2 ∼ −j(j + 1)

4y2
→ −∞ ;

y →∞, P 2 ∼ ω2 − j(j + 1)

4y3
=

{
+0, ω2 − j(j + 1) > 0 (A) ,
−0, ω2 − j(j + 1) < 0 (B).

(9.84)

In the quantum-mechanical context, we can easily interpret only the case (A), when ω2 >
j(j + 1); the situation (B) is anomalous, for instance, a corresponding classical particle
cannot be moving with such parameters.

Let us transform eq. (9.83) to a new variable, y = −z, z = −r2, z ∈ (−∞, 0):( d2

dz2
+

1− 3z

2z(1− z)
d

dz
− ω2

4z(1− z)2
− j(j + 1)

4z2(1− z)

)
Ḡ = 0. (9.85)

Applying the substitution Ḡ = za (1− z)bH(z); we derive an equation for H(z) (see result
(9.71) with the change ω2 to −ω2)

4z(1− z)H ′′ + [8a(1− z)− 8bz + 2(1− 3z)]H ′

+
{

[4a(a− 1) + 2a− j(j + 1)]
1

z
+ [4b(b− 1) + 4b− ω2]

1

1− z
−4a(a− 1)− 8ab− 4b(b− 1)− 6a− 6b

}
H = 0. (9.86)

Impose evident restrictions a = (j + 1)/2,−j/2 , b = ±ω/2; then fix parameters as follows

a =
j + 1

2
, b = −ω

2
< 0, Ḡ(z) = z(j+1)/2(1− z)−ω/2H(z). (9.87)

All possible functions H(z) must be solutions of hypergeometric equation

z(1− z)F ′′ + [ γ − (α+ β + 1) z F ′ − αβ F = 0 ,

α =
j + 1− ω

2
, β = α+

1

2
, γ = 2a+

1

2
= j + 3/2.

(9.88)

Taking F (z) as the Kummer solution u1(z) (see notations in [48])

u1(z) = F (α, β, γ; z) = F (
j + 1− ω

2
,
j + 2− ω

2
,+

3

2
; z) , (9.89)

we get situation, when it is possible to obtain solutions in polynomials, α = −n, n =
0, 1, 2, ...:

ω = 2n+ j + 1 , u1(z) = F (−n,−n+
1

2
, j + 3/2; z). (9.90)
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The corresponding complete solution is given by the formula

Ḡ1(z) = z(j+1)/2(1− z)−n−(j+1)/2 (1 + c1z + ...+ cmz
n) ;

at z → −∞ we have

Ḡ1(z → −∞) = z(j+1)/2(−z)−n−(j+1)/2 (1 + c1z + ...+ cnz
n)→ const.

Thus, we have constructed solutions Ḡ1(z) in quasi-polynomial form, finite at two singular
points, r = 0 and r =∞; the quantization of parameter ω is ω = 2n+ j+ 1, n = 0, 1, 2, ...

Let us study the case of singular solutions, when Ḡ ∼ z−j/2. To get it, we should use
another Kummer solution

u5(z) = z1−γF (α+ 1− γ, β + 1− γ, 2− γ; z)

= z−j−1/2F (
−j − ω

2
,
−j − ω + 1

2
,−j +

1

2
; z) ; (9.91)

the respective complete solution is

Ḡ5(z) = z−j/2z−ω/2F (
−j − ω

2
,
−j − ω + 1

2
,−j +

1

2
; z). (9.92)

In fact, also we can apply some quantization condition

−j + 1− ω
2

= −n′, ω = 2n′ − j + 1 ,

Ḡ5(z) = z−j/2z−n+j/2F (−n− 1

2
,−n,−j +

1

2
; z).

The structure of this spectrum is substantially different from the previous one; in particular,
at each j, there are a number of negative values for ω. To find behaviour of that solution
at infinity, we apply the following Kummer formula

u5(z) =
Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(β + 1− γ)
eiπ(1−γ) u3(z) +

Γ(2− γ)Γ(α− β)

Γ(1− β)Γ(α+ 1− γ)
eiπ(1−γ)u4(z) ;

at z → −∞ it gives

u5(z → −∞) =
Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(β + 1− γ)
eiπ(1−γ) (−z)−α

+
Γ(2− γ)Γ(α− β)

Γ(1− β)Γ(α+ 1− γ)
eiπ(1−γ)(−z)−β ;

so the corresponding complete solution is

Ḡ5(z → −∞) =
Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(β + 1− γ)
eiπ(1−γ) z−j/2z−n+j/2(−z)+n

+
Γ(2− γ)Γ(α− β)

Γ(1− β)Γ(α+ 1− γ)
eiπ(1−γ)z−j/2z−n+j/2(−z)+n−1/2 ,

whence ignoring the second term we arrive at

Ḡ5(z → −∞) =
Γ(2− γ)Γ(β − α)

Γ(1− α)Γ(β + 1− γ)
eiπ(1−γ). (9.93)
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Thus, solution u5(z) leads to complete solution Ḡ5(z) with quasi-polynomial structure,
which is singular at z = 0 and regular at infinity z = −∞; the corresponding quantization
rule is ω = 2n′ − j. This type of solutions is hardly of physical interest.

In order to clarify physical sense of arising problem, let us turn back to eq. (9.81), written
in the form

ϕ
( d
dr
ϕ
d

dr
+ ω2 − j(j + 1)

r2
ϕ
)
Ḡ = 0 ; (9.94)

and transform it to a new variable

ϕ
d

dr
=

d

dr∗
=⇒ dr∗ =

dr

ϕ(r)
=

dr

1 + r2
;

r∗ = arctan r, tan r∗ = r ; r → 0, r∗ → 0 ; r → +∞, r∗ → +
π

2
.

(9.95)

Equation (9.94) in this variable reads[ d2

dr2
∗

+ ω2 − j(j + 1)(1 +
1

tan2 r∗
)
]
Ḡ = 0, r∗ ∈ (0,

π

2
). (9.96)

Here we have Schrödinger-type equation[ d2

dr2
∗

+ ω2 − U(r∗)
]
Ḡ = 0, U = j(j + 1)(1 +

1

tan2 r∗
) . (9.97)

This problem is easily interpretable in quantum mechanics if the following inequality is valid

ω2 > j(j + 1) ⇐⇒ Ω2 >
c2

ρ2
j(j + 1). (9.98)

In this point we should recall that related to solutions Ḡ1(z) spectrum for ω satisfies
this requirement

ω2 − j(j + 1) = 4n2 + (4n+ 1)(j + 1) > 0. (9.99)

Let us consider from this point of view the spectrum related to Ḡ5(z):

ω = k − j , where k = (2n′ + 1) ∈ {1, 3, 5, ...}. (9.100)

From (9.100) it follows ω2 − j(j + 1) = k2 − 2kj − j. Taking in mind the roots

k1 = j − j
√

1 + 1/j , −1 < k1 < 0 ; k2 = j + j
√

1 + 1/j , k2 > 2j ,

we conclude

ω2 − j(j + 1) < 0, when (2n′ + 1) < j + j
√

1 + 1/j ,

ω2 − j(j + 1) > 0 , when (2n′ + 1) > j + j
√

1 + 1/j ;
(9.101)

solutions of the type Ḡ5(z) are relevant to the situation badly interpretable from physical
point of view.
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9.7 Maxwell equations in Schwarzschild metric

We may start with eq. (9.50), specifying it to Schwarzschild space-time with ϕ = 1− 1
r . The

main equation formally is the same( d2

dr2
+
ϕ′

ϕ

d

dr
+
ω2

ϕ2
− j(j + 1)

r2ϕ

)
Ḡ = 0 , (9.102)

but explicitly it reads( d2

dr2
+

1

r(r − 1)

d

dr
+

ω2r2

(r − 1)2
− j(j + 1)

r2

r

r − 1

)
Ḡ = 0. (9.103)

Here we have an equation with three singular points, the points r = 0, 1 are regular, and the
point r = ∞ is irregular in rank 2; this is the class of confluent Heun equation. Equation
(9.103) becomes more understandable after transforming into other variable:(

ϕ
d

dr
ϕ
d

dr
+ ω2 − j(j + 1)

r2
ϕ
)
Ḡ = 0 , dr∗ =

dr

ϕ
= dr(1 +

1

r − 1
) ,

r∗ = r + ln(r − 1), r →∞, r∗ → +∞; r → 1 + 0, r∗ → −∞ ,( d2

dr2
∗

+ ω2 − U(r∗)
)
Ḡ = 0 , U(r∗) = ω2 − j(j + 1)

r2
ϕ.

(9.104)

Let us specify behaviour of the effective potential at two infinities

U(r∗ → +∞) =
j(j + 1)

r2

r − 1

r
= +0 ,

U(r∗ → −∞) =
j(j + 1)

r2

r − 1

r
= +0 ;

(9.105)

this means that here we have an effective potential of barrier type, tending to zero both at
r → 1 (r∗ → −∞) and infinity r →∞ (r∗ → +∞).

Now we are to construct formal solutions of eq. (9.103):[ d2

dr2
+ (

1

r − 1
− 1

r
)
d

dr

+ω2(1 +
2

r − 1
+

1

(r − 1)2
) + j(j + 1)(

1

r
− 1

r − 1
)
]
Ḡ = −0. (9.106)

In (non-physical) singular point r = 0 solutions behave as

G′′ − 1

r
G′ +

j(j + 1)

r
G = 0 , G ∼ rc, c = 0, c = 2. (9.107)

Near the point r = 1 we have[ d2

dr2
+

1

r − 1

d

dr
+

ω2

(r − 1)2

]
Ḡ = −0 , G ∼ (r − 1)a, a = ±iω. (9.108)

To find asymptotic at infinity, we transform equation to the variable x = 1/r:[ d2

dx2
+ (

2

x
− 1

1− x
)
d

dx
+

ω2

x4(1− x)2
− j(j + 1)

x2(1− x)

]
G = 0.
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It becomes simpler near the point x = 0:[ d2

dx2
+

2

x

d

dx
+
ω2

x4
− j(j + 1)

x2

]
G = 0, G ∼ xAeB/x ,

further we derive

−AB
x3
− B(A− 2)

x3
− 2B

x3
+
B2

x4
+
ω2

x4
= 0 ,

whence it follows

B2 + ω2 =⇒ B = ±iω ,
AB +B(A− 2) + 2B = 0, 2AB = 0, A = 0.

(9.109)

Therefore, general solution of eq. (9.103) may be searched in the form Ḡ = rc(r − 1)a

ebr g(r). After needed calculation we arrive at

g′′ +
(2c

r
+

2a

r − 1
+ 2b+

1

r(r − 1)

)
g′

+
[c(c− 1)

r2
+
a(a− 1)

(r − 1)2
+

2ca

r − 1
− 2ca

r
+

2cb

r
+

2ab

r − 1
+ b2

+
c

r − 1
− c

r2
− c

r
+
a

r
+

a

(r − 1)2
− a

r − 1
+

b

r − 1
− b

r

+ω2 +
2ω2

r − 1
+

ω2

(r − 1)2
+
j(j + 1)

r
− j(j + 1)

r − 1

]
g = 0.

Imposing evident restrictions, we get eight variants of parameters a, b, c:

a = ±iω , c = 0, 2 , b = ±iω.

So resulting equation becomes simpler

g′′ +
(2a+ 1

r − 1
+

2c− 1

r
+ 2b

)
g′

+
[2ca+ 2ab+ c− a+ b− j(j + 1) + 2ω2

r − 1

+
−2ca+ 2cb− c+ a− b+ j(j + 1)

r

]
g = 0. (9.110)

Because the physical region of radial variable is the interval r ∈ (1,+∞), the most
interesting would be a series in the variable x = r − 1. Transformed to this variable x,
equation reads (the prime designates derivative d/dx):

g′′ + (p+
p1

x
+

p2

x+ 1
)g′ + (

q1

x
+

q2

x+ 1
)g = 0 , x ∈ (0,+∞) . (9.111)

Its solutions may be constructed as a power series, g(x) =
∑∞
k=0 ckx

k. After performing the
needed calculations, we derive recurrent formulas

n = 0, q1 c0 + p1 c1 = 0 ;

n = 1, (q1 + q2) c0 + (p+ p1 + p2 + q1) c1 + (2 + 2p1) c2 = 0 ;

n = 2, 3, ..., [p(n− 1) + q1 + q2] cn−1

+[n(n− 1) + (p+ p1 + p2)n+ q1] cn + [(n+ 1)n+ p1(n+ 1)] cn+1 = 0.
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Possible convergence radii are found by Poincaré–Perron method: dividing the last relation
by n2cn−1

1

n2
[p(n− 1) + q1 + q2]

+
1

n2
[n(n− 1) + (p+ p1 + p2)n+ q1]

cn
cn−1

+
1

n2
[(n+ 1)n+ p1(n+ 1)]

cn+1

cn

cn
cn−1

= 0

and tending n → ∞, we obtain algebraic equation which determines possible convergence
radii:

lim
n→∞

cn
cn−1

= R , R+R2 = 0 , Rconv =
1

|R|
= 1,∞ .

Recall that complete solutions have the structure

Ḡ(r) = rc(r − 1)aebrg(r) =⇒ Ḡ(x) = (1 + x)cxaeb(1+x)g(x) ,

c = 0, 2 ; a = −iω,+iω ; b = −iω,+iω ; x ∈ (0,+∞) ;
(9.112)

below we list eight types of solutions (they are collected in pairs of conjugate ones)

c = 0, a = +iω, b = +iω, Ḡ1 = x+iωe+iω(1+x)g1(x) ,
c = 0, a = −iω, b = −iω, Ḡ∗1 = x−iωe−iω(1+x)g∗1(x) ;

c = 0, a = +iω, b = −iω, Ḡ2 = x+iωe−iω(1+x)g2(x) ,
c = 0, a = −iω, b = +iω, Ḡ∗2 = x−iωe+iω(1+x)g∗2(x) ;

(9.113)

c = 2, a = +iω, b = +iω, Ḡ3 = (1 + x)2x+iωe+iω(1+x)g3(x) ,
c = 2, a = +iω, b = −iω, Ḡ4 = (1 + x)2x+iωe−iω(1+x)g4(x) ;

c = 2, a = −iω, b = +iω, Ḡ∗4 = (1 + x)2x−iωe+iω(1+x)g∗4(x) ,
c = 2, a = −iω, b = −iω. Ḡ∗3 = (1 + x)2x−iωe−iω(1+x)g3

x(x).

(9.114)

9.8 Solutions in spherical Riemann space

Now we consider Maxwell equations in spherical Riemann model:

dS2 = dt2 − dr2 − sin2 rdθ2 − sin2 θdφ2 ,

xα = (t, r, θ, φ) , gαβ =

∣∣∣∣∣∣∣∣
1 0 0 0
0 −1 0 0
0 0 − sin2 r 0
0 0 0 − sin2 r sin2 θ

∣∣∣∣∣∣∣∣ .
(9.115)

We use the following tetrad

eα(0) = (1, 0, 0, 0) , eα(3) = (0, 1, 0, 0) ,

eα(1) = (0, 0,
1

sin r
, 0) , eα(2) = (1, 0, 0,

1

sin r sin θ
) ;

(9.116)

by changing the numeration for coordinates xα = (t, r, θ, φ) =⇒ xα = (t, θ, φ, r) the tetrad
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(9.116) becomes diagonal. Ricci rotation coefficients equal

γab0 = 0, γab1 =

∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 − 1

tan r
0 0 0 0
0 + 1

tan r 0 0

∣∣∣∣∣∣∣∣ ,

γab2 =

∣∣∣∣∣∣∣∣
0 0 0 0
0 0 + 1

tan θ sin r 0
0 − 1

tan θ sin r 0 − 1
tan r

0 0 + 1
tan r 0

∣∣∣∣∣∣∣∣ , γab3 = 0 .

Starting with the general spinor equation[
σceα(c)(x)∂α + σc(

1

2
Σab ⊗ I + I ⊗ 1

2
Σab)γabc(x)

]
ξ(x) = 0 , (9.117)

we arrive at[
∂t +

{
σ3∂r +

i

tan r

(
− σ1σ

2 ⊗ I + I ⊗ σ2

2
+ σ2σ

1 ⊗ I + I ⊗ σ1

2

)}
+

1

sin r

{
σ1∂θ − iσ2 i∂ϕ + cos θ(σ3 ⊗ I + I ⊗ σ3)/2

sin θ

}]
ξ = 0.

Comparing it with eq. (9.42), we can write down radial equations by formal changes in the
system (9.50):

−iωf + (
d

dr
+

1

tan r
)f +

a

sin r
h = 0 , iωg + (

d

dr
+

1

tan r
)g +

a

sin r
h = 0 ,

−iωh+ (
d

dr
+

2

tan r
)h+

a

sin r
g = 0 , iωh+ (

d

dr
+

2

tan r
)h+

a

sin r
f = 0.

(9.118)

Summing and subtracting third and fourth equations, we derive

2(
d

dr
+

2

tan r
)h+

a

sin r
(f + g) = 0 , 2iωh+

a

sin r
(f − g) = 0. (9.119)

It is readily checked that the first equation in (9.118) is the result of combining three
remaining ones. Therefore, we have only three independent equations

h = − a

2iω sin r
(f − g) ,

−iωf + (
d

dr
+

1

tan r
)f +

a

sin r
h = 0 , iωg + (

d

dr
+

1

tan r
)g +

a

sin r
h = 0.

(9.120)

Excluding the variable h(r) we obtain

(
d

dr
+

1

tan r
− iω)f +

ia2

2ω sin2 r
(f − g) = 0 ,

(
d

dr
+

1

tan r
+ iω)g +

ia2

2ω sin2 r
(f − g) = 0.

(9.121)

Summing and subtracting these two equations, and using new variables, f +g = F, f −g =
G, we arrive at the system

(
d

dr
+

1

tan r
)F − iωG+

ia2

ω sin2 r
G = 0, (

d

dr
+

1

tan r
)G− iωF = 0. (9.122)
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System (9.122) may be simplified by separating multipliers, F = sin−1 r F̄ , G =
sin−1 r Ḡ, in this way we get

d

dr
iωF̄ + (ω2 − a2

sin2 r
)Ḡ = 0 ,

d

dr
Ḡ = iωF̄ , (9.123)

whence it follows an equation for main function( d2

dr2
+ ω2 − a2

sin2 r

)
Ḡ = 0. (9.124)

In the new variable, y = 1−cos r
2 , the last equation reads[

y(1− y)
d2

dy2
+ (

1

2
− y)

d

dy
+ ω2 − a2

4y(1− y)

]
Ḡ = 0. (9.125)

Its solution are searched in the form Ḡ = yA (1− y)B g(y); this results in

y(1− y)g′′ + [2A+ 1/2− (2A+ 2B + 1)y] g′

+
1

y
[A(A− 1) +

1

2
A− a2

4
] g +

1

1− y
[B(B − 1) +

1

2
B − a2

4
] g

+[ ω2 − 2AB −A(A− 1)−B(B − 1)−A−B ] g = 0.

Equating coefficients at y−1 and (1− y)−1 to zero, we get

A = (j + 1)/2, −j/2; B = (j + 1)/2, −j/2.

The above equation for g(y) is simplified and recognised as hypergeometric equation with
parameters

γ = 2A+ 1/2, α = A+B − ω , β = A+B + ω. (9.126)

Let us fix parameters A and B: A = (j + 1)/2 , B = (j + 1)/2, so obtaining

γ = j + 3/2 , α = j + 1− ω , β = j + 1 + ω. (9.127)

We get polynomials imposing evident restriction

α = −n, n = 1, 2, 3, ... , ω = n+ j + 1 ; (9.128)

corresponding complete solution has the structure

Ḡ(y) = y(j+1)/2 (1− y)(j+1)/2 F (−n, n+ 2j + 2, j + 3/2; y) , (9.129)

it equals to zero at the points y → 0, y → 1 (r → 0, r → π).

9.9 Solutions in Lobachevsky space

The main radial equation reads( d2

dr2
+ ω2 − a2

sinh2 r

)
Ḡ = 0 , r ∈ (0,∞). (9.130)
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In the new variable y = 1−cosh r
2 , it takes the form[

y(y − 1)
d2

dy2
+ (y − 1/2)

d

dy
+ ω2 − a2

4y(y − 1)

]
Ḡ = 0. (9.131)

Formally, this equation differs from that used in the previous section only in the sign at ω2.
Substitution for Ḡ(y) is the same

Ḡ = yA (1− y)B g(y), A =
j + 1

2
, − j

2
; B =

j + 1

2
, − j

2
; (9.132)

for g(y) we get an equation of hypergeometric type

y(1− y)g′′ +
[

2A+
1

2
− (2A+ 2B + 1)y

]
g′ −

[
(A+B)2 + ω2

]
g = 0

with parameters

γ = 2A+ 1/2 , α = A+B − iω , β = A+B + iω. (9.133)

Let us fix parameters as follows (negative B ensures the term (1−y)B tending to zero when
y →∞):

A =
j + 1

2
, B = − j

2
; γ = j + 3/2 , α = 1/2− iω , β = 1/2 + iω , (9.134)

thus we have constructed the needed solution

Ḡ1(y) = y(j+1)/2 (1− y)−j/2 u1(y), u1(y) = F (α, β, γ; y), (9.135)

it tends to zero at the point y = 0 (r = 0). The singular point y = 1 does not belong to a
physical region. To find behaviour of this solution in infinity, we should apply the Kummer
formula

u1(y) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
u3(y) +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
u4(y) , (9.136)

where

u3(y) = (−y)−αF (α, α+ 1− γ, α+ 1− β;
1

y
)

= (−y)(−1/2+iω)F (1/2− iω,−iω − j, 1− 2iω;
1

y
) ,

u4(y) = (−y)−βF (β + 1− γ, β, β + 1− α;
1

y
)

= (−y)(−1/2−iω)F (iω − j, (1/2 + iω), 1 + 2iω;
1

y
).

As y → +∞, the last formula gives

u1(y) =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(−y)(−1/2+iω) +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(−y)(−1/2−iω).

Therefore, the complete solution behaves as follows

Ḡ1 (y →∞)
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= (−1)−(j+1)/2

{
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(−y)iω +

Γ(γ)Γ(α− β)

Γ(γ − β)Γ(α)
(−y)−iω

}
. (9.137)

Taking in mind identities

β − α = 2iω , α− β = −2iω , γ − α = j + iω + 1 , γ − β = j − iω + 1,

we conclude that Ḡ1 (y → ∞) is real up to simple phase factor. In initial variable r,
asymptotic (9.137) is determined by the formulas

(−y)iω ≈ (
1

4
)iωeiωr ,

Ḡ1 (r →∞) = Meiωr +M∗e−iωr,

M =
Γ(γ)Γ(β − α)

Γ(γ − α)Γ(β)
(
1

4
)iω .

(9.138)

It is readily proved that when using Kummer solutions u3 and u4, their corresponding
complete solutions Ḡ3 and Ḡ4 are conjugate to each other and have the asymptotics

u3 ∼ const eiωr , u4 ∼ const e−iωr.

9.10 Cylindric solutions in spherical space

Let us consider spinor Maxwell equations in cylindric coordinates of the spherical Riemann
model, it is specified by the formulas

dS2 = dt2 − dr2 − sin2 r dφ2 − cos2 r dz2 , xα = (t, r, φ, z) ,

eβ(a)(x) =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 sin−1 r 0
0 0 0 cos−1 r

∣∣∣∣∣∣∣∣ ,
(9.139)

these coordinates belong to: r ∈ [0, +π/2], φ ∈ [−π, +π], z ∈ [−π, +π] . Ricci rotation
coefficients are (we write down only non-vanishing ones)

γab0 = 0 , γab1 = 0 , γ122 =
cos r

sin r
, γ313 =

sin r

cos r
. (9.140)

Starting with general spinor form of Maxwell equations[
σceα(c)(x)∂α + σc(

1

2
Σab ⊗ I + I ⊗ 1

2
Σab)γabc(x)

]
ξ(x) = 0 ,

Σ0j =
1

2
σj , Σ12 = − i

2
σ3, Σ23 = − i

2
σ1, Σ31 = − i

2
σ2,

(9.141)

we obtain

[ ∂t + σ1∂r +
σ2

sin r
∂φ +

σ3

cos r
∂z

+σ2(Σ12 ⊗ I + I ⊗ Σ12)γ122 + σ3(Σ31 ⊗ I + I ⊗ Σ31)γ313]ξ(x) = 0 ,
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that is [
∂t + σ1∂r −

iσ2

2
(σ3 ⊗ I + I ⊗ σ3)

cos r

sin r

− iσ
3

2
(σ2 ⊗ I + I ⊗ σ2)

sin r

cos r
+

σ2

sin r
∂φ +

σ3

cos r
∂z

]
ξ = 0. (9.142)

The structure of this equation assumes the following substitution for electromagnetic
spinor

ξ(t, r, φ, z) = e−iωt eimφ eikz
∣∣∣∣ f(r) h(r)
h(r) g(r)

∣∣∣∣ , (9.143)

so we derive{
−iωI + σ1 d

dr
− i cos r

2 sin r
σ2(σ3 ⊗ I + I ⊗ σ3)− i sin r

2 cos r
σ3(σ2 ⊗ I + I ⊗ σ2)

+
im

sin r
σ2 +

ik

cos r
σ3

} ∣∣∣∣ f(r) h(r)
h(r) g(r)

∣∣∣∣ = 0 , (9.144)

and further we find the system of four equations:

(
d

dr
+

m

sin r
− sin r

cos r
)h+ (−iω +

ik

cos r
)f = 0 ,

(
d

dr
− m

sin r
− sin r

cos r
)h+ (−iω − ik

cos r
)g = 0 ,

(
d

dr
+

m

sin r
+

cos r

sin r
− 1

2

sin r

cos r
)g +

1

2

sin r

cos r
f + (−iω +

ik

cos r
)h = 0,

(
d

dr
− m

sin r
+

cos r

sin r
− 1

2

sin r

cos r
)f +

1

2

sin r

cos r
g + (−iω − ik

cos r
)h = 0.

(9.145)

Summing and subtracting equations in each pair, we obtain (let it be F = f+g ,G = f−g)

ik

cos r
F − iωG+

2m

sin r
h = 0 ,

ik

cos r
G− iωF + 2(

d

dr
− sin r

cos r
)h = 0 ,

− 2ik

cos r
h− m

sin r
F + (

d

dr
+

cos r

sin r
− sin r

cos r
)G = 0 ,

−2iω h− m

sin r
G+ (

d

dr
+

cos r

sin r
)F = 0.

(9.146)

Let us express from first, second, and fourth equations the variables ωG, ωF , and 2iωh and
substitute them into the third equation; this results in the identity 0 ≡ 0. Therefore, only
three equations in eq. (9.146) are independent:

ik

cos r
F − iωG+

2m

sin r
h = 0 ,

ik

cos r
G− iωF + 2(

d

dr
− sin r

cos r
)h = 0 ,

−2iω h− m

sin r
G+ (

d

dr
+

cos r

sin r
)F = 0.

(9.147)

Taking into account identities

F =
1

sin r
F̄ , (

d

dr
+

cos r

sin r
)F =

1

sin r

dF̄

dr
; h =

1

cos r
h̄ , (

d

dr
− sin r

cos r
)h =

1

cos r

dh̄

dr
,
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we may simplify eq. (9.147):

ik

cos r

1

sin r
F̄ − iωG+

2m

sin r

1

cos r
h̄ = 0,

ik

cos r
G− iω 1

sin r
F̄ +

2

cos r

dh̄

dr
= 0,

−2iω
1

cos r
h̄− m

sin r
G+

1

sin r

dF̄

dr
= 0.

(9.148)

Let it be 2ih̄ = H̄. The last system is presented as follows

ωG =
kF̄ −mH̄
cos r sin r

,

k

cos r
ωG− ω2

sin r
F̄ − ω

cos r

dH̄

dr
= 0 , −ω2 1

cos r
H̄ − m

sin r
ω G+

ω

sin r

dF̄

dr
= 0.

Excluding the function G, we derive

1

cos r
(ω

d

dr
+

km

cos r sin r
)H̄ +

1

sin r
(ω2 − k2

cos2 r
)F̄ = 0 ,

1

sin r
(ω

d

dr
− km

sin r cos r
)F̄ +

1

cos r
(−ω2 +

m2

sin2 r
)H̄ = 0.

(9.149)

Let us transform the system to new variable sin r =
√
z , z ∈ [0, 1], then we arrive at[

2ω
d

dz
+

km

z(1− z)

]
H̄ +

ω2 − k2 − ω2z

z(1− z)
F̄ = 0 ,[

2ω
d

dz
− km

z(1− z)

]
F̄ +

m2 − ω2z

z(1− z)
H̄ = 0.

(9.150)

Note that from eq. (9.150) straightforwardly follow two differential equations with four
singular points:

H̄, z = 0, 1,∞, (1− k2

ω2
) ; F̄ , z = 0, 1,∞, m

2

ω2
.

There exists possibility to reduce the problem to equations with three singular points.
Indeed, let us define new variables, H̄ = V +W, F̄ = V −W , then the system (9.150) reads[

2ω
d

dz
+

km

z(1− z)

]
(V +W ) +

ω2 − k2 − ω2z

z(1− z)
(V −W ) = 0 ,

[
2ω

d

dz
− km

z(1− z)

]
(V −W ) +

m2 − ω2z

z(1− z)
(V +W ) = 0.

Summing and subtracting these equations we get[
4ω

d

dz
+
ω2 − k2 +m2 − 2ω2z

z(1− z)

]
V − ω2 − (k +m)2

z(1− z)
W = 0 ,[

4ω
d

dz
W − ω2 − k2 +m2 − 2ω2z

z(1− z)

]
W +

ω2 − (k −m)2

z(1− z)
V = 0.

(9.151)

We readily derive a 2nd-order equation for W (z):

z(z − 1)W ′′ + (2z − 1)W ′ +
[
− ω(ω + 2)

4
− k2

4(z − 1)
+
m2

4z

]
W = 0. (9.152)
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Near the points z = 0, 1, solutions behave as

z → 0,W = zA, A = ±|m|
2

; z → 1,W = (z − 1)B , B = ±|k|
2
. (9.153)

In all region of z, solutions are searched in the form W (z) = zA(z− 1)BW̄ (z). After needed
calculation we arrive at

(z − 1)zW̄ ′′ + [2A(z − 1) + 2Bz + (2z − 1)] W̄ ′

+
(

(A+B)(A+B + 1)− ω(ω + 2)

4
− k2

4(z − 1)
+

B2

z − 1
+
m2

4z
− A2

z

)
W̄ = 0.

Imposing yet known restrictions (9.153), we obtain

z(1− z)W̄ ′′ + [2A+ 1− (2A+ 2B + 2)z)]W̄ ′

−[(A+B)(A+B + 1)− 1

4
ω(ω + 2)] W̄ = 0, (9.154)

which is identified with the equation of hypergeometric type

z(1− z) d
2F

dz2
+ [γ − (α+ β + 1)γ]

dF

dz
− αβ F = 0 .

Let us fix parameters A and B so that solutions be finite at the points z = 0, 1:

A = +
|m|
2
, B = +

|k|
2
, γ = |m|+ 1 ,

α =
|k|+ |m| − ω

2
, β =

|k|+m|+ ω

2
+ 1 ,

(9.155)

and accept the standard requirement for polynomials:

α = −n, ω = 2n+ |k|+ |m| , β = n+ 1 + |m|+ |k|,
n = 0, 1, 2, ..., W (z) = z|m|/2(z − 1)|k|/2F (α, β, γ; z).

(9.156)

Now, let us turn to equation for the second function V (z). There exists symmetry be-
tween two equations (9.151): the system is invariant under the formal changes

V ⇐⇒W, ω ⇐⇒ −ω, m⇐⇒ −m. (9.157)

Therefore, from the 2nd-order equation (9.152) for W (z), without any calculation we obtain
a respective equation for V (z):

z(z − 1)V ′′ + (2z − 1)W ′ + [−ω(ω − 2)

4
− k2

4(z − 1)
+
m2

4z
]V = 0. (9.158)

We are to apply the same substitution V (z) = zA(z−1)BV̄ (z). After the needed calculation
we get an equation for V̄ (z):

(z − 1)zV̄ ′′ + [2A(z − 1) + 2Bz + (2z − 1)] V̄ ′

+[ (A+B)2 +A+B − 1

4
ω(ω − 2)− k2

4(z − 1)
+

B2

z − 1
+
m2

4z
− A2

z
] V̄ = 0.
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Imposing evident restrictions on A and B, we arrive at an equation of hypergeometric type

z(1− z)V̄ ′′ + [2A+ 1− (2A+ 2B + 2)z)] V̄ ′

−[ (A+B)(A+B + 1)− 1

4
ω(ω − 2) ] V̄ = 0 (9.159)

with parameters

A = +
|m|
2
, B = +

|k|
2
, γ′ = |m|+ 1 ,

α′ =
|k|+ |m|+ ω

2
, β′ =

|k|+m| − ω
2

+ 1.

(9.160)

Further, applying polynomial condition, we find needed solutions

β′ = −n′, ω = 2(n′ + 1) + |k|+ |m| , α′ = n′ + 1 + |m|+ |k|,
n′ = 0, 1, 2, ..., V (z) = z|m|/2(z − 1)|k|/2F (α′, β′, γ′; z).

(9.161)

A relative coefficient between two functions, W̄ (z) and V̄ (z), may be found with the use
of 1st-order relations, related these function.

In a similar way, we could study the spinor Maxwell equations in hyperbolic Lobachevsky
space, being parameterised by cylindric coordinates according to the formulas:

dS2 = dt2 − dr2 − sinh2 r dφ2 − cosh2 r dz2 , xα = (t, r, φ, z) ,

eβ(a)(x) =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0

0 0 sinh−1 r 0

0 0 0 cosh−1 r

∣∣∣∣∣∣∣∣ ,
(9.162)

where r ∈ [0, +∞) , φ ∈ [−π, +π], and z ∈ (−∞, +∞) . The treatment would be similar
and it does not require new ideas.

9.11 Conclusions

The vacuum Maxwell equations being considered on the background of any pseudo-
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but
specified in some effective medium, in which constitutive relations are determined by the
metric of the curved space-time. In that context, we will consider space-time models with
an event horizon. All of them have a metric of one the same structure, we restrict ourselves
to the spherically symmetric cases, and consider de Sitter, anti de Sitter, and Schwarzschild
models. Also we have studied hyperbolic Lobachevsky and spherical Riemann models, pa-
rameterised coordinates with spherical and cylindric symmetry. We will prove that in all
examined cases, effective tensors and of electric permittivity (εij) and magnetic permeabil-
ity (εij) obey one with the same condition: εij(x)µjk(x) = δik. Simplicity of expressions
for these tensors εij(x) and µjk(x) is misleading; for each curved space-time model, we
are to solve Maxwell equations separately and anew. We have constructed these solutions
explicitly, applying Maxwell’s equations in spinor form.
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10

P-asymmetric equation for a spin
1/2 particle in external fields

Within the theory of relativistic wave equations with extended sets of Lorentz
group representations, a new P -noninvariant 20-component wave equation for spin
1/2 particle is proposed. The presence of an external electromagnetic field and Rie-
mannian space-time background are taken into account. Due to the internal struc-
ture of the particle, additional interaction terms appears, and it relates to anomalous
magnetic moment of the particle. Exact solutions of the equation in the presence of
the external Coulomb fields have been constructed, and radial wave functions are
expressed in terms of confluent Heun functions.

10.1 Gel’fand–Yaglom basis

The goal of the paper is to construct a new P -nonivariant wave equation for a massive
spin 1/2 particle. We apply the general theory of relativistic wave equations with extended
sets of representations of the Lorentz group. In general, the existence of more general wave
equations than commonly used ones is well known within the so-called Gel’fand–Yaglom
formalism – see references [1–52] and also books [53–57].

We start with the following set of irreducible representations (it contains 20 components)

T = (0, 1/2)⊕ (1/2, 0)⊕ (0, 1/2)′ ⊕ (1/2, 0)′ ⊕ (1, 1/2)⊕ (1/2, 1) , (10.1)

where the “prime” serves to distinguish repeated representations of the Lorentz group. The
matrix Γ4 of the corresponding wave equation has the following structure (in the Gel’fand–
Yaglom basis)

Γ4 = (C(1/2) ⊗ I2)⊕ (C(3/2) ⊗ I4) , (10.2)

where C(1/2) and C(3/2) represent spin-blocks related to spins 1/2 and 3/2. With the use
of the numeration of irreducible components in eq. (10.1)

(0, 1/2) ∼ 1, (0, 1/2)′ ∼ 2, (1, 1/2) ∼ 3, (1/2, 0) ∼ 4, (1/2, 0)′ ∼ 5, (1/2, 1) ∼ 6,

possible structure of the blocks C(1/2) and C(3/2) is given by relations

C( 1
2 ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 c
( 1

2 )
14 c

( 1
2 )

15 c
( 1

2 )
16

0 0 0 c
( 1

2 )
24 c

( 1
2 )

25 c
( 1

2 )
26

0 0 0 c
( 1

2 )
34 c

( 1
2 )

35 c
( 1

2 )
36

c
( 1

2 )
41 c

( 1
2 )

42 c
( 1

2 )
43 0 0 0

c
( 1

2 )
51 c

( 1
2 )

52 c
( 1

2 )
53 0 0 0

c
( 1

2 )
61 c

( 1
2 )

62 c
( 1

2 )
63 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, C( 3

2 ) =

∣∣∣∣∣ 0 c
( 3

2 )
36

c
( 3

2 )
63 0

∣∣∣∣∣ . (10.3)
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From invariance of the wave equation under proper Lorentz group, follow the constraints

c
( 3

2 )
36 = 2c

( 1
2 )

36 , c
( 3

2 )
63 = 2c

( 1
2 )

63 . (10.4)

Without loss of generality, the links between repeated components may be broken, which
yields

c
( 1

2 )
15 = c

( 1
2 )

51 = c
( 1

2 )
24 = c

( 1
2 )

42 = 0 . (10.5)

Because, we wish to construct the model of a particle with single spin 1/2, eigenvalues of
the block C(3/2) must be equal to zero. Therefore, we set

c
( 3

2 )
36 = c

( 3
2 )

63 = 0 , (10.6)

whence due to eq. (10.4) it follows

c
( 1

2 )
36 = c

( 1
2 )

63 = 0 . (10.7)

Relations (10.5)–(10.7) assume that the linking scheme for model under consideration has
the form

1− 4

| |
6 3

| |
2− 5 .

(10.8)

10.2 Modified Gel’fand–Yaglom basis

Let us find the form of the matrix Γ4 for the equation

(Γµ∂µ +M)Ψ = 0 (10.9)

with the use of so-called modified Gel’fand–Yaglom basis, in which the components of the
complete wave function Ψ are listed as follows

ε
(1)
1
2 ,

1
2

, ε
(1)
1
2 ,−

1
2

, ε
(2)
1
2 ,

1
2

, ε
(2)
1
2 ,−

1
2

, ε
(3)
1
2 ,

1
2

, ε
(3)
1
2 ,−

1
2

,

ε
(4)
1
2 ,

1
2

, ε
(4)
1
2 ,−

1
2

, ε
(6)
1
2 ,

1
2

, ε
(6)
1
2 ,−

1
2

, ε
(5)
1
2 ,

1
2

, ε
(5)
1
2 ,−

1
2

,

ε
(6)
3
2 ,

3
2

, ε
(6)
3
2 ,−

3
2

, ε
(5)
3
2 ,

3
2

, ε
(5)
3
2 ,−

3
2

, ε
(6)
3
2 ,

1
2

, ε
(6)
3
2 ,−

1
2

, ε
(5)
3
2 ,

1
2

, ε
(5)
3
2 ,−

1
2

.

(10.10)

Correspondingly, the matrix Γ4 is presented in the form

Γ4 = C(1/2) ⊕ C(3/2) ,
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where spin blocks C(1/2) and C(3/2) are given by the formulas (take in mind eqs. (10.5)–

(10.7)), C( 3
2 ) = 08 and

C( 1
2 ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 c
( 1
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14 0 0 0 0 0 0 0 c

( 1
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16 0
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0 c
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2 )
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43 0 0

0 0 0 0 0 0 c
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0 0 0 0 0 0 0 c
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( 1
2 )

26
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0 0 0 0 0 c
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( 1
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62 0 0 0 0 0 0 0

0 c
( 1

2 )
61 0 0 0 c

( 1
2 )

62 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

We are to perform some transformations on eq. (10.11). In particular, the matrix block∣∣∣∣∣∣∣∣∣∣
0 0 c

( 1
2 )

14 0

0 0 0 c
( 1

2 )
14

c
( 1

2 )
41 0 0 0

0 c
( 1

2 )
41 0 0

∣∣∣∣∣∣∣∣∣∣
may be decomposed into two parts
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γ4 +

1
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c
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41

)
γ5γ4 , (10.11)

where the Dirac matrices are used

γ4 =

∣∣∣∣∣∣∣∣
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

∣∣∣∣∣∣∣∣ , γ5 =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣∣ .
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Similarly, we get∣∣∣∣∣∣∣∣∣∣
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1

2
(c

( 1
2 )

16 − c
( 1

2 )
43 )γ5γ4 ,

∣∣∣∣∣∣∣∣∣∣
0 0 c

( 1
2 )

26 0

0 0 0 c
( 1

2 )
26

c
( 1

2 )
53 0 0 0

0 c
( 1

2 )
53 0 0

∣∣∣∣∣∣∣∣∣∣
=

1

2
(c

( 1
2 )

26 + c
( 1

2 )
53 )γ4 +

1

2
(c

( 1
2 )

26 − c
( 1

2 )
53 )γ5γ4 ,

∣∣∣∣∣∣∣∣∣∣
0 0 c

( 1
2 )

34 0

0 0 0 c
( 1

2 )
34

c
( 1

2 )
61 0 0 0

0 c
( 1

2 )
61 0 0

∣∣∣∣∣∣∣∣∣∣
=

1

2
(c

( 1
2 )

34 + c
( 1

2 )
61 )γ4 +

1

2
(c

( 1
2 )

34 − c
( 1

2 )
61 )γ5γ4 ,

∣∣∣∣∣∣∣∣∣∣
0 0 c

( 1
2 )

35 0

0 0 0 c
( 1

2 )
35

c
( 1

2 )
62 0 0 0

0 c
( 1

2 )
62 0 0

∣∣∣∣∣∣∣∣∣∣
=

1

2
(c

( 1
2 )

35 + c
( 1

2 )
62 )γ4 +

1

2
(c

( 1
2 )

35 − c
( 1

2 )
62 )γ5γ4 .

Collecting results together, we find the following decomposition for spin block C(1/2):

C(1/2) =
1

2

∣∣∣∣∣∣∣
(c

( 1
2 )

14 + c
( 1

2 )
41 ) 0 (c

( 1
2 )

16 + c
( 1

2 )
43 )

0 (c
( 1

2 )
25 + c

( 1
2 )

52 ) (c
( 1

2 )
26 + c

( 1
2 )

53 )

(c
( 1

2 )
34 + c

( 1
2 )

61 ) (c
( 1

2 )
35 + c

( 1
2 )

62 ) 0

∣∣∣∣∣∣∣⊗ γ4

+
1

2

∣∣∣∣∣∣∣
(c

( 1
2 )

14 − c
( 1

2 )
41 ) 0 (c

( 1
2 )

16 − c
( 1

2 )
43 )

0 (c
( 1

2 )
25 − c

( 1
2 )

52 ) (c
( 1

2 )
26 − c

( 1
2 )

53 )

(c
( 1

2 )
34 − c

( 1
2 )

61 ) (c
( 1

2 )
35 − c

( 1
2 )

62 ) 0

∣∣∣∣∣∣∣⊗ γ5γ4 . (10.12)

It should be emphasised that in expression (10.12) the first term corresponds to a purely
P -invariant model, whereas the second term relates to a purely P -noninvariant model. In
the present chapter, we restrict ourselves to the second variant.

It is convenient to employ the shortening notations

a1 =
1

2
(c

( 1
2 )

14 + c
( 1

2 )
41 ), a2 =

1

2
(c

( 1
2 )

16 + c
( 1

2 )
43 ) , a3 =

1

2
(c

( 1
2 )

25 + c
( 1

2 )
52 ) , a4 =

1

2
(c

( 1
2 )

26 + c
( 1

2 )
53 ) ,

a5 =
1

2
(c

( 1
2 )

34 + c
( 1

2 )
61 ) , a6 =

1

2
(c

( 1
2 )

35 + c
( 1

2 )
62 ) ,
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b1 =
1

2
(c

( 1
2 )

14 − c
( 1

2 )
41 ) , b2 =

1

2
(c

( 1
2 )

16 − c
( 1

2 )
43 ) , b3 =

1

2
(c

( 1
2 )

25 − c
( 1

2 )
52 ) , b4 =

1

2
(c

( 1
2 )

26 − c
( 1

2 )
53 ) ,

b5 =
1

2
(c

( 1
2 )

34 − c
( 1

2 )
61 ) , b6 =

1

2
(c

( 1
2 )

35 − c
( 1

2 )
62 ) .

Correspondingly, the spin block C(1/2) reads

C(1/2) =

∣∣∣∣∣∣
a1 0 a2

0 a3 a4

a5 a6 0

∣∣∣∣∣∣⊗ γ4 +

∣∣∣∣∣∣
b1 0 b2
0 b3 b4
b5 b5 0

∣∣∣∣∣∣⊗ γ5γ4 . (10.13)

For purely P -noninvariant model, it becomes simpler

C(1/2) =

∣∣∣∣∣∣
b1 0 b2
0 b3 b4
b5 b5 0

∣∣∣∣∣∣⊗ γ5γ4 , (10.14)

after re-designating bi −→ ibi it takes the form

C(1/2) = i

∣∣∣∣∣∣
b1 0 b2
0 b3 b4
b5 b5 0

∣∣∣∣∣∣⊗ γ5γ4 . (10.15)

Because we make the model for a particle with one mass parameter, the matrix∣∣∣∣∣∣
b1 0 b2
0 b3 b4
b5 b5 0

∣∣∣∣∣∣
should have only one non-vanishing eigenvalue; let it equal +1. In accordance with this,
parameters bi obey the following restrictions

b1 + b3 = 1 , b1b3 − b2b5 − b4b6 = 0, b2b3b5 + b1b4b6 = 0 . (10.16)

10.3 On Lagrangian formulation of the model

Let us examine the problem of possible Lagrangian formulation of equation under consid-
eration. Hermitian matrix of bilinear form in the Gel’fand–Yaglom basis has the structure

η = (η(1/2) ⊗ I2)⊕ (η(3/2) ⊗ I4), (10.17)

where the blocks η(1/2) and η(3/2) read

η( 1
2 ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 η
( 1

2 )
12 0 0 0 0

η
( 1

2 )
21 0 0 0 0 0

0 0 0 η
( 1

2 )
34 0 0

0 0 η
( 1

2 )
43 0 0 0

0 0 0 0 0 η
( 1

2 )
56

0 0 0 0 η
( 1

2 )
65 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, η( 3

2 ) =

∣∣∣∣∣ 0 −η( 1
2 )

56

−η( 1
2 )

65 0

∣∣∣∣∣ . (10.18)
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Because the bilinear form is not P invariant, the usually assumed condition η
(s)
ττ̇ = η

(s)
τ̇τ does

not hold. However, due to Hermiticity of the matrix η, we have (η
(s)
τ̇τ )∗ = η

(s)
ττ̇ . Without loss

of generality, the last constraint may be satisfied by setting

η
(s)
ττ̇ = −η(s)

τ̇τ = ±i . (10.19)

For instance, let us set

η
( 1

2 )
12 = −η( 1

2 )
21 = η

( 1
2 )

34 = −η( 1
2 )

43 = i , η
( 1

2 )
56 = −η( 1

2 )
65 = i f , f = ±1 . (10.20)

Then, from existence of Lagrangian formulation of the theory it follows

c
(s)
ττ ′η

(s)

τ ′τ̇ ′
= (c

(s)

τ̇ ′τ̇
)∗τ

(s)
ττ̇ =⇒ (C(s)η(s))+ = C(s)η(s) ,

this assumes the following restrictions

[(c
( 1

2 )
12 ]∗ = −(c

( 1
2 )

12 , [c
( 1

2 )
21 ]∗ = −c(

1
2 )

21 , [c
( 1

2 )
34 ]∗ = −c(

1
2 )

34 , [c
( 1

2 )
43 ]∗ = −c(

1
2 )

43 ,

c
( 1

2 )
61 = −f(c

( 1
2 )

25 )∗, c
( 1

2 )
52 = −f(c

( 1
2 )

16 )∗, c
( 1

2 )
63 = −f(c

( 1
2 )

45 )∗, c
( 1

2 )
54 = −f(c

( 1
2 )

36 )∗.
(10.21)

Taking in mind still existing arbitrariness in choosing elements of the block C(1/2), we
impose restrictions

c
( 1

2 )
12 = −c(

1
2 )

21 = ib1, c
( 1

2 )
34 = −c(

1
2 )

43 = ib3, c
( 1

2 )
16 = −c(

1
2 )

25 = ib2, dc
( 1

2 )
36 = −c(

1
2 )

45 = ib4,

where b1, b3 are real-valued and b2, b4 are complex parameters. Thus, we arrive at the

following representation for matric Γ
( 1

2 )
4 :

Γ
( 1

2 )
4 = i

∣∣∣∣∣∣∣∣∣∣∣∣

0 b1 0 0 0 b2
−b1 0 0 0 −b2 0

0 0 0 b3 0 b4
0 0 −b3 0 −b4 0
0 fb∗2 0 fb∗4 0 0

−fb∗2 0 −fb∗4 0 0

∣∣∣∣∣∣∣∣∣∣∣∣
⊗ I2 = B ⊗ iγ5γ4 , (10.22)

where

B = i

∣∣∣∣∣∣
b1 0 b2
0 b3 b4

fb∗2 fb∗4 0

∣∣∣∣∣∣ , (10.23)

this somewhat repeats results of previous sections. Correspondingly, constraints on param-
eters bi take the form

b1 + b3 = 1 , b1b3 − f |b2|2 − f |b4|2 = 0 , b1|b4|2 + b3|b2|2 = 0 . (10.24)

It is readily checked that if f = +1 the last system for bi is not consistent. Therefore,
only the variant f = −1 remains. For this case, we have

η( 1
2 ) ⊗ I2 =

∣∣∣∣∣∣∣∣∣∣∣∣

0 i 0 0 0 0
−i 0 0 0 0 0

0 0 0 i 0 0
0 0 −i 0 0 0
0 0 0 0 0 −i
0 0 0 0 i 0

∣∣∣∣∣∣∣∣∣∣∣∣
⊗ I2 =

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 −1

∣∣∣∣∣∣⊗ iγ5γ4, (10.25)
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Γ
(1/2)
4 = B ⊗ iγ5γ4, B =

∣∣∣∣∣∣
b1 0 b2
0 b3 b4

−b∗2 −b∗4 0

∣∣∣∣∣∣ , (10.26)

and

b1 + b3 = 1 , b1b3 + |b2|2 + |b4|2 = 0 , b1|b4|2 + b3|b2|2 = 0 . (10.27)

The minimal polynomial for matrix Γ4 has the form Γ2
4(Γ2

4− 1) = 0; besides, the charge
definiteness condition

(−1)2[(Sp(Γ3
4η))2 − (Sp(Γ2

4η))2] > 0

holds due to the identities

Sp(Γ2
4η) = 0, Sp(Γ3

4η) = 4b1(b21 − |b2|2) + 4b3(b23 − |b4|2) = 4(b21 + b23) > 0 .

10.4 Spinor form of the wave equation

Now we have to find spinor form of the above equation. Representations for wave function
Ψ in modified GY-basis and in canonical basis are

ΨGY,m =
{

Ψ
(0,1/2)
1/2,1/2,Ψ

(0,1/2)
1/2,−1/2,Ψ

(1/2,0)
1/2,1/2,Ψ

(1/2,0)
1/2,−1/2,Ψ

′(0,1/2)
1/2,1/2 ,Ψ

′(0,1/2)
1/2,−1/2,Ψ

′(1/2,0)
1/2,1/2 ,Ψ

′(1/2,0)
1/2,−1/2,

Ψ
(1,1/2)
1/2,1/2,Ψ

(1,1/2)
1/2,−1/2,Ψ

(1/2,1)
1/2,1/2,Ψ

(1/2,1)
1/2,−1/2,Ψ

(1,1/2)
3/2,3/2,Ψ

(1,1/2)
3/2,−3/2,Ψ

(1/2,1)
3/2,3/2,

Ψ
(1/2,1)
3/2,−3/2,Ψ

(1,1/2)
3/2,1/2,Ψ

(1,1/2)
3/2,−1/2,Ψ

(1/2,1)
3/2,1/2,Ψ

(1/2,1)
3/2,−1/2

}
,

Ψcan =
{

Ψ
(0,1/2)
(0,1/2),Ψ

(0,1/2)
(0,−1/2),Ψ

(1/2,0)
(1/2,0),Ψ

(1/2,0)
(−1/2,0),Ψ

′(0,1/2)
(0,1/2) ,Ψ

′(0,1/2)
(0,−1/2),Ψ

′(1/2,0)
(1/2,0) ,Ψ

′(1/2,0)
(−1/2,0),

Ψ
(1,1/2)
(1,1/2),Ψ

(1,1/2)
(0,1/2),Ψ

(1,1/2)
(−1,1/2),Ψ

(1,1/2)
(1,−1/2),Ψ

(1,1/2)
(0,−1/2),Ψ

(1,1/2)
(−1,−1/2),Ψ

(1/2,1)
(1/2,1),Ψ

(1/2,1)
(1/2,0),

Ψ
(1/2,1)
(1/2,−1),Ψ

(1/2,1)
(−1/2,1),Ψ

(1/2,1)
(−1/2,0),Ψ

(1/2,1)
(−1/2,−1)

}
relate to each other through linear transformation

ΨGY,m = BΨcan,

where
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B =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . . . . . . . . . . . . . . . . .
. 1 . . . . . . . . . . . . . . . . . .
. . 1 . . . . . . . . . . . . . . . . .
. . . 1 . . . . . . . . . . . . . . . .

. . . . 1 . . . . . . . . . . . . . . .

. . . . . 1 . . . . . . . . . . . . . .

. . . . . . 1 . . . . . . . . . . . . .

. . . . . . . 1 . . . . . . . . . . . .

. . . . . . . . . −
√

1
3

.
√

2
3

. . . . . . . .

. . . . . . . . . . −
√

2
3

.
√

1
3

. . . . . . .

. . . . . . . . . . . . . . .
√

1
3

. −
√

2
3

. .

. . . . . . . . . . . . . . . .
√

2
3

. −
√

1
3

.

. . . . . . . . 1 . . . . . . . . . . .

. . . . . . . . . . . . . 1 . . . . . .

. . . . . . . . . . . . . . 1 . . . . .

. . . . . . . . . . . . . . . . . . . 1

. . . . . . . . .
√

2
3

.
√

1
3

. . . . . . . .

. . . . . . . . . .
√

1
3

.
√

2
3

. . . . . . .

. . . . . . . . . . . . . . .
√

2
3

. −
√

1
3

. .

. . . . . . . . . . . . . . . .
√

1
3

.
√

2
3

.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

and canonical and spinor wave functions relate to each other as follows

Ψspin =
{

Ψ1̇,Ψ2̇,Ψ1,Ψ2,Ψ
′1̇,Ψ′2̇,Ψ′1,Ψ

′
2,Ψ

1̇
(11),Ψ

1̇
(12),Ψ

1̇
(22),Ψ

2̇
(11),Ψ

2̇
(12),Ψ

2̇
(22),

Ψ
(1̇1̇)
1 ,Ψ

(1̇2̇)
1 ,Ψ

(2̇2̇)
1 ,Ψ

(1̇1̇)
2 ,Ψ

(1̇2̇)
2 ,Ψ

(2̇2̇)
2

}
,

Ψcan = AΨspin., B =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . . . . . . . . . . . . . . . . .
. 1 . . . . . . . . . . . . . . . . . .
. . 1 . . . . . . . . . . . . . . . . .
. . . 1 . . . . . . . . . . . . . . . .

. . . . 1 . . . . . . . . . . . . . . .

. . . . . 1 . . . . . . . . . . . . . .

. . . . . . 1 . . . . . . . . . . . . .

. . . . . . . 1 . . . . . . . . . . . .

. . . . . . . . 1 . . . . . . . . . . .

. . . . . . . . .
√

2 , . , . . . . . . .
. . . . . . . . . . 1 . . . . . . . . .
. . . . . . . . . . . 1 . . . . . .

. . . . . . . . . . . .
√

2 . . . . . . .
. . . . . . . . . . . . . 1 . . . . . .
. . . . . . . . . . . . . . 1 . . . . .

. . . . . . . . . . . . . . .
√

2 . . . ,
. . . . . . . . . . . , . . . . 1 . . .
. . . . . . . . . . . . . . . . . 1 . .

. . . . . . . . . . . . . . . . .
√

2 .
. . . . . . . . . . . . . . . . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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we conclude that in spinor basis, the matrix Γ4 has the form

Γspin.4 =

= i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 b1 0 0 0 0 0 0 0
0 0 0 b1 0 0 0 0 0 0

−b1 0 0 0 0 0 0 0 0
√

2
3
b2

0 −b1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 b3 0 0 0
0 0 0 0 0 0 0 b3 0 0

0 0 0 0 −b3 0 0 0 0
√

2
3
b4

0 0 0 0 0 −b3 0 0 0 0
0 0 0 0 0 0 0 0 0 0

0 0 −
√

1
6
fb∗5 0 0 0 −

√
1
6
b6 0 0 0

0 0 0 −
√

2
3
b5 0 0 0 −

√
2
3
b6 0 0

0 0
√

2
3
b5 0 0 0

√
2
3
b6 0 0 0

0 0 0
√

1
6
b5 0 0 0

√
1
6
b6 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

−
√

1
6
b5 0 0 0 −

√
1
6
b6 0 0 0 0 0

0 −
√

2
3
b5 0 0 0 −

√
2
3
b6 0 0 0 0√

2
3
b5 0 0 0

√
2
3
b6 0 0 0 0 0

0
√

1
6
b5 0 0 0

√
1
6
b6 0 0 0 0

0 0 0 0 0 0 0 0 0 0

i |

0 0 0 0 0
√

2
3
b2 0 −

√
2
3
b2 0 0

0 0 0 0 0 0
√

2
3
b2 0 −

√
2
3
b2 0

0 −
√

2
3
b2 0 0 0 0 0 0 0 0√

2
3
b2 0

√
2
3
b2 0 0 0 0 0 0

0 0 0 0 0
√

2
3
gb4 0 −

√
2
3
gb4 0 0

0 0 0 0 0 0
√

2
3
b4 0 −

√
2
3
b4 0

0 −
√

2
3
b4 0 0 0 0 0 0 0 0√

2
3
b4 0 −

√
2
3
b4 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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The matrix Γspin4 acts on the wave function Ψspin as follows

Γspin.4 Ψspin.

= i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b1
1
i (σ

4)ȧbΨb +
√

2
3b2

1
i (σ

4)bċΨ
(ȧċ)
b

−b1 1
i (σ

4)aḃΨ
ḃ −

√
2
3b2

1
i (σ

4)c
ḃ
ψḃ(ac)

b3
1
i (σ

4)ȧbΨ′b +
√

2
3b4(σ4)bċψ

(ȧċ)
b

−b3 1
i (σ

4)aḃΨ
′ḃ −

√
2
3b4(σ4)c

ḃ
Ψḃ

(ac)

− 1√
6

1
i b5((σ4)ċaΨb + (σ4)ċbΨa)− 1√

6
1
i b6((σ4)ċaΨ′b + (σ4)ċbΨ

′
a)

1√
6

1
i b5((σ4)ȧcΨḃ + (σ4)ḃcΨ

ȧ) + 1√
6

1
i b6((σ4)ȧcΨ′ḃ + (σ4)ḃcΨ

′ȧ)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (10.28)

where

(σ4)ȧb =

∣∣∣∣ i 0
0 i

∣∣∣∣ .
The matrices Γspinµ act similarly, it is enough to make formal change σ4 7→ σµ, where

(σ1)ȧb =

∣∣∣∣ 0 1
1 0

∣∣∣∣ , (σ2)ȧb =

∣∣∣∣ 0 −i
i 0

∣∣∣∣ , (σ3)ȧb =

∣∣∣∣ 1 0
0 −1

∣∣∣∣ .
Taking in mind the above relations, we find the system of spinor equations

i{b1∂ȧbΨb +

√
2

3
b2∂

b
ċΨ

(ȧċ)
b }+MΨȧ = 0 , (10.29)

−i{b1∂aḃΨ
ḃ +

√
2

3
b2∂

c
ḃ
Ψḃ

(ac)}+MΨa = 0 , (10.30)

i{b3∂ȧbΨ′b +

√
2

3
b4∂

b
ċΨ

(ȧċ)
b }+MΨ′ȧ = 0 , (10.31)

−i{b3∂aḃΨ
′ḃ +

√
2

3
b4∂

c
ḃ
Ψḃ

(ac)}+MΨ′a = 0 , (10.32)

− i√
6
b5(∂ ċaΨb + ∂ ċbΨa)− i√

6
b6(∂ ċaΨ′b + ∂ ċbΨ

′
a) +MΨċ

(ab) = 0 , (10.33)

i√
6
b5(∂ȧcΨḃ + ∂ ḃcΨ

ȧ) +
i√
6
b6(∂ȧcΨ′ḃ + ∂ ḃcΨ

′ȧ) +MΨ(ȧḃ)
c = 0 , (10.34)

where ∂aḃ = 1
i ∂µσ

µ

aḃ
.

10.5 Equations in spin-tensor form

Let us obtain spit-tensor representation of eqs. (10.29)–(10.34), taking in mind identities

Ψ(ȧḃ)
c =

1

2
(σµȧc Ψḃ

µ + σµḃc Ψȧ
µ), Ψċ

(ab) =
1

2
(σµċa Ψµb + σµċb Ψµa) ,

Ψa = σµ
aḃ

Ψḃ
µ,Ψ

ȧ = σµȧbΨµb, Ψ′a = Ψa0,Ψ
′ȧ = Ψȧ

0 . (10.35)
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Equation (10.32) can be presented as follows

i
{
b1∂

ȧbσµbċΨ
ċ
µ +

1√
6
b2∂

b
ċ(σ

µȧ
b Ψċ

µ + σµċb Ψȧ
µ)
}

+MσµȧbΨµb = 0 ,

or

i
{
b1∂

ȧbσµbċΨ
ċ
µ +

b2√
6

[−σµȧb∂bċΨċ
µ +

2

i
∂µΨȧ

µ]
}

+MσµȧbΨµb = 0 . (10.36)

Similarly, from eq. (10.30) it follows

−i
{
b1∂aḃσ

µḃcΨµc +
b2√

6
[−σµ

aḃ
∂ ḃcΨµc +

2

i
∂µΨµa]

}
+Mσµ

aḃ
Ψḃ
µ = 0 . (10.37)

Joining eqs. (10.36) and (10.37), we get

i

∣∣∣∣ I 0
0 −I

∣∣∣∣ {b1 ∣∣∣∣ ∂ȧbσµbċ 0

0 ∂aḃσ
µḃc

∣∣∣∣ ∣∣∣∣ Ψċ
µ

Ψcµ

∣∣∣∣+
b2√

6
[
2

i

∣∣∣∣ Ψȧ
µ

Ψaµ

∣∣∣∣
−

∣∣∣∣∣ σµȧb∂bċ 0

0 σµ
aḃ
∂ ḃc

∣∣∣∣∣
∣∣∣∣ Ψċ

µ

Ψcµ

∣∣∣∣]
}

+M

∣∣∣∣ 0 σµȧb

σµ
aḃ

0

∣∣∣∣ ∣∣∣∣ Ψḃ
µ

Ψbµ

∣∣∣∣ = 0 ,

or

iγ5

{
b1∂̂(γµΨµ)− 4b2√

6
[−1

4
∂̂(γµΨµ) + (∂µΨµ)]

}
+M(γµΨµ) = 0 , (10.38)

where

Ψµ =

∣∣∣∣ Ψȧ
µ

Ψµb

∣∣∣∣ , γµ =
1

i

∣∣∣∣ 0 σµȧb

σµ
aḃ

0

∣∣∣∣ .
Acting in similar manner, from eqs. (10.31) and (10.32) we derive

i
{
b3∂

ȧbΨb0 +
b4√

6
[−σµȧb∂bċΨċ

µ +
2

i
∂µΨȧ

µ]
}
MΨȧ

0 = 0,

−i
{
b3∂aḃΨ

ḃ
0 +

b4√
6

[−σµ
aḃ
∂ ḃcΨµc +

2

i
∂µΨµa]

}
+MΨa0 = 0 .

Joining them into one equation, we produce

i

∣∣∣∣ I 0
0 −I

∣∣∣∣ {b3 ∣∣∣∣ ∂ȧbσµbċ 0

0 ∂aḃσ
µḃc

∣∣∣∣ ∣∣∣∣ Ψċ
0

Ψc0

∣∣∣∣+
b4√

6

[2

i

∣∣∣∣ Ψȧ
µ

Ψaµ

∣∣∣∣
−

∣∣∣∣∣ σµȧb∂bċ 0

0 σµ
aḃ
∂ ḃc

∣∣∣∣∣
∣∣∣∣ Ψċ

µ

Ψcµ

∣∣∣∣ ]}+M

∣∣∣∣ Ψḃ
0

Ψb0

∣∣∣∣ = 0 ,

or

iγ5

{
b3∂̂Ψ0 − i

4b4√
6

[(∂µΨµ)− 1

4
∂̂(γµΨµ)]

}
+MΨ0 = 0 , (10.39)

where

Ψ0 =

∣∣∣∣ Ψȧ
0

Ψ0b

∣∣∣∣ . (10.40)
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Now, let us consider eq. (10.34). With eq. (10.35) in mind, we derive

i
b5√

6
{∂ȧc σµḃkΨµk + ∂ ḃcσ

µȧkΨµk}+ i
b6√

6
{∂ȧcΨḃ

0 + ∂ ḃcΨ
ȧ
0}+

M

2
[σµȧc Ψḃ

µ + σµḃc Ψȧ
µ] = 0 .

After multiplying the last by σλa
ḃ

, we obtain

i
b5√

6
{2

i
∂λσ

µḃkΨµk − ∂ ḃcσλcȧσµȧkΨµk}+ i
b6√

6
{2

i
∂λΨḃ

0 − ∂ ḃcσλcȧΨȧ
0}

+
M

2
{2Ψḃ

λ − σµḃcσλcȧψȧµ} = 0 . (10.41)

Similarly, from eq. (10.33), we derive

−i b5√
6
{∂ ċaσ

µ

bk̇
Ψk̇
µ + ∂ ċbσ

µ

ak̇
Ψk̇
µ} − i

b6√
6
{∂ ċaΨb0 + ∂ ċbΨa0}+

M

2
{σµċa Ψµb + σµċb Ψµa} = 0 .

Convoluting the last with σλbȧ we get

−i b5√
6
{2

i
∂λσ

µ

bk̇
Ψk̇
µ − ∂bċσλċaσ

µ

ak̇
Ψk̇
µ} − i

b6√
6
{2

i
∂λΨb0 − ∂bċσλċaΨa0}

+
M

2
{2Ψµb − σµbċσ

λċaΨµa} = 0 . (10.42)

Joining eqs. (10.41) and (10.42), we find

i√
6

∣∣∣∣ I 0
0 −I

∣∣∣∣ {b5[2

i
∂λ

∣∣∣∣ 0 σµċn

σµcṅ 0

∣∣∣∣ ∣∣∣∣ Ψṅ
µ

Ψnµ

∣∣∣∣−
∣∣∣∣∣ 0 ∂ ċaσλ

aḃ
σµḃn

∂cȧσ
λȧbσµbṅ 0

∣∣∣∣∣
∣∣∣∣ Ψṅ

µ

Ψnµ

∣∣∣∣ ]

+b6

[2

i
∂λ

∣∣∣∣ Ψċ
µ

Ψcµ

∣∣∣∣− ∣∣∣∣ ∂ ċaσλaḃ 0

0 ∂cȧσ
λȧb

∣∣∣∣ ∣∣∣∣ Ψḃ
µ

Ψbµ

∣∣∣∣ ]
+
M

2

[
2

∣∣∣∣ Ψċ
µ

Ψcµ

∣∣∣∣− ∣∣∣∣ σµċaσλaḃ 0

0 σµcȧσ
λȧb

∣∣∣∣ ∣∣∣∣ Ψḃ
µ

Ψbµ

∣∣∣∣ ] = 0 ,

or

i√
6

{
b5[2∂λ(γµΨµ) + ∂̂γλ(γµΨµ)] + b6[

2

i
∂λΨ0 − i∂̂γλΨ0]

}
+
M

2
[2Ψλ + γµγλΨµ] = 0 .

Finally, we obtain

2i√
6
γ5

{
b5[∂λ(γµΨµ)− 1

4
γλ∂̂(γµΨµ)]

−ib6[∂λΨ0 −
1

4
γλ∂̂Ψ0

}
+M{Ψλ −

1

4
γλ(γµΨµ)} = 0 . (10.43)

Thus, the complete spin-tensor system reads

iγ5

{
b1∂̂(γµΨµ)− 4b2√

6
[−1

4
∂̂(γµΨµ) + (∂µΨµ)]

}
+M(γµΨµ) = 0, (10.44)

iγ5

{
b3∂̂Ψ0 − i

4b4√
6

[(∂µΨµ)− 1

4
∂̂(γµΨµ)]

}
+MΨ0 = 0, (10.45)

2i√
6
γ5

{
b5[∂λ(γµΨµ)− 1

4
γλ∂̂(γµΨµ)]− ib6[∂λΨ0 −

1

4
γλ∂̂Ψ0

}
+M

{
Ψλ −

1

4
γλ(γµΨµ)

}
= 0 . (10.46)
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10.6 On reducing the system to minimal form

We multiply eq. (10.44) by b5, eq. (10.45) by (−ib6), and sum the results. This yields

iγ5

{
b1b5∂̂(γµΨµ)− 4√

6
b2b5

[
(∂µΨµ)− 1

4
∂̂(γµΨµ)

]}
+Mb5(γµΨµ)

+iγ5

{
− ib3b6∂̂Ψ0 −

4√
6
b4b6

[
(∂µΨµ)− 1

4
∂̂(γµΨµ)

]}
−Mb6Ψ0 = 0 ,

or

iγ5

{
b1b5∂̂(γµΨµ)− ib3b6∂̂Ψ0 −

4√
6

(b2b5 + b4b6)
[
(∂µΨµ)− 1

4
∂̂(γµΨµ)

]}
+M [b5(γµΨµ)− ib6Ψ0] = 0 .

Allowing for identities

b1 + b3 = 1 =⇒ b1 = 1− b3 , b3 = 1− b1 ,

we rewrite the previous equation as follows

iγ5

{
(1− b3)b5∂̂(γµΨµ)− i(1− b1)b6∂̂Ψ0 −

4√
6

(b2b5 + b4b6)
[
(∂µΨµ)− 1

4
∂̂(γµΨµ)

]
}

+M [b5(γµΨµ)− ib6Ψ0] = 0 ,

or
(iγ5∂̂ +M)[b5(γµΨµ)− ib6Ψ0]− iγ5∂̂[b3b5(γµΨµ)− ib1b6Ψ0]

− 4√
6
iγ5(b2b5 + b4b6)[(∂µΨµ)− 1

4
∂̂(γµΨµ)] = 0 .

Whence taking into account identity b2b5 + b4b6 = b1b3 , we obtain

(iγ5∂̂ +M)[b5(γµΨµ)− ib6Ψ0]− iγ5∂̂[b3b5(γµΨµ)− ib1b6Ψ0]

− 4√
6
b1b3iγ5[(∂µΨµ)− 1

4
∂̂(γµΨµ)] = 0 . (10.47)

Now, let us multiply eq. (10.44) by b3b5, eq. (10.45) by (−ib1b6), and sum the results.
This yields

iγ5

{
b1b3b5∂̂(γµΨµ)− 4√

6
b2b3b5[(∂µΨµ)− 1

4
∂̂(γµΨµ)]

}
+Mb3b5(γµΨµ)

+iγ5

{
− ib1b3b6∂̂Ψ0 −

4√
6
b1b4b6[(∂µΨµ)

−1

4
∂̂(γµΨµ)]

}
− iMb1b6Ψ0 = 0 ,

or
M [b3b5(γµΨµ)− ib1b6Ψ0]

+iγ5

{
b1b3[b5∂̂(γµΨµ)− ib6∂̂Ψ0]− 4√

6
(b2b3b5 + b1b4b6)[(∂µΨµ)− 1

4
∂̂(γµΨµ)]

}
= 0 ,

that is

M [b3b5(γµΨµ)− ib1b6Ψ0] + b1b3iγ5∂̂[b5(γµΨµ)− ib6Ψ0] = 0 . (10.48)
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From eq. (10.48) we derive

b3b5(γµΨµ)− ib1b6Ψ0 = −b1b3
M

iγ5∂̂[b5(γµΨµ)− ib6Ψ0] = 0 , (10.49)

therefore, eq. (10.47) can be presented differently

(iγ5∂̂ +M)[b5(γµΨµ)− ib6Ψ0] +
b1b3
M

∂̂2[b3b5(γµΨµ)− ib1b6Ψ0]

− 4√
6
b1b3iγ5[(∂µΨµ)− 1

4
∂̂(γµΨµ)] = 0 . (10.50)

Now, act on eq. (10.46) by operator ∂λ, this gives

2i√
6
γ5

3

4
∂̂2[b5(γµΨµ)− ib6Ψ0] +M [(∂µΨµ)− 1

4
∂̂(γµΨµ)] = 0 ,

whence it follows

∂̂2[b5(γµΨµ)− ib6Ψ0] =
4M√

6
iγ5[(∂µΨµ)− 1

4
∂̂(γµΨµ)] . (10.51)

Taking into account eq. (10.51) in eq. (10.50), we obtain

(iγ5∂̂ +M)[b5(γµΨµ)− ib6Ψ0] +
4√
6
b1b3iγ

5[(∂µΨµ)− 1

4
∂̂(γµΨµ)]

− 4√
6
b1b3iγ5[(∂µΨµ)− 1

4
∂̂(γµΨµ)] = 0 ,

where two terms cancel each other and the final result is

(iγ5∂̂ +M)[b5(γµΨµ)− ib6Ψ0] = 0 . (10.52)

Below we use the notation

Φ = b5(γµΨµ)− ib6Ψ0 . (10.53)

Taking into account eq. (10.52) in eq. (10.49), we get

b3b5(γµΨµ)− ib1b6Ψ0 = b1b3b5(γµΨµ)− ib1b3b6Ψ0 = 0 ,

or
b3b5(1− b1)(γµΨµ)− ib1b6(1− b3)Ψ0 = 0 ,

that is
b23b5(γµΨµ)− ib21b6Ψ0 = 0 .

Consider together two relations

b5(γµΨµ)− ib6Ψ0 = Φ , b23b5(γµΨµ)− ib21b6Ψ0 = 0 .

They make up linear system with respect to variables Ψ0 and (γµΨµ), its solution is

(γµΨµ) =
b21

b5(b21 − b23)
Φ , Ψ0 =

−ib23
b6(b21 − b23)

Φ . (10.54)

The main function Φ satisfies the modified Dirac-like equation

{ iγ5(γµ∂ν) +M }Φ = 0 . (10.55)
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10.7 The presence of electromagnetic field

In the presence of external electromagnetic field, we have to start with the system (let
Dµ = ∂ν + ieAµ)

iγ5

{
b1D̂(γµΨµ)− 4b2√

6
[(DµΨµ)− 1

4
D̂(γµΨµ)]

}
+M(γµΨµ) = 0 , (10.56)

iγ5

{
b3D̂Ψ0 − i

4b4√
6

[(DµΨµ)− 1

4
D̂(γµΨµ)]

}
+MΨ0 = 0 , (10.57)

2i√
6
γ5

{
b5[Dλ(γµΨµ)− 1

4
γλD̂(γµΨµ)]

−ib6(DλΨ0 −
1

4
γλD̂Ψ0)

}
+M

[
Ψλ −

1

4
γλ(γµΨµ)

]
= 0 . (10.58)

Equation (10.58) may be re-written as follows

Ψλ −
1

4
γλ(γµΨµ)

= − 2i

M
√

6
γ5

{
b5[Dλ(γµΨµ)− 1

4
γλD̂(γµΨµ)]− ib6(DλΨ0 −

1

4
γλD̂Ψ0)

}
,

whence it follows

DλΨλ −
1

4
D̂(γµΨµ)

= − 2i

M
√

6
γ5Dλ

{
b5[Dλ(γµΨµ)− 1

4
γλD̂(γµΨµ)]− ib6(DλΨ0 −

1

4
γλD̂Ψ0)

}
. (10.59)

Taking into account the last relation in eq. (10.56), we obtain

iγ5

{
b1D̂(γµΨµ) +

4b2√
6

2i

M
√

6
γ5Dλ

[
b5[Dλ(γµΨµ)− 1

4
γλD̂(γµΨµ)]

−ib6(DλΨ0 −
1

4
γλD̂Ψ0)

]}
+M(γµΨµ) = 0 ,

or differently {
M + ib1γ5D̂ −

4

3M
b2b5(D2 − 1

4
D̂D̂)

}
(γµΨµ)

+i
4

3M
b2b6(D2 − 1

4
D̂D̂)Ψ0 = 0 , (10.60)

where D2 = DλDλ.
Taking into account eq. (10.59) in eq. (10.57), we produce

−i 4

3M
b4b5(D2 − 1

4
D̂D̂)(γµΨµ)

+
{
M + ib3γ5D̂ −

4

3M
b4b6(D2 − 1

4
D̂D̂)

}
Ψ0 = 0 . (10.61)

Now we act on eq. (10.60) by operator

M + ib3γ5D̂ −
4

3M
b4b6(D2 − 1

4
D̂D̂) ,
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and on eq. (10.61) – by operator

−i 4

3M
b2b6(D2 − 1

4
D̂D̂) ,

then sum the results. This yields{
M + iγ5D̂ −

4

3M
(b2b5 + b4b6)(D2 − 1

4
D̂D̂)

+
1

M
b1b3D̂D̂ − i

4

3M2
b2b3b5γ5(D̂D2 −D2D̂)

}
(γµΨµ)

− 4

3M2
b2b3b6γ5(D̂D2 −D2D̂)Ψ0 = 0 . (10.62)

Now, we act on eq. (10.61) by operator

M + ib1γ5D̂ −
4

3M
b2b5(D2 − 1

4
D̂D̂) ,

and on eq. (10.60) – by operator

i
4

3M
b4b5(D2 − 1

4
D̂D̂) ,

then sum the results. This yields{
M + iγ5D̂ −

4

3M
(b4b6 + b2b5)(D2 − 1

4
D̂D̂)

+
1

M
b1b3D̂D̂ − i

4

3M2
b1b4b6γ5(D̂D2 −D2D̂)

}
Ψ0

+
4

3M2
b1b4b5γ5(D̂D2 −D2D̂)(γµΨµ) = 0 . (10.63)

It is readily derived the following identity

D̂D̂ = D2 − ieFµν
1

4
(γµγν − γνγµ) . (10.64)

Thus, we have equations{
M + ib1γ5D̂ −

4

3M
b2b5(D2 − 1

4
D̂D̂)

}
(γµΨµ)

+
4i

3M
b2b6(D2 − 1

4
D̂D̂)Ψ0 = 0 , (10.65)

− 4i

3M
b4b5(D2 − 1

4
D̂D̂)(γµΨµ) +

{
M + ib3γ5D̂ −

4

3M
b4b6(D2 − 1

4
D̂D̂)

}
Ψ0 = 0 ,

{
M + iγ5D̂ −

4

3M
(b2b5 + b4b6)(D2 − 1

4
D̂D̂)

+
1

M
b1b3D̂D̂ − i

4

3M2
b2b3b5γ5(D̂D2 −D2D̂)

}
(γµΨµ)

− 4

3M2
b2b3b6γ5(D̂D2 −D2D̂)Ψ0 = 0 , (10.66)
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M + iγ5D̂ −

4

3M
(b4b6 + b2b5)(D2 − 1

4
D̂D̂)

+
1

M
b1b3D̂D̂ − i

4

3M2
b1b4b6γ5(D̂D2 −D2D̂)

}
Ψ0

+
4

3M2
b1b4b5γ5(D̂D2 −D2D̂)(γµΨµ) = 0 . (10.67)

Substituting eq. (10.68) in eq. (10.66), we get{
M + iγ5D̂ −

4

3M
(b2b5 + b4b6)[D2 − 1

4
D2 + ieF[µν]

1

16
(γµγν − γνγµ)]

+
1

M
b1b3[D2 − ieF[µν]

1

4
(γµγν − γνγµ)]− 4i

3M2
b2b3b5γ5(D̂D2 −D2D̂)

}
(γµΨµ)

− 4

3M2
b2b3b6γ5(D̂D2 −D2D̂)Ψ0 = 0 ,

whence due to identity D2(−b2b5 − b4b6 + b1b3) = 0 (see eq. (10.16)) it follows{
M + iγ5D̂ −

1

3M
b1b3ieF[µν](γµγν − γνγµ)− 4i

3M2
b2b3b5γ5(D̂D2 −D2D̂)

}
(γµΨµ)

− 4

3M2
b2b3b6γ5(D̂D2 −D2D̂)Ψ0 = 0 . (10.68)

Substituting eq. (10.68) in eq. (10.67), we get{
M + iγ5D̂ −

4

3M
(b4b6 + b2b5)[D2 − 1

4
D2 + ieF[µν]

1

16
(γµγν − γνγµ)]

+
1

M
b1b3[D2 − ieF[µν]

1

4
(γµγν − γνγµ)]− 4i

3M2
b1b4b6γ5(D̂D2 −D2D̂)

}
Ψ0

+
4

3M2
b1b4b5γ5(D̂D2 −D2D̂)(γµΨµ) = 0 .

Again, three terms proportional to D2 cancel each other, thus we obtain{
M + iγ5D̂ −

1

3M
b1b3ieF[µν](γµγν − γνγµ)− 4i

3M2
b1b4b6γ5(D̂D2 −D2D̂)

}
Ψ0

+
4

3M2
b1b4b5γ5(D̂D2 −D2D̂)(γµΨµ) = 0 . (10.69)

Let us derive equation for the new bispinor function

Φ = b5(γµΨµ)− ib6Ψ0.

To this end, we multiply eq. (10.68) by b5, eq. (10.69) by (−ib6), and sum the results. In
this way, taking in mind identity b2b3b5 = −b1b4b6 (see (10.16)) we find{

iγ5D̂ − 4b1b3
M

ieFµν
γµγν − γνγµ

4
+M

}
Φ(x) = 0 . (10.70)

It remains to get expressions for bispinor components Ψ = 0 and (γµΨµ) through the
main bispinor Φ. Acting in the same way as in the free case, we can derive the following
formulas:

γµΨµ =
b21

b5(b21 − b23)

{
1 +

4

3

(b1b3
M

)2

ieFµν
γµγν − γνγµ

4

}
Φ , (10.71)

Ψ0 = −i b23
b6(b21 − b23)

{
1 +

4

3

(b1b3
M

)2

ieFµν
γµγν − γνγµ

4

}
Φ . (10.72)



Extension of the model to General relativity 263

10.8 Extension of the model to General relativity

In order to follow the extension of the model from flat Minkowski space to any Riemannian
space-time, we should turn back to the system (10.56)–(10.58) and make several simple
modifications to it.

1. Taking in mind that in Minkowski space the ict-metric was used, however, in Rie-
mannian space we use the metric gαβ(x), related to signature (+,−,−,−), we must make
the following change:

M −→ iM . (10.73)

2. Now Dirac matrices in spinor basis are determined by the formulas

γ0 =

∣∣∣∣ 0 I
I 0

∣∣∣∣ , γi =

∣∣∣∣ 0 −σi
σi 0

∣∣∣∣ . (10.74)

3. Derivatives are modified according to the rules [55]

Dα(x) = ∂α + ieAα(x) =⇒
Dα(x) = ∇α + Γα(x) + ieAα(x) , D̂ = γα(x)Dα(x) , (10.75)

where Γα(x) is bispinor connection by Tetrode–Weyl–Fock–Ivanenko [55, 57], and γα(x) =
γaeα(a)(x).

4. Note important commutation rules [55]:

D̂(x) = γρ(x)Dβ = Dβγ
ρ(x) , Dσ(x)gαβ(x) = gαβ(x)Dσ(x) ,

D̂D̂ = DαDβ(
γαγβ + γβγα

2
+
γαγβ − γβγα

2
) = �− Σ(x) ,

D2 = DαDα, Σ(x) = (−ieFαβσαβ(x) +
R

4
) ,

(10.76)

where R(x) is the Ricci scalar.
5. Note the notations [55]

γ5(x) =
i

4!
εαβρσ(x)γα(x)γβ(x)γρ(x)γσ(x) ,

εαβρσ(x) = εabcd eα(a)(x) eβ(b)(x) eρ(c)(x) eσ(d)(x), ε0123 = −1 .

(10.77)

Levi-Civita object εαβρσ(x) changes under tetrad transformations in accordance with the
rule [55]

ε′αβρσ(x) = −det[Lai(x)] εαβρσ(x) . (10.78)

In particular, at the tetrad P -reflection, it transforms as a tetrad pseudoscalar [55]

ε(p)αβρσ(x) = (−1) εαβρσ(x) . (10.79)

We readily derive identity

γ5(x) =
i

4!
εabcd eα(a)eβ(b)eρ(c)eσ(d)e

α
(m)γ

meβ(n)γ
neρ(k)γ

keσ(l)γ
l)

=
i

4!
εmnklγ

mγnγkγl = γ5 . (10.80)
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The above analysis for the modified system (remember that γ5(x) ≡ γ5)

iγ5(x)
{
b1D̂γ

µ(x)Ψµ −
4b2√

6
[DµΨµ −

1

4
D̂γµ(x)Ψµ]

}
+ iMγµ(x)Ψµ = 0, (10.81)

iγ5(x)
{
b3D̂Ψ0 − i

4b4√
6

[DµΨµ −
1

4
D̂γµ(x)Ψµ ]

}
+ iMΨ0 = 0, (10.82)

2i√
6
γ5(x)

{
b5[Dλγ

µ(x)Ψµ −
1

4
γλ(x)D̂γµ(x)Ψµ]

−ib6[DλΨ0 −
1

4
γλ(x)D̂Ψ0]

}
+ iM

{
Ψλ −

1

4
γλ(x)γµ(x)Ψµ

}
= 0 (10.83)

remains in fact the same. We can write down final result without repeating the calculation

Φ = b5(γµΨµ)− ib6Ψ0 ,
{
iγα(x) (∇α + Γα(x) + ieAα(x))

−4b1b3
iM

γ5
[
− ieFµν(x)σµν(x) +

R(x)

4

]
+ iγ5M

}
Φ(x) = 0 . (10.84)

Expressions for concomitant components through the main bispinor Φ(x) are given by
the formulas

γµ(x)Ψµ(x) =
b21

b5(b21 − b23)

{
1− 4

3

(b1b3
iM

)2

(−ieFµνσµν +
R(x)

4
)
}

Φ , (10.85)

Ψ0(x) = −i b23
b6(b21 − b23)

{
1− 4

3

(b1b3
iM

)2

(−ieFµνσµν +
R(x)

4
)
}

Φ . (10.86)

In absence of external electromagnetic field, eq. (10.84) becomes simpler{
iγα(x)[∇α + Γα(x)]− b1b3

iM
γ5R(x) + iγ5M

}
Φ(x) = 0 . (10.87)

10.9 P -noninvariant particle in the Coulomb field

Let us consider an elementary example, free particle in spherical tetrad of Minkowski space

dS2 = dt2 − dr2 − r2(dθ2 + sin2 θdφ2) ,

for this case from eq. (10.87), we get the following equation (let Φ(x) = r−1Ψ(x))(
iγ0∂t + iγ3∂r +

1

r
Σθφ + iγ5M

)
Ψ(x) = 0 ,

Σθ,φ = iγ1∂θ + γ2 i∂φ + iσ12

sin θ
.

(10.88)

We chose substitution for wave function with quantum number ε, j,m (we use Wigner D-
functions, Dj

−m,σ(φ, θ, 0) ≡ Dσ):

Ψεjm(x) =
e−iεt

r

∣∣∣∣∣∣∣∣
f1(r)D−1/2

f2(r)D+1/2

f3(r)D−1/2

f4(r)D+1/2

∣∣∣∣∣∣∣∣ . (10.89)
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Action of the angular operator is as follows

Σθ,φΨεjm(x) = iν
e−iεt

r

∣∣∣∣∣∣∣∣
−f4(r)D−1/2

+f3(r)D+1/2

+f2(r) D−1/2

−f1(r)D+1/2

∣∣∣∣∣∣∣∣ . (10.90)

Futher, we find radial equations (let ν = j + 1/2, ν = 1, 2, ... and σ = −1):

εf3 − i
d

dr
f3 − i

ν

r
f4 + iMf1 = 0 , εf4 + i

d

dr
f4 + i

ν

r
f3 + iMf2 = 0 ,

εf1 + i
d

dr
f1 + i

ν

r
f2 + iσMf3 = 0 , εf2 − i

d

dr
f2 − i

ν

r
f1 + iσMf4 = 0 ,

(10.91)

in comparison with the ordinary Dirac equation here the signs at M in eqs. 3 and 4 are
different.

In the case of conventional Dirac equation, we can diagonalise additionally the space
reflection operator. In Cartesian tetrad, it is defined by the formula

Π̂C = iγ0 ⊗ P̂ , Π̂C. =

∣∣∣∣∣∣∣∣
0 0 i 0
0 0 0 i
i 0 0 0
0 i 0 0

∣∣∣∣∣∣∣∣ ⊗ P̂ , P̂ (θ, φ) = (π − θ, φ+ π),

after transforming to spherical basis it takes the form

Π̂sph =

∣∣∣∣∣∣∣∣
0 0 0 −1
0 0 −1 0
0 −1 0 0
−1 0 0 0

∣∣∣∣∣∣∣∣ ⊗ P̂ . (10.92)

From eigenvalues equation Π̂sphΨjm = ΠΨjm (allow for the identity P̂Dj
−m,σ =

(−1)jDj
−m,−σ), we find two eigenvalues Π = δ(−1)j and corresponding restrictions on

radial functions:

Π = δ (−1)j+1 , δ = ±1 , f4 = δf1 , f3 = δf2 . (10.93)

However, these restrictions are not consistent with the above system (10.91) of radial equa-
tions, because we get (recall that σ = −1)

εf2 − i
d

dr
f2 − i

ν

r
f1 + iδMf1 = 0 , εf1 + i

d

dr
f1 + i

ν

r
f2 + iδMf2 = 0 ,

εf1 + i
d

dr
f1 + i

ν

r
f2 + iσδMf2 = 0 , εf2 − i

d

dr
f2 − i

ν

r
f1 + iσδMf1 = 0 .

(10.94)

Thus, the P -noninvariant wave equation provides us with substantially new mathematical
tasks when we try to construct solutions for this equation, even in the simplest case of a
free particle.

We may add, for instance, the Coulomb potential, so obtaining equations (for simplicity,
let the parameter of anomalous magnetic moment vanish)

(ε+
α

r
)f3 − i

d

dr
f3 − i

ν

r
f4 + iMf1 = 0 ,

(ε+
α

r
)f4 + i

d

dr
f4 + i

ν

r
f3 + iMf2 = 0 ,

(ε+
α

r
)f1 + i

d

dr
f1 + i

ν

r
f2 − iMf3 = 0 ,

(ε+
α

r
)f2 − i

d

dr
f2 − i

ν

r
f1 − iMf4 = 0 .

(10.95)
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Let us try to diagonalise another discrete operator (adding the multiplier γ5)

∆̂sph =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

0 0 0 −1
0 0 −1 0
0 −1 0 0
−1 0 0 0

∣∣∣∣∣∣∣∣ ⊗ P̂

=

∣∣∣∣∣∣∣∣
0 0 0 −1
0 0 −1 0
0 +1 0 0

+1 0 0 0

∣∣∣∣∣∣∣∣ ⊗ P̂ . (10.96)

The eigenvalue equation ∆̂sphΨjm = ∆ Ψjm gives

(−1)j+1f4 = ∆f1 , (−1)jf1 = ∆f4 , (−1)j+1f3 = ∆f2 , (−1)jf2 = ∆f3 ,

whence follow two eigenvalues and respective restrictions on radial functions:

δ = ±i , ∆ = δ(−1)j , f4 = −δf1 , f3 = −δf2 . (10.97)

Let us impose these constraints in the radial system (10.91):

−εδf2 + i
d

dr
δf2 + i

ν

r
δf1 + iMf1 = 0 , −εδf1 − i

d

dr
δf1 − i

ν

r
δf2 + iMf2 = 0 ,

εf1 + i
d

dr
f1 + i

ν

r
f2 − iσMδf2 = 0 , εf2 − i

d

dr
f2 − i

ν

r
f1 − iσMδf1 = 0 .

We can see that these equations are consistent. Depending on the value of δ, we get

δ = +i, εf2 − i
d

dr
f2 − i

ν

r
f1 −Mf1 = 0 ,

εf1 + i
d

dr
f1 + i

ν

r
f2 −Mf2 = 0 ;

(10.98)

δ = −i, εf2 − i
d

dr
f2 − i

ν

r
f1 +Mf1 = 0 ,

εf1 + i
d

dr
f1 + i

ν

r
f2 +Mf2 = 0 .

(10.99)

Their more convenient representations are (recall that ν = j + 1/2)

δ = +i, (iε+
d

dr
)f2 + (

ν

r
− iM)f1 = 0 ,

(iε− d

dr
)f1 − (

ν

r
+ iM)f2 = 0 ;

(10.100)

δ = +i, (iε+
d

dr
)f2 + (

ν

r
+ iM)f1 = 0 ,

(iε− d

dr
)f1 − (

ν

r
− iM)f2 = 0 .

(10.101)

They lead to 2nd-order equations:
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δ = +i,

d2f1

dr2
+
( −iM
ν + iMr

+
1

r

)df1

dr
+
(
− iε

r
− ν2

r2
−M2 − εM

ν + iMr
+ ε2

)
f1 = 0 ,

d2f2

dr2
+
(

+
iM

ν − iMr
+

1

r

)df2

dr
+
( iε
r
− ν2

r2
−M2 − εM

ν − iMr
+ ε2

)
f2 = 0 ;

(10.102)

δ = −i,

d2f1

dr2
+
( iM

ν − iMr
+

1

r

)df1

dr
+
(
− iε

r
− ν2

r2
−M2 +

εM

ν − iMr
+ ε2

)
f1 = 0 ,

d2f2

dr2
+
( −iM
ν + iMr

+
1

r

)df2

dr
+
( iε
r
− ν2

r2
−M2 +

εM

ν + iMr
+ ε2

)
f2 = 0 .

(10.103)

Note the symmetry M → −M between two pairs of equations. In eqs. (10.102) and (10.103),
we have the confluent Heun functions.

In presence of the external Coulomb field, instead of eqs. (10.100) and (10.101), we have
the following equations

δ = +i,

[i(ε+
α

r
) +

d

dr
]f2 + (

ν

r
− iM)f1 = 0 ,

[i(ε+
α

r
)− d

dr
]f1 − (

ν

r
+ iM)f2 = 0 ;

(10.104)

δ = +i,

[i(ε+
α

r
) +

d

dr
]f2 + (

ν

r
+ iM)f1 = 0 ,

[i(ε+
α

r
)− d

dr
]f1 − (

ν

r
− iM)f2 = 0 .

(10.105)

Further, we derive the 2nd-order equations

δ = +i,
d2f1

dr2
+
[1

r
+
−iM

iMr + ν

]df1

dr[2 ε α ν − αM − iε ν
ν r

+
α2 − ν2

r2
+ ε2 −M2 − M (−iMα+ ε ν)

ν (iMr + ν)

]
f1 = 0 ,

d2f2

dr2
+
[1

r
+

iM

−iMr + ν

]df2

dr

+
[2 ε α ν − αM + iε ν

ν r
+
α2 − ν2

r2
+ ε2 −M2 − M (iMα+ ε ν)

ν (−iMr + ν)

]
f2 = 0 ;

δ = −i,
d2f1

dr2
+
[1

r
+

iM

−iMr + ν

]df1

dr

+
[2 ε α ν + αM − iε ν

ν r
+
α2 − ν2

r2
+ ε2 −M2 +

M (iMα+ ε ν)

ν (−iMr + ν)

]
f1 = 0 ,

d2f2

dr2
+
[1

r
+
−iM

iMr + ν

]df2

dr
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+
[2 ε α ν + αM + iε ν

ν r
+
α2 − ν2

r2
+ ε2 −M2 +

M (−iMα+ ε ν)

ν (iMr + ν)

]
f2 = 0 .

Here again, we have differential equations for confluent Heun functions. Note the symmetry
M → −M between two pairs of equations. Also, we can see that equations for f1 and f2

are complex conjugate to each other. Therefore, we can study only one equation. Let it be
the equation for f1:

d2f1

dr2
+
[1

r
+
−iM

iMr + ν

]df1

dr[2 ε α ν − αM − iε ν
ν r

+
α2 − ν2

r2
+ ε2 −M2 − M (−iMα+ ε ν)

ν (iMr + ν)

]
f1 = 0 .

It is convenient to use the variable x = Mr, then we get

d2f1

dx2
+
( 1

x
− 1

x− iν

)df1

dx

+
(2Eα− γ − iE

x
− Γ2

x2
+ E2 − 1 +

γ + iE

x− iν

)
f1 = 0 , (10.106)

where E = ε/M , Γ2 = ν2 − α2, and γ = α/ν. We find behaviour of solutions near singular
points:

x→ iν, f1 = (x− iν)ρ, ρ = 0, 2 ; x→ 0, f1 = xA, A = ±Γ2 .

In the variable y = x−1, eq. (10.106) reads

y4 d
2

dy2
+ 2y3 d

dy
−
(
y − y

1− iνy

)
y2 d

dt

+
(

(2Eα− γ − iE)y − Γ2y2 + E2 − 1 +
(γ + iE)y

1− iνy

)
f1 = 0 .

In vicinity of y = 0 it becomes simpler( d2

dy2
+

2

y

d

dy
+
E2 − 1

y4

)
f1 = 0 ,

therefore, we conclude that the singular point y = 0 is irregular of the rank 2.
In eq. (10.106) we change the variable, y = −ix/ν:

d2f1

dy2
+
(1

y
− 1

y − 1

)df1

dy

+
[ν (E + 2 iEα− iγ)

y
− Γ2

y2
− ν2

(
−1 + E2

)
− ν (−iγ + E)

y − 1

]
f1 = 0 . (10.107)

We search solutions in the form f1 = yA(y − 1)BeCyf(y), getting for f(y) the following
equation

d2f

dy2
+
(

2C +
2A+ 1

y
+

2B − 1

y − 1

) df
dy

+
[−2AB −B +A+ ν E − iν γ + 2 iν Eα+ 2AC + C

y
+
A2 − Γ2

y2

+C2 − ν2E2 + ν2 +
B − ν E + 2BC −A+ 2AB + iν γ − C

y − 1
+
B (B − 2)

(y − 1)
2

]
f = 0 .
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Evidently, we should impose restrictions

A = ±Γ , B = 0 , 2 , C = ± ν
√
−1 + E2 ;

to bound states may correspond the values

B = 0, A = +Γ, C = −iν
√

1− E2, f1 ∼ x+Γe−
√

1−E2xf(y) . (10.108)

Equation for f(y) becomes simpler

d2f

dy2
+
(

2C +
2A+ 1

y
+

2B − 1

y − 1

) df
dy

+
[−2AB −B +A+ ν E − iν γ + 2 iν Eα+ 2AC + C

y

+
B − ν E + 2BC −A+ 2AB + iν γ − C

y − 1

]
f = 0 ;

it may be identified with canonical form of the confluent Heun equation

d2H

dz2
+
(
− t+

c

z
+

d

z − 1

)dH
dz

+
(
− λ

z
+
λ− ta
z − 1

)
H = 0 . (10.109)

Its parameters are given by relations

t = −2C = 2iν
√

1− E2 , c = 2A+ 1 = 2Γ + 1 , d = 2B − 1 = −1 , (10.110)

λ = 2AB +B −A− ν E + iν γ − 2 iν Eα− 2AC − C
= −Γ− ν E + iν γ − 2 iν Eα+ 2Γiν

√
1− E2 + iν

√
1− E2 . (10.111)

From relations

λ− ta = B − ν E + 2BC −A+ 2AB + iν γ − C =⇒

2iν
√

1− E2a = −2 iν Eα+ 2 Γiν
√

1− E2

we find expression for parameter a:

a = − Eα√
1− E2

+ Γ, Γ =
√

(j + 1/2)2 − α2 . (10.112)

Transcendental Heun functions are determined by additional constraint a = −n, which
gives the quantization rule for energies

Eα√
1− E2

= n+
√

(j + 1/2)2 − α2 ≡ N =⇒ E =
1√

1 + α2

N2

. (10.113)

We can see that the energy spectrum for the P -noninvariant spin 1/2 particle in the external
Coulomb field coincides with that for ordinary particle, though the explicit form of the wave
function is different.
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10.10 Conclusions

Within the theory of relativistic wave equations with extended sets of Lorentz group rep-
resentations, a new P-noninvariant 20-component wave equation for a spin 1/2 particle is
proposed. The presence of an external electromagnetic field and a Riemannian space-time
background are taken into account. Due to the internal structure of the particle, additional
interaction terms appear, it relates to the anomalous magnetic moment of the particle.
Exact solutions of the equation in the presence of the external Coulomb field have been
constructed, radial wave functions are expressed in terms of confluent Heun functions.
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11

Fermion with two mass parameters
in the Coulomb field

Generalised wave equation for a spin 1/2 particle with two mass parameters is
studied in the presence of an external Coulomb field. After separating the variables,
the problem reduces the system to eight differential equations of the 1st order.
Taking into account for diagonalization of the space reflection operator, we derive
two independent systems of four equations, referring to states of opposite parity.
When considering these equations at the large distance from the centre, they take
the form of two subsystems for two ordinary Dirac particles in an external Coulomb
field, with masses of M1 and M2, respectively. To simplify the problem, we perform
a transition to the nonrelativistic description of the system. In this way, we derive
two systems of linked 2nd-order equations, referring to states with different parities.
They lead to 4th-order differential equations for separate functions. Their solutions
of the Frobenius type have been constructed, they involve power series with 10-term
recurrent relations. Two solutions are appropriate to describe bound states. As a
quantization rule, we apply the known transcendency condition; in this way, we
derive two analytical formulas for energy spectra. They are similar to nonrelativistic
spectra for ordinary spin 1/2 particles, but they are governed by masses M1 and M2.
Results of constructing solutions and obtaining the energy spectra are extendable
to relativistic theory as well.

11.1 Introduction

In [1–3], it was proposed the relativistic equation for a spin 1/2 particle with two mass
parameters. In the presence of an external electromagnetic field, there arises the system of
equations for two bispinor components. In [3–5], exact solutions of those equations in the
presence of the uniform magnetic field were constructed.

In this chapter, we will consider such a particle in an external Coulomb field. The system
for two bispinors Ψ1(x),Ψ2(x) has the structure{

γα[i(∂α + Γα)− eAα]−M1 + bΛ1Σ(x)
}

Ψ1(x)− aΛ1Σ(x)Ψ2(x) = 0 ,{
γα[i(∂α + Γα)− eAα]−M2 − aΛ2Σ(x)

}
Ψ2(x) + bΛ2Σ(x)Ψ1(x) = 0 ,

(11.1)

where

γα(x) = eα(b)γ
b, Σ(x) = −ieFαβσαβ(x) ,

σαβ(x) =
γα(x)γβ(x)− γβ(x)γα(x)

4
.

(11.2)
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We will apply the following parameters

γ ∈ [0, π/2], M1 =
M

(1 + cos γ)/2
, M2 =

M

(1− cos γ)/2
,

a =
1

2

1

M
( 4− 3

√
1 + (1/3) sin2 γ − cos γ ),

b =
1

2

1

M
( 4− 3

√
1 + (1/3) sin2 γ + cos γ ),

Λ1 = (1 +

√
1 + (1/3) sin2 γ )

cos γ −
√

1 + (1/3) sin2 γ

cos γ(1 + cos γ)
,

Λ2 = (1 +

√
1 + (1/3) sin2 γ )

cos γ +
√

1 + (1/3) sin2 γ

cos γ(1− cos γ)
.

(11.3)

Parameter M with dimension of inverse length is arbitrary.

11.2 Separating the variables

We consider this equation in the Coulomb field, using spherical coordinates and tetrad

ds2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2, xα = (t, r, θ, φ) ,

eα(0) = (1, 0, 0, 0), eα(3) = (0, 1, 0, 0),

eα(1) = (0, 0,
1

r
, 0), eα(2) = (0, 0, 0,

1

r sin θ
) .

(11.4)

We will apply the notations

At = −e
r
, Ftr = −∂rA0 = − e

r2
, Σ(x) = i

e2

r2
γ0γ3,

aΛ1e
2 = α1, aΛ2e

2 = α2, bΛ1e
2 = β1, bΛ2e

2 = β2 .

The system (11.1) takes on the form[
γ0(i∂t −

α

r
) + iγ3∂r +

1

r
Σθφ −M1 + i

β1

r2
γ0γ3

]
Ψ1 − i

α1

r2
γ0γ3Ψ2 = 0 ,[

γ0(i∂t −
α

r
) + iγ3∂r +

1

r
Σθφ −M2 − i

α2

r2
γ0γ3

]
Ψ2 + i

β2

r2
γ0γ3Ψ1 = 0 ,

(11.5)

where

Σθ,φ = iγ1∂θ + γ2 i∂φ + iσ12 cos θ

sin θ
.

Further, we will apply the following expressions for four parameters

α1 = −e2 1

3

(1− cos γ)
(
− cos γ

√
12− 3 cos2 γ + cos2 γ + 2

)
M cos γ (1 + cos γ)

,

α2 = e2 2

3

sin2 γ

M cos γ
, β1 = −e2 2

3

sin2 γ

M cos γ
< 0 ,

β2 = −1

3

e2 (1 + cos γ)
(

cos γ
√

12− 3 cos2 γ + cos2 γ + 2
)

M cos γ (cos γ − 1)
> 0 ,

(11.6)
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note two identities

α2 = −β1 , α1β2 = −β1
2 . (11.7)

The substitutions for two bispinors with quantum numbers ε, j,m have the form

Ψ1(x) =
e−iεt

r

∣∣∣∣∣∣∣∣
f1(r)D−1/2

f2(r)D+1/2

f3(r)D−1/2

f4(r)D+1/2

∣∣∣∣∣∣∣∣ , Ψ2(x) =
e−iεt

r

∣∣∣∣∣∣∣∣
g1(r)D−1/2

g2(r)D+1/2

g3(r)D−1/2

g4(r)D+1/2

∣∣∣∣∣∣∣∣ . (11.8)

Using the Dirac matrices in spinor basis, we derive eight radial equations(
ε+

α

r

)
f3 − i

d

dr
f3 − i

ν

r
f4 −M1f1 +

iβ1

r2
f1 −

iα1

r2
g1 = 0 ,(

ε+
α

r

)
f4 + i

d

dr
f4 + i

ν

r
f3 −M1f2 −

iβ1

r2
f2 +

iα1

r2
g2 = 0 ,(

ε+
α

r

)
f1 + i

d

dr
f1 + i

ν

r
f2 −M1δf2 −

iβ1

r2
f3 +

iα1

r2
g3 = 0 ,(

ε+
α

r

)
f2 − i

d

dr
f2 − i

ν

r
f1 −M1f4 +

iβ1

r2
f4 −

iα1

r2
g4 = 0 ;

(11.9)

(
ε+

α

r

)
g3 − i

d

dr
g3 − i

ν

r
g4 −M2g1 −

iα2

r2
g1 +

iβ2

r2
f1 = 0 ,(

ε+
α

r

)
g4 + i

d

dr
g4 + i

ν

r
g3 −M2g2 +

iα2

r2
g2 −

iβ2

r2
f2 = 0 ,(

ε+
α

r

)
g1 + i

d

dr
g1 + i

ν

r
g2 −M2g3 +

iα2

r2
g3 −

iβ2

r2
δf2 = 0 ,(

ε+
α

r

)
g2 − i

d

dr
g2 − i

ν

r
g1 −M2g4 −

iα2

r2
g4 +

iβ2

r2
f4 = 0 ,

(11.10)

where ν = j + 1/2; j = 1/2, 3/2, ... . The system (11.9)–(11.10) allows for imposing the
linear constraints (they follow from diagonalization of the space reflection operator)

f3 = δf2 , f4 = δf1 , δ = ±1, g3 = δg2 , g4 = δg1 , δ = ±1 ;

in this way we obtain(
ε+

α

r

)
δf2 − i

d

dr
δf2 − i

ν

r
δf1 −M1f1 +

iβ1

r2
f1 −

iα1

r2
g1 = 0 ,(

ε+
α

r

)
δf1 + i

d

dr
δf1 + i

ν

r
δf2 −M1f2 −

iβ1

r2
f2 +

iα1

r2
g2 = 0 ,(

ε+
α

r

)
f1 + i

d

dr
f1 + i

ν

r
f2 −M1δf2 −

iβ1

r2
δf2 +

iα1

r2
δg2 = 0 ,(

ε+
α

r

)
f2 − i

d

dr
f2 − i

ν

r
f1 −M1δf1 +

iβ1

r2
δf1 −

iα1

r2
δg1 = 0 ;

(
ε+

α

r

)
δg2 − i

d

dr
δg2 − i

ν

r
δg1 −M2g1 −

iα2

r2
g1 +

iβ2

r2
f1 = 0 ,(

ε+
α

r

)
δg1 + i

d

dr
δg1 + i

ν

r
δg2 −M2g2 +

iα2

r2
g2 −

iβ2

r2
f2 = 0 ,(

ε+
α

r

)
g1 + i

d

dr
g1 + i

ν

r
g2 −M2δg2 +

iα2

r2
δg2 −

iβ2

r2
δf2 = 0 ,(

ε+
α

r

)
g2 − i

d

dr
g2 − i

ν

r
g1 −M2δg1 −

iα2

r2
δg1 +

iβ2

r2
δf1 = 0 .
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Preserving only independent equations, we arrive at two subsystems of four equations (de-
pending on δ = ±1)(

ε+
α

r

)
f1 + i

d

dr
f1 + i

ν

r
f2 −M1δf2 −

iβ1

r2
δf2 +

iα1

r2
δg2 = 0 ,(

ε+
α

r

)
f2 − i

d

dr
f2 − i

ν

r
f1 −M1δf1 +

iβ1

r2
δf1 −

iα1

r2
δg1 = 0 .(

ε+
α

r

)
g1 + i

d

dr
g1 + i

ν

r
g2 −M2δg2 +

iα2

r2
δg2 −

iβ2

r2
δf2 = 0 ,(

ε+
α

r

)
g2 − i

d

dr
g2 − i

ν

r
g1 −M2δg1 −

iα2

r2
δg1 +

iβ2

r2
δf1 = 0 .

(11.11)

In order to eliminate the presence of imaginary unit, we use the new variables

f = (f2 + f1), F = i(f2 − f1) ; g = (g2 + g1), G = i(g2 − g1) . (11.12)

This results in ( d
dr
− ν

r
+ δ

β1

r2

)
F −

(
ε+

α

r
− δM1

)
f − δα1

r2
G = 0 ,( d

dr
+
ν

r
− δ β1

r2

)
f +

(
ε+

α

r
+ δM1

)
F + δ

α1

r2
g = 0 ,( d

dr
− ν

r
− δα2

r2

)
G−

(
ε+

α

r
− δM2

)
g + δ

β2

r2
F = 0 ,( d

dr
+
ν

r
+ δ

α2

r2

)
g +

(
ε+

α

r
+ δM2

)
G− δ β2

r2
f = 0 .

(11.13)

It is convenient to consider the states with different parities separately:

δ = +1,

( d
dr
− ν

r
+
β1

r2

)
F −

(
ε+

α

r
−M1

)
f − α1

r2
G = 0 ,( d

dr
+
ν

r
− β1

r2

)
f +

(
ε+

α

r
+M1

)
F +

α1

r2
g = 0 ,( d

dr
− ν

r
− α2

r2

)
G−

(
ε+

α

r
−M2

)
g +

β2

r2
F = 0 ,( d

dr
+
ν

r
+
α2

r2

)
g +

(
ε+

α

r
+M2

)
G− β2

r2
f = 0 ;

(11.14)

δ = −1,

( d
dr
− ν

r
− β1

r2

)
F −

(
ε+

α

r
+M1

)
f +

α1

r2
G = 0 ,( d

dr
+
ν

r
+
β1

r2

)
f +

(
ε+

α

r
−M1

)
F − α1

r2
g = 0 ,( d

dr
− ν

r
+
α2

r2

)
G−

(
ε+

α

r
+M2

)
g − β2

r2
F = 0 ,( d

dr
+
ν

r
− α2

r2

)
g +

(
ε+

α

r
−M2

)
G+

β2

r2
f = 0 .

(11.15)

We can note the symmetry between two systems:

M1,M2, α1, α2, β1, β2 =⇒ −M1,−M2,−α1,−α2,−β1,−β2 . (11.16)

It may be noticed that at the large r the systems split into independent subsystems:
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δ = +1,( d
dr
− ν

r

)
F −

(
ε+

α

r
−M1

)
f = 0 ,

( d
dr

+
ν

r

)
f +

(
ε+

α

r
+M1

)
F = 0 ,( d

dr
− ν

r

)
G−

(
ε+

α

r
−M2

)
g = 0 ,

( d
dr

+
ν

r

)
g +

(
ε+

α

r
+M2

)
G = 0 ;

(11.17)

δ = −1,( d
dr
− ν

r

)
F −

(
ε+

α

r
+M1

)
f = 0 ,

( d
dr

+
ν

r

)
f +

(
ε+

α

r
−M1

)
F = 0 ,( d

dr
− ν

r

)
G−

(
ε+

α

r
+M2

)
g = 0 ,

( d
dr

+
ν

r

)
g +

(
ε+

α

r
−M2

)
G = 0 .

(11.18)

This means that far from the origin r = 0, we have equations for two ordinary Dirac particles
with different masses M1 and M2. In other words, at large distances we observe two unlinked
particles with different masses.

11.3 Derivation of the 4th-order equations

With the help two equation in eq. (11.14), one can eliminate the functions G(r), g(r); then
we obtain the system of the 2nd-order equations for functions f(r), F (r). Below we write
down only their general structure (let M1 −M2 = M):( d2

dr2
+ (

a1

r
+
a2

r2
)
d

dr
+ b+

b1
r

+ ...+
b4
r4

)
f

+
(
M

d

dr
+
C1

r
+
C2

r2
+
C3

r3

)
F = 0 ,

( d2

dr2
+ (

A1

r
+
A2

r2
)
d

dr
+B +

B1

r
+ ...+

B4

r4

)
F

+
(
M

d

dr
f +

c1
r

+
c2
r2

+
c3
r3

)
f = 0 .

(11.19)

Let us introduce special multiplier at f and F , so that

F = ΦF̄ , Φ = x
−C1
M e

C2
Mx e

C3
2Mx2 ,(

M
d

dr
+
C1

r
+
C2

r2
+
C3

r3

)
ΦF̄ = ΦM

d

dr
F̄ ,

f = ϕf̄, ϕ = x
−c1
M e

c2
Mx e

c3
2Mx2 ,(

M
d

dr
+
c1
r

+
c2
r2

+
c3
r3

)
ϕF̄ = ϕM

d

dr
F̄ .

(11.20)

Correspondingly the system (11.19)–(11.19) takes the form

1

ΦM

( d2

dr2
+ (

a1

r
+
a2

r2
)
d

dr
+ b+

b1
r

+ ...
b4
r4

)
ϕf̄ +

d

dr
F̄ = 0 , (11.21)

1

ϕM

( d2

dr2
+ (

A1

r
+
A2

r2
)
d

dr
+B +

B1

r
+ ...

B4

r4

)
ϕF̄ +

d

dr
f̄ = 0 . (11.22)
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Let us apply more symmetric notation, f̄(r) = f1(r), F̄ (r) = −f2(r); then the system
(11.21)–(11.22) reads(

K2(x)
d2

dx2
+K1(x)

d

dx
+K0(x)

)
f1 =

df2

dx
,

(
L2(x)

d2

dx2
+ L1(x)

d

dx
+ L0(x)

)
f2 =

df1

dx
.

(11.23)

Let us detail the method for obtaining equations of the 4th-order. First, we will eliminate
the function f2:

f2(x) =

∫ (
K2(x)

d2

dx2
+K1(x)

d

dx
+K0(x)

)
f1 ,(

L2
d

dx
+ L1

)(
K2

d2

dx2
+K1

d

dx
+K0) f1 + L0

∫
dx(K2

d2

dx2
+K1

d

dx
+K0

)
f1 = 0.

Then we divide the second equation by L0(x) and differentiate the result. In this way, we
derive a 4th-order equation for f1(x):{ d

dx

(L2

L0

d

dx
+
L1

L0

)(
K2

d2

dx2
+K1

d

dx
+K0

)
+
(
K2

d2

dx2
+K1

d

dx
+K0

)}
f1(x) = 0. (11.24)

Similarly, we obtain the 4th-order equation for function f2:{ d

dx

(K2

K0

d

dx
+
K1

K0

)(
L2

d2

dx2
+ L1

d

dx
+ L0

)
+
(
L2

d2

dx2
+ L1

d

dx
+ L0

)}
f2(x) = 0. (11.25)

11.4 Nonrelativistic approximation

In order to simplify the problem, in the system of radial equations, let us perform the
nonrelativistic approximation. We start with

δ = +1,

−
( d
dr
− ν

r
+
β1

r2

)
F +

(
ε+

α

r
−M1

)
f +

α1

r2
G = 0 ,

−
( d
dr

+
ν

r
− β1

r2

)
f −

(
ε+

α

r
+M1

)
F − α1

r2
g = 0 ,

−
( d
dr
− ν

r
− α2

r2

)
G+

(
ε+

α

r
−M2

)
g − β2

r2
F = 0 ,

−
( d
dr

+
ν

r
+
α2

r2

)
g −

(
ε+

α

r
+M2

)
G+

β2

r2
f = 0 ;

(11.26)

δ = −1,

−
( d
dr
− ν

r
− β1

r2

)
F +

(
ε+

α

r
+M1

)
f − α1

r2
G = 0 ,

−
( d
dr

+
ν

r
+
β1

r2

)
f −

(
ε+

α

r
−M1

)
F +

α1

r2
g = 0 ,

−
( d
dr
− ν

r
+
α2

r2

)
G+

(
ε+

α

r
+M2

)
g +

β2

r2
F = 0 ,

−
( d
dr

+
ν

r
− α2

r2

)
g −

(
ε+

α

r
−M2

)
G− β2

r2
f = 0 .

(11.27)
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By means of substitutions

f, F ∼ e−iεt = e−i(M1+E1)t, g,G ∼ e−iεt = e−i(M2+E2)t, M1 + E1 = M2 + E2

we introduce two nonrelativistic energies. As a result from eqs. (11.26)–(11.27), we obtain

δ = +1,

−
( d
dr
− ν

r
+
β1

r2

)
F +

(
E1 +

α

r

)
f +

α1

r2
G = 0 ,

−
( d
dr

+
ν

r
− β1

r2

)
f −

(
2M1 + E1 +

α

r

)
F − α1

r2
g = 0 ,

−
( d
dr
− ν

r
− α2

r2

)
G+

(
E2 +

α

r

)
g − β2

r2
F = 0 ,

−
( d
dr

+
ν

r
+
α2

r2

)
g −

(
2M2 + E2 +

α

r

)
G+

β2

r2
f = 0 ;

(11.28)

δ = −1,

−
( d
dr
− ν

r
− β1

r2

)
F +

(
2M1 + E1 +

α

r

)
f − α1

r2
G = 0 ,

−
( d
dr

+
ν

r
+
β1

r2

)
f −

(
E1 +

α

r

)
F +

α1

r2
g = 0 ,

−
( d
dr
− ν

r
+
α2

r2

)
G+

(
2M2 + E2 +

α

r

)
g +

β2

r2
F = 0 ,

−
( d
dr

+
ν

r
− α2

r2

)
g −

(
E2 +

α

r

)
G− β2

r2
f = 0 .

(11.29)

First consider the case δ = +1. Neglecting the nonrelativistic energy in comparison with
the rest energy M1 and M2

2M1 + E1 +
α

r
≈ 2M1 2M2 + E2 +

α

r
≈ 2M2,

we get

δ = +1,

−
( d
dr
− ν

r
+
β1

r2

)
F +

(
E1 +

α

r

)
f +

α1

r2
G = 0 ,

−
( d
dr

+
ν

r
− β1

r2

)
f − 2M1F −

α1

r2
g = 0 ,

−
( d
dr
− ν

r
− α2

r2

)
G+

(
E2 +

α

r

)
g − β2

r2
F = 0 ,

−
( d
dr

+
ν

r
+
α2

r2

)
g − 2M2G+

β2

r2
f = 0 .

(11.30)

With the help of second and fourth equations, we eliminate the functions F and G, so
obtaining nonrelativistic equations for f and g:

d2f

dr2
+
[2M1 α

r
− ν(ν + 1)

r2
+

2β1(ν + 1)

r3
− β1

2

r4
+
M1 α1 β2
M2 r4

+ 2M1E1

]
f

+
(α1

r2
− α1M1

r2M2

)dg
dr

+
(
− ν α1

r3
− 2α1

r3
− M1 α1 ν

M2 r3
+
α1 β1
r4
− α1 α2M1

M2 r4

)
g = 0 , (11.31)

d2g

dr2
+
[2M2 α

r
− ν(ν + 1)

r2
− 2α2(ν + 1)

r3
− α2

2

r4
+
M2 α1 β2
M1 r4

+ 2M2E2

]
g

+
(
− β2
r2

+
β2M2

r2M1

) df
dr

+
(ν β2
r3

+
2β2
r3

+
M2 β2 ν

M1 r3
+
α2 β2
r4
− β1β2M2

M1 r4

)
f = 0 . (11.32)
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These equations are symmetric with respect to the changes eq. (see (11.7))

f =⇒ g , α1 =⇒ −β2 , α2 =⇒ −β1 , M1 =⇒M2 ; (11.33)

therefore, it suffices to examine only a 4th-order equation for the function f .
Far from the origin r = 0, eq. (11.30) simplify

−
( d
dr
− ν

r

)
F +

(
E1 +

α

r

)
f = 0 , −

( d
dr

+
ν

r

)
f − 2M1F = 0 ,

−
( d
dr
− ν

r

)
G+

(
E2 +

α

r

)
g = 0 , −

( d
dr

+
ν

r

)
g − 2M2G = 0 ;

(11.34)

whence follow separate equations for f and g:

δ = +1,

( d2

dr2
+ 2M1(E1 +

α

r
)− ν(ν + 1)

r2

)
f = 0,( d2

dr2
+ 2M2(E2 +

α

r
)− ν(ν + 1)

r2

)
g = 0.

(11.35)

This means that far from the origin, the system looks as two independent nonrelativistic
particles with masses of M1 and M2, respectively. Their solutions are confluent hypergeo-
metric functions:

δ = +1, x = 2
√
−2M1E1 r,

f(x) = xν+1e−x/2F (−n′, 2ν + 2, x), E1 = − M1α
2

2(n′ + ν + 1)2
, n′ = 0, 1, 2, ...,

g(x) = xν+1e−x/2F (−n′, 2ν + 2, x), E2 = − M2α
2

2(n′ + ν + 1)2
, n′ = 0, 1, 2, ... .

(11.36)

The case of opposite parity is considered similarly:

δ = −1,

−
( d
dr
− ν

r
− β1

r2

)
F + 2M1f −

α1

r2
G = 0 ,

−
( d
dr

+
ν

r
+
β1

r2

)
f −

(
E1 +

α

r

)
F +

α1

r2
g = 0 ,

−
( d
dr
− ν

r
+
α2

r2

)
G+ 2M2g +

β2

r2
F = 0 ,

−
( d
dr

+
ν

r
− α2

r2

)
g −

(
E2 +

α

r

)
G− β2

r2
f = 0 .

(11.37)

Eliminating the functions f and g, we obtain

d2F

dr2
+
[2M1α

r
+
ν(−ν + 1)

r2
+

2β1(−ν + 1)

r3
− β1

2

r4
+
M1α1β2
M2r4

+ 2M1E1

]
F

+
(α1

r2
− α1M1

r2M2

)dG
dr

+
(να1

r3
− 2α1

r3
+
M1α1ν

M2r3
+
α1β1
r4
− α1α2M1

M2r4

)
G = 0 , (11.38)

d2G

dr2
+
[2M2α

r
− ν(ν − 1)

r2
+

2α2(ν − 1)

r3
− α2

2

r4
+
M2α1β2
M1r4

+ 2M2E2

]
G

+
(
− β2
r2

+
β2M2

r2M1

)dF
dr

+
(
− νβ2

r3
+

2β2
r3
− M2β2ν

M1r3
+
α2β2
r4
− β1β2M2

M1r4

)
F = 0 . (11.39)
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It should be noted that eqs. (11.38)–(11.39) differ from eqs. (11.31)–(11.32) by formal
changes

f =⇒ F, g =⇒ G, ν =⇒ −ν . (11.40)

Far from the origin, we get more simple equation

δ = −1,

( d2

dr2
+ 2M1(E1 +

α

r
)− (ν − 1)ν

r2

)
F = 0,( d2

dr2
+ 2M2(E2 +

α

r
)− (ν − 1)ν

r2

)
G = 0.

(11.41)

Their solutions for bound states are

δ = −1, x = 2
√
−2M1E1 r,

F (x) = xνe−x/2 1F1(−n′, 2ν, x), E1 = − M1α
2

2(n′ + ν)2
, n′ = 0, 1, 2, ... ,

G(x) = xνe−x/2 1F1(−n′, 2ν, x), E2 = − M2α
2

2(n′ + ν)2
, n′ = 0, 1, 2, ... .

(11.42)

We can see that the transition from states with parity δ = +1 to states with parity
δ = −1 is performed by means of the formal change ν + 1 =⇒ ν.

11.5 Solutions of the 4th-order equations

The structure of the 4th-order equation is

d4g

dr4
+
(m1

r
+
m2 r

3 +m3 r
2 +m4 r +m5

P

)d3g

dr3

+
(
n0 +

n1

r
+
n2

r2
+
n3

r3
+
n4

r4
+
n5 r

3 + n6 r
2 + n7 r + n8

P

)d2g

dr2

+
(p1

r
+
p2

r2
+
p3

r3
+
p4

r4
+
p5 r

3 + p6 r
2 + p7 r + p8

P

)dg
dr

+
(
q0 +

q1

r
+
q2

r2
+
q3

r3
+
q4

r4
+
q5

r5
+
q6

r6
+
q7

r7
+
q8

r8
+
q9 r

3 + q10 r
2 + q11 r + q12

P

)
g = 0 ,

where

P = 2E1M2 (M1 −M2)
2
r4 + 2M2 α (M1 −M2)

2
r3 + 2M2 (ν + 1) [(2 ν + 1)M2 +M1] r2

+2M2 (ν + 1) [(−3β1 + α2)M2 +M1 (β1 + α2)] r

+ [β2 α1 + 2β1 (−α2 + β1)]M2
2 −M2M1

(
−α2

2 + β1
2 + 2β2 α1

)
+M1

2α1 β2 .

First, we make substitution g = eBrḡ(r), which leads to

d4G

dr4
+
[
4B +

m1

r
+
m5 +m2 r

3 +m3 r
2 +m4 r

P

]d3ḡ
dr3

+
[
6B2 + n0 +

n1 + 3m1B

r
+
n2

r2
+
n3

r3
+
n4

r4
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+
(3m2B + n5) r3 + (n6 + 3m3B) r2 + (3m4B + n7) r + n8 + 3m5B

P

]d2ḡ
dr2

+
[
4B3 + 2n0B +

3m1B
2 + p1 + 2n1B

r
+
p3 + 2n3B

r3
+
p2 + 2n2B

r2
+

2n4B + p4
r4

1

P

( (
p5 + 2n5B + 3m2B

2) r3 +
(
3m3B

2 + 2n6B + p6
)
r2

+
(
p7 + 2n7B + 3m4B

2) r + 2n8B + p8 + 3m5B
2
)]dḡ
dr

+
[
B4 + n0B

2 + q0 +
q1 +m1B

3 + n1B
2 + p1B

r
+
q2 + n2B

2 + p2B

r2
+
q3 + n3B

2 + p3B

r3

+
q4 + n4B

2 + p4B

r4
+
q5
r5

+
q6
r6

+
q7
r7

+
q8
r8

+
1

P

{(
p5B +m2B

3 + n5B
2 + q9

)
r3

+
(
m3B

3 + q10 + n6B
2 + p6B

)
r2 +

(
q11 +m4B

3 + n7B
2 + p7B

)
r

+q12 +m5B
3 + n8B

2 + p8B
}]
ḡ = 0 .

Imposing restriction on parameter B:

B4 + n0B
2 + q0 = 0 , q0 = 4E1E2M1M2 , n0 = 2E1M1 + 2M2E2 , (11.43)

we get four possibilities

B = ±
√
−2M1E1 , B = ±

√
−2M2E2 . (11.44)

Now we make substitution

ḡ = rAeC/rG(r) , (11.45)

the resulting equation for G(r) is cumbersome, by this reason it is not written out explicitly.
Let coefficients at r−8 and r−7 be vanished

q8 + C4 + n4 C
2

r8
= 0, (11.46)

q7 + (−m1 − 4A+ 12)C3 + n3 C
2 + 2n4 (1−A)C

r7
= 0 , (11.47)

where
m1 = 8 , n3 = 2 (−α2 + β1) (ν + 1) , n4 = 2α1 β2 − β1

2 − α2
2 ,

q7 = 2 (−α2 + β1) (−α1 β2 + α2 β1) (1 + ν) , q8 = (−α1 β2 + α2 β1)
2
.

For parameter C, we get the algebraic equation of the 4th-order

C4 +
(
2α1 β2 − β1

2 − α2
2
)
C2 + (−α1β2 + α2β1)

2
= 0,

whence it follows (allowing for eq. (11.7))

C4 − 4C2β1
2 = 0 ⇒ C = ±2β1 , 0, 0 . (11.48)

We consider two first possibilities (see eqs. (11.46) and (11.47))

I. C = +2β1 < 0 , A = ν + 2 ; (11.49)

II. C = −2β1 > 0 , A = −ν . (11.50)
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When C = 0 , eq. (11.47) holds identically and for defining parameter A, we require that
that coefficient at r−6 be vanished(

2β2 α1 − β1
2 − α2

2
)
A2 +

(
β1

2 + α2
2 − 2β2 α1

)
A+ 4β1

2ν (ν + 1)

r6
= 0 ,

whence it follows

III, C = 0, A = ν + 1 . (11.51)

IV, C = 0, A = −ν . (11.52)

Only the variants I and III are suitable for describing the bound states.
For states with opposite parity, we have the following four variants (see eq. (11.40))

I ′, C = +2β1 < 0 , A = −ν + 2 ;

II ′, C = −2β1 > 0 , A = +ν ;

III ′, C = 0, A = −ν + 1 ;

IV ′, C = 0, A = +ν .

(11.53)

Only the variants I ′ and IV ′ are suitable for describing the bound states.
For function G (see eqs. (11.45) and (11.49)), we obtain the equation

(
P10 r

10 + P7 r
7 + P6 r

6 + P8 r
8 + P9 r

9) d4G
dr4

+
(
Q10 r

10 +Q9 r
9 +Q8 r

8 +Q7 r
7 +Q6 r

6 +Q5 r
5 +Q4 r

4) d3G
dr3

+
(
M10 r

10 +M9 r
9 +M8 r

8 +M7 r
7 +M6 r

6 +M5 r
5 +M4 r

4 +M3 r
3 +M2 r

2) d2G
dr2

+
(
N10 r

10 +N9 r
9 +N8 r

8 +N7 r
7 +N6 r

6 +N5 r
5 +N4 r

4 +N3 r
3 +N2 r

2 +N1 r +N0

) dG
dr

+
(
L9 r

9 + L8 r
8 + L7 r

7 + L6 r
6 + L5 r

5 + L4 r
4 + L3 r

3 + L2 r
2 + L1 r + L0

)
G = 0 .

Solutions are searched as power series

F =
∞∑
l=0

dlr
l ,

dF

dr
=
∞∑
l=1

ldlr
l−1 ,

d2F

dr2
=
∞∑
l=2

l(l − 1)dlr
l−2 ,

d3F

dr3
=
∞∑
l=3

l(l − 1)(l − 2)dlr
l−3 ,

d4F

dr4
=
∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l−4 .

Further, we obtain

P10

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+6 + P9

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+5

+P8

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+4

+P7

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+3 + P6

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+2

+Q10

∞∑
l=3

l(l − 1)(l − 2)dlr
l+7 +Q9

∞∑
l=3

l(l − 1)(l − 2)dlr
l+6 +Q8

∞∑
l=3

l(l − 1)(l − 2)dlr
l+5
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+Q7

∞∑
l=3

l(l − 1)(l − 2)dlr
l+4 +Q6

∞∑
l=3

l(l − 1)(l − 2)dlr
l+3

+Q5

∞∑
l=3

l(l − 1)(l − 2)dlr
l+2 +Q4

∞∑
l=3

l(l − 1)(l − 2)dlr
l+1

+M10

∞∑
l=2

l(l − 1)dlr
l+8 +M9

∞∑
l=2

l(l − 1)dlr
l+7 +M8

∞∑
l=2

l(l − 1)dlr
l+6

+M7

∞∑
l=2

l(l − 1)dlr
l+5 +M6

∞∑
l=2

l(l − 1)dlr
l+4 +M5

∞∑
l=2

l(l − 1)dlr
l+3

+M4

∞∑
l=2

l(l − 1)dlr
l+2 +M3

∞∑
l=2

l(l − 1)dlr
l+1 +M2

∞∑
l=2

l(l − 1)dlr
l

+N10

∞∑
l=1

ldlr
l+9 +N9

∞∑
l=1

ldlr
l+8 +N8

∞∑
l=1

ldlr
l+7 +N7

∞∑
l=1

ldlr
l+6

+N6

∞∑
l=1

ldlr
l+5 +N5

∞∑
l=1

ldlr
l+4 +N4

∞∑
l=1

ldlr
l+3 +N3

∞∑
l=1

ldlr
l+2

+N2

∞∑
l=1

ldlr
l+1 +N1

∞∑
l=1

ldlr
l +N0

∞∑
l=1

ldlr
l−1

+L9

∞∑
l=0

dlr
l+9 + L8

∞∑
l=0

dlr
l+8 + L7

∞∑
l=0

dlr
l+7 + L6

∞∑
l=0

dlr
l+6 + L5

∞∑
l=0

dlr
l+5

+L4

∞∑
l=0

dlr
l+4 + L3

∞∑
l=0

dlr
l+3 + L2

∞∑
l=0

dlr
l+2 + L1

∞∑
l=0

dlr
l+1 + L0

∞∑
l=0

dlr
l = 0 .

After changing summation indices, we obtain

P10

∞∑
k=10

(k − 6)(k − 7)(k − 8)(k − 9)dk−6r
k + P9

∞∑
k=9

(k − 5)(k − 6)(k − 7)(k − 8)dk−5r
k

+P8

∞∑
k=8

(k − 4)(k − 5)(k − 6)(k − 7)dk−4r
k + P7

∞∑
k=7

(k − 3)(k − 4)(k − 5)(k − 6)dk−3r
k

+P6

∞∑
k=6

(k − 2)(k − 3)(k − 4)(k − 5)dk−2r
k +Q10

∞∑
k=10

(k − 7)(k − 8)(k − 9)dk−7r
k

+Q9

∞∑
k=9

(k − 6)(k − 7)(k − 8)dk−6r
k +Q8

∞∑
k=8

(k − 5)(k − 6)(k − 7)dk−5r
k

+Q7

∞∑
k=7

(k − 4)(k − 5)(k − 6)dk−4r
k +Q6

∞∑
k=6

(k − 3)(k − 4)(k − 5)dk−3r
k

+Q5

∞∑
k=5

(k − 2)(k − 3)(k − 4)dk−2r
k +Q4

∞∑
k=4

(k − 1)(k − 2)(k − 3)dk−1r
k

+M10

∞∑
k=10

(k − 8)(k − 9)dk−8r
k +M9

∞∑
k=9

(k − 7)(k − 8)dk−7r
k +M8

∞∑
k=8

(k − 6)(k − 7)dk−6r
k

+M7

∞∑
k=7

(k − 5)(k − 6)dk−5r
k +M6

∞∑
k=6

(k − 4)(k − 5)dk−4r
k +M5

∞∑
k=5

(k − 3)(k − 4)dk−3r
k

+M4

∞∑
k=4

(k − 2)(k − 3)dk−2r
k +M3

∞∑
k=3

(k − 1)(k − 2)dk−1r
k +M2

∞∑
k=2

k(k − 1)dkr
k
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+N10

∞∑
k=10

(k − 9)dk−9r
k +N9

∞∑
k=9

(k − 8)dk−8r
k +N8

∞∑
k=8

(k − 7)dk−7r
k +N7

∞∑
k=7

(k − 6)dk−6r
k

+N6

∞∑
k=6

(k − 5)dk−5r
k +N5

∞∑
k=5

(k − 4)dk−4r
k +N4

∞∑
k=4

(k − 3)dk−3r
k +N3

∞∑
k=3

(k − 2)dk−2r
k

+N2

∞∑
k=2

(k − 1)dk−1r
k +N1

∞∑
k=1

kdkr
k +N0

∞∑
k=0

(k + 1)dk+1r
k

+L9

∞∑
k=9

dk−9r
k + L8

∞∑
k=8

dk−8r
k + L7

∞∑
k=7

dk−7r
k + L6

∞∑
k=6

dk−6r
k + L5

∞∑
k=5

dk−5r
k

+L4

∞∑
k=4

dk−4r
k + L3

∞∑
k=3

dk−3r
k + L2

∞∑
k=2

dk−2r
k + L1

∞∑
k=1

dk−1r
k + L0

∞∑
k=0

dkr
k = 0 .

Finally, we get 11-term recurrent relations

k = 0 , N0 d1 + L0 d0 = 0 ,

k = 1 , 2N0d2 + (N1 + L0) d1 + L1 d0 = 0 ,

.............................

Qk−9dk−9 +Qk−8dk−8 + ...+Qkdk +Qk+1dk=1 = 0 . (11.54)

The known transcendency condition for Frobenius solution has the form

Qk−9 = 0 =⇒ N10 (k − 9) + L9 = 0, k − 9 = n = 1, 2, 3, ... ; (11.55)

explicitly it reads

8
{[
α (E1 + E2)M1 +

(1

2
αB + E2 (−7 +A+ k)

)
B
]
M2

+
[(1

2
αB + E1 (A+ k − 9)

)
M1 +B2 (k +A− 8)

]
B
}
E1M2 (M1 −M2)

2
= 0.

Let

A = ν + 2, B = −
√
−2M1E1, (11.56)

then the above equation takes the form

E1 (M1 −M2)M2

(√
2
√
−E1M1(k + ν − 5)− αM1

)
(E1M1 − E2M2) = 0.

This equation has three roots

E1 = 0, E1 = − α2M1

2(k − 5 + ν)2
, E2 =

M1

M2
E1.

As physical, we consider only the second root

E1 = − α2M1

2(k − 5 + ν)2
, k − 9 = n = 1, 2, 3, ... . (11.57)

Now, let

A = ν + 2, B = −
√
−2M2E2, (11.58)
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then eq. (11.56) takes the form

E1 (M1 −M2)M2 (E1M1 − E2M2)
(
αM2 −

√
2
√
−E2M2(k + ν − 7)

)
= 0.

As physical, we consider only the root

E2 = −1

2

α2M2

(k − 7 + ν)2
k − 9 = n = 1, 2, 3, ... . (11.59)

Now, we consider the case III: C = 0, A = ν + 1 . Here we have the following equation

(
P9 r

9 + P8 r
8 + P7 r

7 + P6 r
6 + P5 r

5
) d4G

dr4

+
(
Q9 r

9 +Q8 r
8 +Q7 r

7 +Q6 r
6 +Q5 r

5 +Q4 r
4
) d3G

dr3

+
(
M9 r

9 +M8 r
8 +M7 r

7 +M6 r
6 +M5 r

5 +M4 r
4 +M3 r

3 +M2 r
2 +M1 r

) d2G

dr2

+
(
N9 r

9 +N8 r
8 +N7 r

7 +N6 r
6 +N5 r

5 +N4 r
4 +N3 r

3 +N2 r
2 +N1 r +N0

) dG
dr

+
(
L8 r

8 + L7 r
7 + L6 r

6 + L5 r
5 + L4 r

4 + L3 r
3 + L2 r

2 + L1 r + L0

)
G = 0 .

Solutions are searched as power series

F =
∞∑
l=0

dlr
l ,

dF

dr
=
∞∑
l=1

ldlr
l−1 ,

d2F

dr2
=
∞∑
l=2

l(l − 1)dlr
l−2 ,

d3F

dr3
=
∞∑
l=3

l(l − 1)(l − 2)dlr
l−3 ,

d4F

dr4
=
∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l−4 .

Further, we get

P9

∞∑
l=4

l(l−1)(l−2)(l−3)dlr
l+5+P8

∞∑
l=4

l(l−1)(l−2)(l−3)dlr
l+4+P7

∞∑
l=4

l(l−1)(l−2)(l−3)dlr
l+3

+P6

∞∑
l=4

l(l− 1)(l− 2)(l− 3)dlr
l+2 +P5

∞∑
l=4

l(l− 1)(l− 2)(l− 3)dlr
l+1 +Q9

∞∑
l=3

l(l− 1)(l− 2)dlr
l+6

+Q8

∞∑
l=3

l(l − 1)(l − 2)dlr
l+5 +Q7

∞∑
l=3

l(l − 1)(l − 2)dlr
l+4 +Q6

∞∑
l=3

l(l − 1)(l − 2)dlr
l+3

+Q5

∞∑
l=3

l(l − 1)(l − 2)dlr
l+2 +Q4

∞∑
l=3

l(l − 1)(l − 2)dlr
l+1 +M9

∞∑
l=2

l(l − 1)dlr
l+7

+M8

∞∑
l=2

l(l − 1)dlr
l+6 +M7

∞∑
l=2

l(l − 1)dlr
l+5 +M6

∞∑
l=2

l(l − 1)dlr
l+4 +M5

∞∑
l=2

l(l − 1)dlr
l+3

+M4

∞∑
l=2

l(l − 1)dlr
l+2 +M3

∞∑
l=2

l(l − 1)dlr
l+1 +M2

∞∑
l=2

l(l − 1)dlr
l +M1

∞∑
l=2

l(l − 1)dlr
l−1

+N9

∞∑
l=1

ldlr
l+8 +N8

∞∑
l=1

ldlr
l+7 +N7

∞∑
l=1

ldlr
l+6 +N6

∞∑
l=1

ldlr
l+5 +N5

∞∑
l=1

ldlr
l+4

+N4

∞∑
l=1

ldlr
l+3 +N3

∞∑
l=1

ldlr
l+2 +N2

∞∑
l=1

ldlr
l+1 +N1

∞∑
l=1

ldlr
l +N0

∞∑
l=1

ldlr
l−1
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+L8

∞∑
l=0

dlr
l+8 + L7

∞∑
l=0

dlr
l+7 + L6

∞∑
l=0

dlr
l+6 + L5

∞∑
l=0

dlr
l+5 + L4

∞∑
l=0

dlr
l+4

+L3

∞∑
l=0

dlr
l+3 + L2

∞∑
l=0

dlr
l+2 + L1

∞∑
l=0

dlr
l+1 + L0

∞∑
l=0

dlr
l = 0 .

Changing the summation indices we get

P9

∞∑
k=9

(k − 5)(k − 6)(k − 7)(k − 8)dk−5r
k + P8

∞∑
k=8

(k − 4)(k − 5)(k − 6)(k − 7)dk−4r
k

+P7

∞∑
k=7

(k − 3)(k − 4)(k − 5)(k − 6)dk−3r
k + P6

∞∑
k=6

(k − 2)(k − 3)(k − 4)(k − 5)dk−2r
k

+P5

∞∑
k=5

(k − 1)(k − 2)(k − 3)(k − 4)dk−1r
k +Q9

∞∑
k=9

(k − 6)(k − 7)(k − 8)dk−6r
k

+Q8

∞∑
k=8

(k − 5)(k − 6)(k − 7)dk−5r
k +Q7

∞∑
k=7

(k − 4)(k − 5)(k − 6)dk−4r
k

+Q6

∞∑
k=6

(k − 3)(k − 4)(k − 5)dk−3r
k

+Q5

∞∑
k=5

(k−2)(k−3)(k−4)dk−2r
k+Q4

∞∑
k=4

(k−1)(k−2)(k−3)dk−1r
k+M9

∞∑
k=9

(k−7)(k−8)dk−7r
k

+M8

∞∑
k=8

(k − 6)(k − 7)dk−6r
k +M7

∞∑
k=7

(k − 5)(k − 6)dk−5r
k +M6

∞∑
k=6

(k − 4)(k − 5)dk−4r
k

+M5

∞∑
k=5

(k − 3)(k − 4)dk−3r
k +M4

∞∑
k=4

(k − 2)(k − 3)dk−2r
k +M3

∞∑
k=3

(k − 1)(k − 2)dk−1r
k

+M2

∞∑
k=2

k(k − 1)dkr
k +M1

∞∑
k=1

(k + 1)kdk+1r
k +N9

∞∑
k=9

(k − 8)dk−8r
k +N8

∞∑
k=8

(k − 7)dk−7r
k

+N7

∞∑
k=7

(k − 6)dk−6r
k +N6

∞∑
k=6

(k − 5)dk−5r
k +N5

∞∑
k=5

(k − 4)dk−4r
k

+N4

∞∑
k=4

(k − 3)dk−3r
k +N3

∞∑
k=3

(k − 2)dk−2r
k +N2

∞∑
k=2

(k − 1)dk−1r
k

+N1

∞∑
k=1

kdkr
k +N0

∞∑
k=0

(k + 1)dk+1r
k

+L8

∞∑
k=8

dk−8r
k + L7

∞∑
k=7

dk−7r
k + L6

∞∑
k=6

dk−6r
k + L5

∞∑
k=5

dk−5r
k + L4

∞∑
k=4

dk−4r
k

+L3

∞∑
k=3

dk−3r
k + L2

∞∑
k=2

dk−2r
k + L1

∞∑
k=1

dk−1r
k + L0

∞∑
k=0

dkr
k = 0 .

So we arrive at 10-term recurrent relation

Qk−8dk−8 +Qk−7dk−7 + ...+Qkdk +Qk+1dk+1 = 0. (11.60)

Transcendency condition for Frobenius solution has the form

Qk−8 = 0 =⇒ N9 (k − 8) + L8 = 0 , k − 8 = n = 1, 2, 3, ... ;
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explicitly it reads

8
{[

α (E1 + E2)M1 +
(1

2
αB + E2 (−6 +A+ k)

)
B

]
M2

+
[(1

2
αB + E1 (A+ k − 8)

)
M1 +B2 (k +A− 7)

]
B
}
E1M2 (M1 −M2)

2
= 0.

Let

A = ν + 1, B = −
√
−2M1E1, (11.61)

the above equation take the form

E1 (M1 −M2)M2 (E1M1 − E2M2)
(√

2
√
−E1M1(k + ν − 5)− αM1

)
= 0;

its solutions are

E1 = 0, E1 = − α2M1

2(k + ν − 5)2
, E1 =

E2M2

M1
;

as physical, we take the root

E1 = −1

2

α2M1

(k − 5 + ν)2
k − 8 = n = 1, 2, 3, ... . (11.62)

Now let

A = ν + 1, B = −
√
−2M2E2, (11.63)

the eq. (11.61) reads

E1 (M1 −M2)M2 (E1M1 − E2M2)
(
αM2 −

√
2
√
−E2M2(k + ν − 7)

)
= 0.

Its physical solutions is

E2 = −1

2

M2 α
2

(k − 7 + ν)2
k − 8 = n = 1, 2, 3, ... . (11.64)

Thus, we have found the following spectra

1. A = ν + 2, B = −
√
−2M1E1, E1 = −1

2

α2M1

(n+ 4 + ν)2
, k − 9 = n = 1, 2, ... ;

2. A = ν + 2, B = −
√
−2M2E2, E2 = −1

2

α2M2

(n+ 2 + ν)2
, k − 9 = n = 1, 2... ;

3. A = ν + 1, B = −
√
−2M1E1, E1 = −1

2

α2M1

(n+ 3 + ν)2
, k − 8 = n = 1, 2... ;

4. A = ν + 1, B = −
√
−2M2E2, E2 = −1

2

M2 α
2

(n+ 1 + ν)2
, k − 8 = n = 1, 2, ... .

(11.65)

For states with opposite parity, we have the following spectra (changing the notations
ν + 2 =⇒ ν, ν + 1 =⇒ ν)

A = ν,B = −
√
−2M1E1, E1 = −1

2

α2M1

[k − 7 + ν]
2 ;

A = ν,B = −
√
−2M2E2, E2 = −1

2

α2M2

[k − 9 + ν]
2 ;

A = ν,B = −
√
−2M1E1, E1 = −1

2

α2M1

[k − 6 + ν]
2 ;

A = ν,B = −
√
−2M2E2, E2 = −1

2

M2 α
2

[k − 8 + ν]
2 .

(11.66)
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Let us examine numerically two spectra

E1 = −α
2M1

2

1

(n+ ν)
2 , E2 = −α

2M2

2

1

(n+ ν)
2 . (11.67)

they are governed by the factor (let ν = 1, n = 0, 10, see Fig. 11.1)

− 1

(n+ ν)2
=⇒ −1,−1

4
,−1

9
,− 1

16
,− 1

25
,− 1

36
,− 1

49
,− 1

64
,− 1

81
,− 1

100
,− 1

121
.

Relation between two spectra is described by the formula (see Fig. 11.2)

E1

E2
=
M1

M2
=

1− cos γ

1 + cos γ
, γ ∈ [0, π/2]. (11.68)

When ν = 3, two spectra are governed by the factor

− 1

(n+ ν)2
=⇒ −1

9
,− 1

16
,− 1

25
,− 1

36
,− 1

49
,− 1

64
,− 1

81
,− 1

100
,− 1

121
,− 1

144
,− 1

169
.

The difference of two spectra ∆ = E
(ν=3)
1 − E(ν=1)

1 is illustrated in Fig. 11.3.
Let us detail the structure of nonrelativistic wave functions. Taking in mind the approx-

imate equalities

δ = +1,
f1 = f + iF ≈ f, f2 = f − iF ≈ f,

g1 = g + iG ≈ g, g2 = g − iG ≈ g;
(11.69)

δ = −1,
f1 = f + iF ≈ iF, f2 = f − iF ≈ −iF,

g1 = g + iG ≈ iG, g2 = g − iG ≈ −iG,
(11.70)

we get

δ = +1, Ψδ=+1 =

∣∣∣∣∣ f(r)D−1/2

f(r)D+1/2

∣∣∣∣∣ ,
∣∣∣∣∣ g(r)D−1/2

g(r)D+1/2

∣∣∣∣∣ ; (11.71)

δ = −1, Ψδ=−1 = i

∣∣∣∣∣ F (r)D−1/2

−F (r)D+1/2

∣∣∣∣∣ ,
∣∣∣∣∣ iG(r)D−1/2

−G(r)D+1/2

∣∣∣∣∣ . (11.72)

11.6 Solutions in relativistic case

In relativistic case, the structure of the resulting 4th-order equation for F (r) is as follows

d4F

dr4
+
(m1

r
+
m2

r2
+
m3 r

5 +m4 r
4 +m5 r

3 +m6 r
2 +m7 r +m8

P

)d3F

dr3

+
(
n0 +

n1

r
+
n2

r2
+
n3

r3
+
n4

r4
+
n5 r

5 + n6 r
4 + n7 r

3 + n8 r
2 + n9 r + n10

P

)d2F

dr2

+
(p1

r
+
p2

r2
+
p3

r3
+
p4

r4
+
p5

r5
+
p6 r

5 + p7 r
4 + p8 r

3 + p9 r
2 + p10 r + p11

P

)dF
dr
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+
(
q0 +

q1

r
+
q2

r2
+
q3

r3
+
q4

r4
+
q5

r5
+
q6

r6

+
q7 r

5 + q8 r
4 + q9 r

3 + q10 r
2 + q11 r + q12

P

)
F = 0 ,

where

P = (M1 −M2)
2

(ε+M2) (ε−M1) r6 − (M1 −M2)
2
α (−M2 − 2 ε+M1) r5

+
[(

4 ν2 − 6 ν + 2 + α2
)
M1

2 +
((
−6− 8 ν2 + 14 ν

)
ε− 2M2

(
−1 + ν + α2

))
M1

+4 (−1 + ν)
2
ε2 + 2M2 (−1 + ν) ε+M2

2α2
]
r4

−8 [β1M1 − ε β1 + (−1

2
+ ν)α] (−1 + ν) (−ε+M1) r3

+[(−α− 2 ε β1 + 2 ν α+ β1M1 +M2 β1)2

+2 (−α− 2 ε β1 + 2 ν α+ β1M1 +M2 β1)(M1 −M2)β1

+2αβ1 (M1 −M2)(2 + 2 ν)− 6 (M1 −M2)αβ1

−4 (−2 ε+ 2 ν ε− ν M1 + 2M1 −M2 ν)αβ1 ]r2

−8β1 [(−1

2
+ ν)α+ β1 (−ε+M1]α r + 4α2β1

2 . (11.73)

First, we make substitution F = eKrF̄ (r) , which yields

d4F̄

dr4
+
[
4K +

m1

r
+
m2

r2
+
m3 r

5 +m4 r
4 +m5 r

3 +m6 r
2 +m7 r +m8

P

]d3F̄

dr3

+
{
n0 + 6K2 +

3m1K + n1

r
+
n2 + 3m2K

r2
+
n3

r3
+
n4

r4

+
1

P

[
(n5 + 3m3K) r5 + (3m4K + n6) r4 + (n7 + 3m5K) r3

+ (n8 + 3m6K) r2 + (3m7K + n9) r + 3m8K + n10

]}d2F̄

dr2

+
{

2n0K + 4K3 +
p1 + 3m1K

2 + 2n1K

r
+
p2 + 3m2K

2 + 2n2K

r2
+
p3 + 2n3K

r3

+
p4 + 2n4K

r4
+
p5

r5
+

1

P

[(
3m3K

2 + 2n5K + p6

)
r5 +

(
3m4K

2 + p7 + 2n6K
)
r4

+
(
p8 + 3m5K

2 + 2n7K
)
r3 +

(
2n8K + p9 + 3m6K

2
)
r2

+
(
2n9K + 3m7K

2 + p10

)
r + 2n10K + p11 + 3m8K

2
] }dF̄

dr

+
{
n0K

2 +K4 + q0 +
q1 + p1K +m1K

3 + n1K
2

r
+
q2 + p2K +m2K

3 + n2K
2

r2

+
q3 + p3K + n3K

2

r3
+
q4 + p4K + n4K

2

r4
+
q5 + p5K

r5
+
q6

r6

+
1

P

[(
q7 + p6K + n5K

2 +m3K
3
)
r5 +

(
q8 + p7K +m4K

3 + n6K
2
)
r4

+
(
p8K + q9 + n7K

2 +m5K
3
)
r3 +

(
n8K

2 + p9K +m6K
3 + q10

)
r2
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+
(
n9K

2 + q11 + p10K +m7K
3
)
r +m8K

3 + p11K + n10K
2 + q12

] }
F̄ = 0 .

Impose restriction on parameter K:

K4 + n0K
2 + q0 = 0 , n0 = −M1

2 −M2
2 + 2 ε2 , q0 =

(
ε2 −M2

1

) (
ε2 −M2

2

)
,(

K2 −M1
2 + ε2

) (
K2 −M2

2 + ε2
)

= 0 ,

in this way we find four possible solutions (below we follow only the negative values)

K1 = −
√
M1

2 − ε2 < 0 , K2 = −
√
M2

2 − ε2 < 0 . (11.74)

Further, we make the second substitution

F̄ = rHeL/rF̄ , (11.75)

we will not write out the resulting equation because of its bulkiness. Let the coefficient at
r−8 be vanished

L2
(
L2 −m2 L+ n4

)
r8

= 0 , m2 = 0 , n4 = −4β2
1 .

There exist four variants

I. L = 2β1 < 0 , H = ν > 0; (11.76)

II. L = −2β1 > 0 , H = 1− ν ≤ 0 ; (11.77)

III. L = 0 , H =
√
ν2 − α2 > 0 ; (11.78)

IV. L = 0 , H = −
√
ν2 − α2 < 0 . (11.79)

Only variants I and III are suitable for describing bound states. Allowing for this restriction
we arrive at the following equation for F̄ :

(
P12 r

12 + P11 r
11 + P10 r

10 + P9 r
9 + P8 r

8 + P7 r
7 + P6 r

6
) d4F̄

dr4

+
(
Q12 r

12 +Q11 r
11 +Q10 r

10 +Q9 r
9 +Q8 r

8 +Q7 r
7 +Q6 r

6 +Q5 r
5 +Q4 r

4
) d3F̄

dr3

+(M12r
12 +M11r

11 +M10r
10 +M9r

9 +M8r
8 +M7r

7

+M6r
6 +M5r

5 +M4r
4 +M3r

3 +M2r
2)
d2F̄

dr2

+(N12 r
12 +N11 r

11 +N10 r
10 +N9 r

9 +N8 r
8 +N7 r

7

+N6 r
6 +N5 r

5 +N4 r
4 +N3 r

3 +N2 r
2 +N1 r +N0)

dF̄

dr

+(L11 r
11 + L10 r

10 + L9 r
9 + L8 r

8 + L7 r
7 + L6 r

6 + L5 r
5

+L4 r
4 + L3 r

3 + L2 r
2 + L1 r + L0)F̄ = 0 .

Solutions are searched as power series

F̄ =

∞∑
l=0

dlr
l ,

dF̄

dr
=

∞∑
l=1

ldlr
l−1 ,

d2F̄

dr2
=

∞∑
l=2

l(l − 1)dlr
l−2 ,
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d3F̄

dr3
=
∞∑
l=3

l(l − 1)(l − 2)dlr
l−3 ,

d4F̄

dr4
=
∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l−4 ,

further, we get

P12

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+8 + P11

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+7

+P10

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+6 + P9

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+5

+P8

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+4 + P7

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+3

+P6

∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l+2 +Q12

∞∑
l=3

l(l − 1)(l − 2)dlr
l+9 +Q11

∞∑
l=3

l(l − 1)(l − 2)dlr
l+8

+Q10

∞∑
l=3

l(l − 1)(l − 2)dlr
l+7 +Q9

∞∑
l=3

l(l − 1)(l − 2)dlr
l+6 +Q8

∞∑
l=3

l(l − 1)(l − 2)dlr
l+5

+Q7

∞∑
l=3

l(l − 1)(l − 2)dlr
l+4 +Q6

∞∑
l=3

l(l − 1)(l − 2)dlr
l+3 +Q5

∞∑
l=3

l(l − 1)(l − 2)dlr
l+2

+Q4

∞∑
l=3

l(l − 1)(l − 2)dlr
l+1 +M12

∞∑
l=2

l(l − 1)dlr
l+10 +M11

∞∑
l=2

l(l − 1)dlr
l+9

+M10

∞∑
l=2

l(l − 1)dlr
l+8 +M9

∞∑
l=2

l(l − 1)dlr
l+7 +M8

∞∑
l=2

l(l − 1)dlr
l+6 +M7

∞∑
l=2

l(l − 1)dlr
l+5

+M6

∞∑
l=2

l(l − 1)dlr
l+4 +M5

∞∑
l=2

l(l − 1)dlr
l+3 +M4

∞∑
l=2

l(l − 1)dlr
l+2 +M3

∞∑
l=2

l(l − 1)dlr
l+1

+M2

∞∑
l=2

l(l − 1)dlr
l +N12

∞∑
l=1

ldlr
l+11 +N11

∞∑
l=1

ldlr
l+10 +N10

∞∑
l=1

ldlr
l+9 +N9

∞∑
l=1

ldlr
l+8

+N8

∞∑
l=1

ldlr
l+7 +N7

∞∑
l=1

ldlr
l+6 +N6

∞∑
l=1

ldlr
l+5 +N5

∞∑
l=1

ldlr
l+4 +N4

∞∑
l=1

ldlr
l+3

+N3

∞∑
l=1

ldlr
l+2 +N2

∞∑
l=1

ldlr
l+1 +N1

∞∑
l=1

ldlr
l +N0

∞∑
l=1

ldlr
l−1 +L11

∞∑
l=0

dlr
l+11 +L10

∞∑
l=0

dlr
l+10

+L9

∞∑
l=0

dlr
l+9 + L8

∞∑
l=0

dlr
l+8 + L7

∞∑
l=0

dlr
l+7 + L6

∞∑
l=0

dlr
l+6 + L5

∞∑
l=0

dlr
l+5

+L4

∞∑
l=0

dlr
l+4 + L3

∞∑
l=0

dlr
l+3 + L2

∞∑
l=0

dlr
l+2 + L1

∞∑
l=0

dlr
l+1 + L0

∞∑
l=0

dlr
l = 0 .

We change summation indices

P12

∞∑
k=12

(k − 8)(k − 9)(k − 10)(k − 11)dk−8r
k + P11

∞∑
k=11

(k − 7)(k − 8)(k − 9)(k − 10)dk−7r
k

+P10

∞∑
k=10

(k − 6)(k − 7)(k − 8)(k − 9)dk−6r
k + P9

∞∑
k=9

(k − 5)(k − 6)(k − 7)(k − 8)dk−5r
k

+P8

∞∑
k=8

(k − 4)(k − 5)(k − 6)(k − 7)dk−4r
k + P7

∞∑
k=7

(k − 3)(k − 4)(k − 5)(k − 6)dk−3r
k
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+P6

∞∑
k=6

(k − 2)(k − 3)(k − 4)(k − 5)dk−2r
k +Q12

∞∑
k=12

(k − 9)(k − 10)(k − 11)dk−9r
k

+Q11

∞∑
k=11

(k − 8)(k − 9)(k − 10)dk−8r
k +Q10

∞∑
k=10

(k − 7)(k − 8)(k − 9)dk−7r
k

+Q9

∞∑
k=9

(k − 6)(k − 7)(k − 8)dk−6r
k +Q8

∞∑
k=8

(k − 5)(k − 6)(k − 7)dk−5r
k

+Q7

∞∑
k=7

(k−4)(k−5)(k−6)dk−4r
k+Q6

∞∑
k=6

(k−3)(k−4)(k−5)dk−3r
k+Q5

∞∑
k=5

(k−2)(k−3)(k−4)dk−2r
k

+Q4

∞∑
k=4

(k−1)(k−2)(k−3)dk−1r
k+M12

∞∑
k=12

(k−10)(k−11)dk−10r
k+M11

∞∑
k=11

(k−9)(k−10)dk−9r
k

+M10

∞∑
k=10

(k − 8)(k − 9)dk−8r
k +M9

∞∑
k=9

(k − 7)(k − 8)dk−7r
k +M8

∞∑
k=8

(k − 6)(k − 7)dk−6r
k

+M7

∞∑
k=7

(k − 5)(k − 6)dk−5r
k +M6

∞∑
k=6

(k − 4)(k − 5)dk−4r
k +M5

∞∑
k=5

(k − 3)(k − 4)dk−3r
k

+M4

∞∑
k=4

(k − 2)(k − 3)dk−2r
k +M3

∞∑
k=3

(k − 1)(k − 2)dk−1r
k +M2

∞∑
k=2

k(k − 1)dkr
k

+N12

∞∑
k=12

(k−11)dk−11r
k+N11

∞∑
k=11

(k−10)dk−10r
k+N10

∞∑
k=10

(k−9)dk−9r
k+N9

∞∑
k=9

(k−8)dk−8r
k

+N8

∞∑
k=8

(k − 7)dk−7r
k +N7

∞∑
k=7

(k − 6)dk−6r
k +N6

∞∑
k=6

(k − 5)dk−5r
k +N5

∞∑
k=5

(k − 4)dk−4r
k

+N4

∞∑
k=4

(k − 3)dk−3r
k +N3

∞∑
k=3

(k − 2)dk−2r
k +N2

∞∑
k=2

(k − 1)dk−1r
k +N1

∞∑
k=1

kdkr
k

+N0

∞∑
k=0

(k + 1)dk+1r
k + L11

∞∑
k=11

dk−11r
k + L10

∞∑
k=10

dk−10r
k + L9

∞∑
k=9

dk−9r
k

+L8

∞∑
k=8

dk−8r
k + L7

∞∑
k=7

dk−7r
k + L6

∞∑
k=6

dk−6r
k + L5

∞∑
k=5

dk−5r
k + L4

∞∑
k=4

dk−4r
k

+L3

∞∑
k=3

dk−3r
k + L2

∞∑
k=2

dk−2r
k + L1

∞∑
k=1

dk−1r
k + L0

∞∑
k=0

dkr
k = 0 .

We arrive at the 13-term recurrent formula

Qk−11dk−11 +Qk−10dk−10 + ...+Qkdk +Qk+1dk+1 = 0. (11.80)

Transcendency condition for Frobenius solutions has the form

Qk−11 = L11 +N12 (k − 11) = 0 , k − 11 = n ≥ 0 ,

in explicit form it reads

−4 (M1 − ε) (M2 + ε) (M1 −M2)
2
{

(k − 10 +H)K3 + α εK2

+
[
ε2 (H − 10 + k) + (

9

2
− 1

2
k − 1

2
H)M1

2 − 1

2
(H − 11 + k)M2

2
]
K

−1

2
α ε
(
M1

2 +M2
2 − 2 ε2

)}
= 0 . (11.81)
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Let

K = −
√
M2

1 − ε2 , H = ν, (11.82)

then eq. (11.81) has the form

−2 (M1 − ε) (M2 + ε) (M1 −M2)
2
{

(−2 k + 20− 2 ν)
(
M1

2 − ε2
)3/2

+
[

(−2 k + 20− 2 ν) ε2 + (k − 9 + ν)M1
2

+ (k − 11 + ν)M2
2
]√

M1
2 − ε2 + α ε

(
M2

1 −M2
2

)}
= 0 ,

whence we find three roots

ε = +M1 , −M2 , ε = ± M1√
1 + α2/(k − 11 + ν)2

.

Now let

K = −
√
M2

2 − ε2, H = ν, (11.83)

in this case, from eq. (11.81) we find the roots

ε = M1 , −M2 , ε = ± M2√
1 + α2/(k − 9 + ν)2

. (11.84)

Let us consider the variant (11.78). Here we have the following equation for F̄ :

(
P11 r

11 + P10 r
10 + P9 r

9 + P8 r
8 + P7 r

7 + P6 r
6 + P5 r

5
) d4F̄

dr4

+
(
Q11 r

11 +Q10 r
10 +Q9 r

9 +Q8 r
8 +Q7 r

7 +Q6 r
6 +Q5 r

5 +Q4 r
4 +Q3 r

3
) d3F̄

dr3

+(M11r
11 +M10r

10 +M9r
9 +M8r

8 +M7r
7 +M6r

6

+M5r
5 +M4r

4 +M3r
3 +M2r

2 +M1r)
d2F̄

dr2

+(N11r
11 +N10r

10 +N9r
9 +N8r

8 +N7r
7 +N6r

6

+N5r
5 +N4r

4 +N3r
3 +N2r

2 +N1r +N0)
dF̄

dr

+(L10 r
10 + L9 r

9 + L8 r
8 + L7 r

7 + L6 r
6

+L5 r
5 + L4 r

4 + L3 r
3 + L2 r

2 + L1 r + L0)F̄ = 0 .

Solutions are searched as power series

F̄ =
∞∑
l=0

dlr
l ,

dF̄

dr
=
∞∑
l=1

ldlr
l−1 ,

d2F̄

dr2
=
∞∑
l=2

l(l − 1)dlr
l−2 ,

d3F̄

dr3
=
∞∑
l=3

l(l − 1)(l − 2)dlr
l−3 ,

d4F̄

dr4
=
∞∑
l=4

l(l − 1)(l − 2)(l − 3)dlr
l−4 .
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Further we get

P11

∞∑
k=11

(k − 7)(k − 8)(k − 9)(k − 10)dk−7r
k + P10

∞∑
k=10

(k − 6)(k − 7)(k − 8)(k − 9)dk−6r
k

+P9

∞∑
k=9

(k − 5)(k − 6)(k − 7)(k − 8)dk−5r
k + P8

∞∑
k=8

(k − 4)(k − 5)(k − 6)(k − 7)dk−4r
k

+P7

∞∑
k=7

(k − 3)(k − 4)(k − 5)(k − 6)dk−3r
k + P6

∞∑
k=6

(k − 2)(k − 3)(k − 4)(k − 5)dk−2r
k

+P5

∞∑
k=5

(k − 1)(k − 2)(k − 3)(k − 4)dk−1r
k +Q11

∞∑
k=11

(k − 8)(k − 9)(k − 10)dk−8r
k

+Q10

∞∑
k=10

(k − 7)(k − 8)(k − 9)dk−7r
k +Q9

∞∑
k=9

(k − 6)(k − 7)(k − 8)dk−6r
k

+Q8

∞∑
k=8

(k − 5)(k − 6)(k − 7)dk−5r
k +Q7

∞∑
k=7

(k − 4)(k − 5)(k − 6)dk−4r
k

+Q6

∞∑
k=6

(k − 3)(k − 4)(k − 5)dk−3r
k +Q5

∞∑
k=5

(k − 2)(k − 3)(k − 4)dk−2r
k

+Q4

∞∑
k=4

(k − 1)(k − 2)(k − 3)dk−1r
kQ3

∞∑
k=3

k(k − 1)(k − 2)dkr
k

+M11

∞∑
k=11

(k − 9)(k − 10)dk−9r
k +M10

∞∑
k=10

(k − 8)(k − 9)dk−8r
k

+M9

∞∑
k=9

(k − 7)(k − 8)dk−7r
k +M8

∞∑
k=8

(k − 6)(k − 7)dk−6r
k

+M7

∞∑
k=7

(k − 5)(k − 6)dk−5r
k +M6

∞∑
k=6

(k − 4)(k − 5)dk−4r
k

+M5

∞∑
k=5

(k − 3)(k − 4)dk−3r
k +M4

∞∑
k=4

(k − 2)(k − 3)dk−2r
k

+M3

∞∑
k=3

(k − 1)(k − 2)dk−1r
k +M2

∞∑
k=2

k(k − 1)dkr
k +M1

∞∑
k=1

(k + 1)kdk+1r
k

+N11

∞∑
k=11

(k − 10)dk−10r
k +N10

∞∑
k=10

(k − 9)dk−9r
k +N9

∞∑
k=9

(k − 8)dk−8r
k

+N8

∞∑
k=8

(k − 7)dk−7r
k +N7

∞∑
k=7

(k − 6)dk−6r
k +N6

∞∑
k=6

(k − 5)dk−5r
k

+N5

∞∑
k=5

(k − 4)dk−4r
k +N4

∞∑
k=4

(k − 3)dk−3r
k +N3

∞∑
k=3

(k − 2)dk−2r
k
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+N2

∞∑
k=2

(k − 1)dk−1r
k +N1

∞∑
k=1

kdkr
k +N0

∞∑
k=0

(k + 1)dk+1r
k

+L10

∞∑
k=10

dk−10r
k + L9

∞∑
k=9

dk−9r
k + L8

∞∑
k=8

dk−8r
k

+L7

∞∑
k=7

dk−7r
k + L6

∞∑
k=6

dk−6r
k + L5

∞∑
k=5

dk−5r
k

+L4

∞∑
k=4

dk−4r
k + L3

∞∑
k=3

dk−3r
k + L2

∞∑
k=2

dk−2r
k + L1

∞∑
k=1

dk−1r
k + L0

∞∑
k=0

dkr
k = 0 .

We arrive at the 12-term recurrent formula

Qk−10dk−10 +Qk−9dk−9 + ...+Qkdk +Qk+1dk+1 = 0. (11.85)

Transcendency condition for Frobenius solutions has the form

Qk−10 = L10 +N11 (k − 10) = 0 , k − 10 = n ≥ 0

in explicit form it reads

−4 (M1 − ε) (M2 + ε) (M1 −M2)
2
{

(k − 9 +H)K3 + α εK2

+
[

(k − 9 +H) ε2 + (4− 1

2
k − 1

2
H)M1

2 − 1

2
(k − 10 +H) M2

2
]
K

−1

2
α ε
(
M1

2 +M2
2 − 2 ε2

)}
= 0 . (11.86)

Let

K = −
√
M2

1 − ε2 , H =
√
ν2 − α2,

then eq. (11.86) takes the form

−4 (M1 − ε)(M2 + ε)(M1 −M2)2
{
− (k − 9 +

√
ν2 − α2)(M1

2 − ε2)3/2

+(M1
2 − ε2)α ε− [(k − 9 +

√
ν2 − α2)ε2 + (4− 1

2
k − 1

2

√
ν2 − α2)M1

2

−1

2
M2

2(k − 10 +
√
ν2 − α2)]

√
M1

2 − ε2 − 1

2
α ε (M1

2 +M2
2 − 2 ε2

}
= 0 ,

whence we find the root

ε = M1 , −M2 , ε = ± M1√
1 + α2/

(
k − 10 +

√
ν2 − α2

)2 . (11.87)

Let

K = −
√
M2

2 − ε2, H =
√
ν2 − α2, (11.88)

then from eq. (11.86) we obtain the roots

ε = M1 , −M2 , ε = ± M2√
1 + α2/

(
k − 8 +

√
ν2 − α2

)2 . (11.89)
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11.7 Conclusions

Generalised wave equation for a spin 1/2 particle with two mass parameters is studied in the
presence of an external Coulomb field. After separating the variables, the problem reduces
the system to eight differential equations of the 1st order. Taking into account diagonaliza-
tion of the space reflection operator, we derive two independent systems of four equations,
referring to states of opposite parity. When considering these equations at a large distance
from the centre, they take the form of two subsystems for two ordinary Dirac particles in
external Coulomb field, with masses of M1 and M2, respectively. To simplify the problem,
we perform a transition to the nonrelativistic description of the system. In this way, we
derive two systems of linked 2nd-order equations, referring to states with different parities.
They lead to 4th-order differential equations for separate functions. Their solutions of the
Frobenius type have been constructed; they involve power series with 10-term recurrent
relations. Two solutions are appropriate to describe bound states. As a quantization rule,
we apply the known transcendency condition; in this way, we derive two analytical formulas
for energy spectra. They are similar to nonrelativistic spectra for ordinary spin 1/2 parti-
cles, but they are governed by masses M1 and M2. Results of constructing solutions and
obtaining the energy spectra are extendable to relativistic theory as well.

11.8 Figures

FIGURE 11.1
Energy levels E1(n) up to a factor.
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FIGURE 11.2
Relative coefficient E1/E2 = M1/M2.

FIGURE 11.3
The difference of two spectra E

(ν=3)
1 − E(ν=1)

1 .
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12

On modelling neutrinos oscillations
by geometry methods

In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave
equation for spin 1/2 fermion, which is characterised by three mass parameters, is
derived. On the basis of the 20-component wave function, three auxiliary bispinors
are introduced, in the absence of an external field, these bispinors obey to three
separate Dirac-like equations with different masses M1,M2,M3. It is shown that in
the presence of external fields, electromagnetic field, or gravitational non-Euclidean
background with non-vanishing Ricci scalar curvature, the main equation is not split
into separate equations, instead a quite definite mixing of three Dirac-like equations
arises. It is shown that a generalised equation for a Majorana particle with three
mass parameters exists as well; such a generalised Majorana equation is not split into
three separate equations in a curved background if the Ricci scalar of the space-time
model does not vanish.

12.1 Fermion with three mass parameters

In the context of existence of the similar neutrinos of different masses, we examine a pos-
sibility within the theory of relativistic wave equations to describe a spin 1/2 particle with
three mass parameters. In general, existence of more general wave equations than commonly
used ones is well known within the so-called Gel’fand–Yaglom formalism – see references
[1–53] and also books [54–58].

Recently, a model for a spin 1/2 particle with two mass parameters was developed
[60, 61]. The main properties of that model are as follows: The main wave equation for a
16-component field is presented in spin-tensor form and is based on the use of the usual
Dirac matrices. For two auxiliary bispinors – they determine the initial 16-component wave
function – in the absence of external fields, two separate Dirac-like equations are derived,
they differ in masses of M1 and M2. However, in the presence of an external electromagnetic
field or gravitational one with a non-vanishing Ricci scalar, the wave equation does not split
into separated equations, instead a quite definite mixing of two Dirac-like equations arises.
It is shown that a generalised equation for a Majorana particle with two mass parameters
exists as well, such a generalised Majorana equation is not trivial if Ricci scalar does not
vanish.

In fact, in the present paper, we extend the analysis from [60] to a fermion with three
mass parameters. A model for such a fermion is based on an extended set of irreducible
representations of the Lorentz group (we adhere to notation from [58])

T = (0,
1

2
)⊕ (

1

2
, 0)⊕ (0,

1

2
)′ ⊕ (

1

2
, 0)′ ⊕ (1,

1

2
)⊕ (

1

2
, 1) . (12.1)
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After performing rather laborious analysis (it is omitted for technical reason), we derive the
system of equations in spin-tensor form

c1∂̂(γµΨµ) +
c3√

6

(
∂̂(γµΨµ)− 4(∂µΨµ)

)
+M(γµΨµ) = 0 ,

c2∂̂Ψ0 − i
4c4√

6

(
− 1

4
∂̂(γµΨµ) + (∂µΨµ)

)
+MΨ0 = 0 ,

−2fc∗3√
6

(
∂λ(γµΨµ)− 1

4
γλ∂̂(γµΨµ)

)
+ i

2gc∗4√
6

(
∂λΨ0 −

1

4
γλ∂̂Ψ0

)
+M

(
Ψλ −

1

4
γλ(γµΨµ)

)
= 0 ,

(12.2a)

where 20-component wave function consists of bispinor Ψ0 and vector-bispinor Ψµ; the
system contains a number of numerical parameters: c1, c2 are real, c3, c4 are complex, and
f, g ∈ {±1}. The physical sense of these parameters will be clear below. Dirac matrices are
specified in the Weyl spinor basis (we use ict-metric in Minkowski space):

γµ =
1

i

∣∣∣∣ 0 σµ

σµ 0

∣∣∣∣ , σ4 =

∣∣∣∣ i 0
0 i

∣∣∣∣ , σ1 =

∣∣∣∣ 0 1
1 0

∣∣∣∣ , σ2 =

∣∣∣∣ 0 −i
i 0

∣∣∣∣ , σ3 =

∣∣∣∣ 1 0
0 −1

∣∣∣∣ .

12.2 Reformulation of the initial equations

The system (12.2a) may be presented differently, which is substantial point for further
studying. Let us act on the first equation in eq. (12.2a) by operator 1

4γλ, it yields

1

4
c1γλ∂̂(γµψµ) +

c3√
6

(1

4
γλ∂̂(γµψµ)− γλ(∂µψµ)

)
+
M

4
γλ(γµψµ) = 0 .

Summing this equation with the third one in eq. (12.2a), we obtain

−2fc∗3√
6

(
∂λ(γµψµ)− 1

4
γλ∂̂(γµψµ)

)
+ i

2gc∗4√
6

(
∂λψ0 −

1

4
γλ∂̂ψ0

)
+

1

4
c1γλ∂̂(γµψµ)− c3√

6

(
γλ(∂µψµ)− 1

4
γλ∂̂(γµψµ)

)
+Mψλ = 0 .

In fact, this equation, together with the second equation in eq. (12.2a), makes the system
that is equivalent to the initial system (12.2a):

c2∂̂ψ0 − i
4c4√

6

(
− 1

4
∂̂(γµψµ) + (∂µψµ)

)
+Mψ0 = 0 ,

−2fc∗3√
6

(∂λ

(
γµψµ)− 1

4
γλ∂̂(γµψµ)

)
+ i

2gc∗4√
6

(
∂λψ0 −

1

4
γλ∂̂ψ0

)
+

1

4
c1γλ∂̂(γµψµ)− c3√

6

(
γλ(∂µψµ)− 1

4
γλ∂̂(γµψµ)

)
+Mψλ = 0 .

(12.2)

To prove this, we multiply the second equation in eq. (12.2a) by the matrix γλ and take
into account identity γλγλ = 4. Then we derive

c1∂̂(γµψµ) +
c3√

6

(
∂̂(γµψµ)− 4(∂µψµ)

)
+M(γµψµ) = 0 ,

which coincides with the first equation in eq. (12.2a).
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Because the vector-bispinor Ψµ is determined through bispinors, Ψ0, (γµΨµ), (∂µΨµ)
(see the second equation in eq. (12.2a)), let us re-formulate the main system so that it
contains only these three bispinors: (γµΨµ) , Ψ0, and (∂µΨµ). To this end, let us act on the
second equation in eq. (12.2a) by operator ∂λ, so we get

−f
√

6

4
c∗3∂λ∂λ(γµΨµ) + ig

√
6

4
c∗4∂λ∂λΨ0 +

1

4
c1∂λ∂λ(γµΨµ)

− c3√
6
∂̂(∂µΨµ) +

c3

4
√

6
∂λ∂λ(γµΨµ) +M(∂µΨµ) = 0 . (12.3)

Now, let us act on the first equation in eq. (12.2a) by operator ∂̂, this yields

c1∂λ∂λ(γµΨµ) +
c3√

6
∂λ∂λ(γµΨµ) =

4c3√
6
∂̂(∂µΨµ)−M∂̂(γµΨµ) ,

with this in mind eq. (12.3) can be re-written as

−f
√

6

4
c∗3∂λ∂λ(γµΨµ) + ig

√
6

4
c∗4∂λ∂λΨ0 +M(∂µΨµ)− M

4
∂̂(γµΨµ) = 0 . (12.4)

Now, acting on eq. (12.3) by operator ∂λ we obtain

∂λ∂λ(γµΨµ) =
1

c1 + c3/
√

6

[4c3√
6
∂̂(∂µΨµ)−M∂̂(γµΨµ)

]
. (12.5)

With eq. (12.5) in mind, we reduce eq. (12.3) to the form

− f |c3|2

c1 + c3/
√

6
∂̂(∂µΨµ) +M

√
6

4

fc∗3
c1 + c3/

√
6

+ig

√
6

4
c∗4∂λ∂λΨ0 +M(∂µΨµ)− M

4
∂̂(γµΨµ) = 0 . (12.6)

Also, acting on eq. (12.2a) by ∂̂ we derive

c2∂λ∂λΨ0 + i
c4√

6
∂λ∂λ(γµΨµ) = ∂̂

[
i

4√
6
c4(∂µΨµ)−MΨ0

]
,

which (taking into account (12.5)) can be re-written as

c2∂λ∂λΨ0 + i
c4√

6

1

c1 + c3/
√

6

[4c3√
6
∂̂(∂µΨµ)−M∂̂(γµΨµ)

]
= ∂̂

[
i

4√
6
c4(∂µΨµ)−MΨ0

]
,

whence for the term ∂λ∂λΨ0 we derive

∂λ∂λΨ0 =
i

c2

[
− 2

3

c3c4
c1 + c3√

6

+
4c4√

6

]
∂̂(∂µΨµ) + i

M

c2
√

6
· c4
c1 + c3√

6

∂̂(γµΨµ)− M

c2
∂̂Ψ0 .

Therefore, eq. (12.6) reads

−fc2|c3|
2 + gc1|c4|2

c2(c1 + c3√
6
)

∂̂(∂µΨµ)− igM
√

6

4
· c
∗
4

c2
∂̂Ψ0 +M(∂µΨµ)

+
M

4

1

c2(c1 + c3√
6
)

[√
6fc2c

∗
3 − g|c4|2 − c2(c1 +

c3√
6

)
]
∂̂(γµΨµ) = 0 . (12.7)
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Equation (12.7) is one of equations we need – it does not contain the vector-bispinor Ψλ. To
derive another equation of that type, it suffices to express the term (∂µΨµ) from eq. (12.7)
and substitute the result in the first equation of the system (12.2a). In this way we get

1

c2(c1 + c3√
6
)

[
c1c2(c1 +

c3√
6

) + fc2|c3|2 −
g√
6
c3|c4|2

]
∂̂(γµΨµ)

− 4c3

M
√

6

fc2|c3|2 + gc1|c4|2

c2(c1 + c3√
6
)

∂̂(∂µΨµ)− ig c3c
∗
4

c2
∂̂Ψ0 +M(γµΨµ) = 0 . (12.8)

Similarly, expressing the term (∂µΨµ) from eq. (12.3) and substituting it into the second
equation in eq. (12.2a), we derive

c22 + g|c4|2

c2
∂̂Ψ0 − i

4c4

M
√

6

fc2|c3|2 + gc1|c4|2

c2(c1 + c3√
6
)

∂̂(∂µΨµ)

+
i√
6

c4
c2(c1 + c3√

6
)

[√
6fc2c

∗
3 − g|c4|2

]
∂̂(γµΨµ) +MΨ0 = 0 . (12.9)

Thus, the needed form of the main system with respect to bispinors (γµΨµ), Ψ0, (∂µΨµ)
is as follows:

1

c2(c1 + c3/
√

6)

{
c1c2(c1 + c3/

√
6) + fc2|c3|2 −

g√
6
c3|c4|2

}
∂̂(γµΨµ)

−ig c3c
∗
4

c2
∂̂Ψ0 −

4c3

M
√

6
· fc2|c3|

2 + gc1|c4|2

c2(c1 + c3/
√

6)
∂̂(∂µΨµ) +M(γµΨµ) = 0 , (12.10)

i√
6

c4

c2(c1 + c3/
√

6)
(
√

6fc2c
∗
3 − g|c4|2)∂̂(γµΨµ) +

c22 + g|c4|2

c2
∂̂Ψ0

−i 4c4

M
√

6

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
∂̂(∂µΨµ) +MΨ0 = 0 , (12.11)

+
M

4

1

c2(c1 + c3/
√

6)

{√
6fc2c

∗
3 − g|c4|2 − c2(c1 + c3/

√
6)
}
∂̂(γµΨµ)

−igM
√

6

4

c∗4
c2
∂̂Ψ0 −

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
∂̂(∂µΨµ) +M(∂µΨµ) = 0 . (12.12)

12.3 Characteristic equation, possible values of masses

Let us find the characteristic equation for the matrix of the 1st-order system (12.10)–(12.12)
with respect to bispinors γµΨµ , Ψ0, and ∂µΨµ; it has the form detF = 0, where the matrix
F is

∣∣∣∣∣∣∣∣∣∣

1

c2(c1+
c3√

6
)
{c1c2(c1 + c3√

6
) + fc2|c3|2 − g√

6
c3|c4|2} − λ −ig c3c

∗
4

c2
− 4c3
M
√
6
· fc2|c3|

2+gc1|c4|2

c2(c1+
c3√

6
)

i√
6
· c4
c2(c1+

c3√
6
)
{
√

6fc2c
∗
3 − g|c4|2}

c22+g|c4|
2

c2
− λ −i 4c4

M
√
6
· fc2|c3|

2+gc1|c4|2

c2(c1+
c3√

6
)

M
4
· 1

c2(c1+
c3√

6
)
{
√

6fc2c
∗
3 − g|c4|2 − c2(c1 + c3√

6
)} −igM

√
6
4
· c
∗
4
c2

− fc2|c3|
2+gc1|c4|2

c2(c1+
c3√

6
)
− λ

∣∣∣∣∣∣∣∣∣∣
.
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In this way we get

λ3 − λ2(c1 + c2) + λ(c1c2 − f |c3|2 − g|c4|2) + (fc2|c3|2 + gc1|c4|2) = 0 . (12.13)

The matrix of the system (12.10)–(12.12) can be transformed to a diagonal form

K =

∣∣∣∣∣∣
A1 B1 R1

A2 B2 R2

A3 B3 R3

∣∣∣∣∣∣ =⇒

∣∣∣∣∣∣
λ1 0 0
0 λ2 0
0 0 λ3

∣∣∣∣∣∣ , (12.14)

and the system will take the form of three separated equations of the Dirac type but with
different masses:

M1 =
M

λ1
, M2 =

M

λ2
, M3 =

M

λ3
. (12.15)

That transformation is done in accordance with the following procedure

(K −M)Ψ = 0 , Ψ′ = SΨ , SKS−1 = K̂ ′ =

∣∣∣∣∣∣
λ1 0 0
0 λ2 0
0 0 λ3

∣∣∣∣∣∣ . (12.16)

The matrix S obeys the following relations

S =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3
r1 r2 r3

∣∣∣∣∣∣ ,
∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3
r1 r2 r3

∣∣∣∣∣∣
∣∣∣∣∣∣
A1 B1 R1

A2 B2 R2

A3 B3 R3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
λ1 0 0
0 λ2 0
0 0 λ3

∣∣∣∣∣∣
∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3
r1 r2 r3

∣∣∣∣∣∣ ,
whence three linear subsystems follow

a1A1 + a2A2 + a3A3 = λ1a1 ,

a1B1 + a2B2 + a3B3 = λ1a2 ,

a1R1 + a2R2 + a3R3 = λ1a3 ;

(12.17)

b1A1 + b2A2 + b3A3 = λ2b1 ,

b1B1 + b2B2 + b3B3 = λ2b2 ,

b1R1 + b2R2 + b3R3 = λ2b3 ;

(12.18)

r1A1 + r2A2 + r3A3 = λ3r1 ,

r1B1 + r2B2 + r3B3 = λ3r2 ,

r1R1 + r2R2 + r3R3 = λ3r3 .

(12.19)

These systems are solved easily. For instance, we get

a2 = a1
−igc3c∗4(c1 + c3√

6
)λ1

λ1c2(λ1 − c2) + (λ1 − c2)[fc2|c3|2 + gc1|c4|2]− λ1(c1 + c3√
6
)g|c4|2

,

a3 = −a1
4√
6

1

M

c3(λ1 − c2)[fc2|c3|2 + gc1|c4|2

λ1c2(λ1 − c2) + (λ1 − c2)[fc2|c3|2 + gc1|c4|2]− λ1(c1 + c3√
6
)g|c4|2

.

(12.20)
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At these a2, a3, the first equation in (12.17) reduces to the above characteristic equation

c22(c1 +
c3√

6
)2{λ3

1 − λ2
1(c1 + c2) + λ1(c1c2 − f |c3|2 − g|c4|2) + (fc2|c3|2 + gc1|c4|2} = 0 ,

where λ = λ1.
Similarly we get solutions of the system (12.18):

b2 = b1
−igc3c∗4(c1 + c3√

6
)λ2

λ2c2(λ2 − c2) + (λ2 − c2)[fc2|c3|2 + gc1|c4|2]− λ2(c1 + c3√
6
)g|c4|2

,

b3 = −b1
4√
6

1

M

c3(λ2 − c2)[fc2|c3|2 + gc1|c4|2

λ2c2(λ2 − c2) + (λ2 − c2)[fc2|c3|2 + gc1|c4|2]− λ2(c1 + c3√
6
)g|c4|2

,

(12.21)

and the first equation in eq. (12.18) reduces to characteristic equation with λ = λ2.
Similar results are for the system (12.19):

r2 = r1
−igc3c∗4(c1 + c3√

6
)λ3

λ3c2(λ3 − c2) + (λ3 − c2)[fc2|c3|2 + gc1|c4|2]− λ3(c1 + c3√
6
)g|c4|2

,

r3 = −r1
4√
6

1

M

c3(λ3 − c2)[fc2|c3|2 + gc1|c4|2

λ3c2(λ3 − c2) + (λ3 − c2)[fc2|c3|2 + gc1|c4|2]− λ3(c1 + c3√
6
)g|c4|2

.

(12.22)

12.4 On solutions of the characteristic equation

Characteristic equation may be presented in the short form λ3 + λ2a + λb + c = 0, where
(recall that f, g ∈ {−1,+1})

a = −(c1 + c2), b = c1c2 − f |c3|2 − g|c4|2, c = fc2|c3|2 + gc1|c4|2 . (12.23)

After standard change of the variable, we get to a more simple form

y3 + py + q = 0 , y = λ− c1 + c3
3

= λ+
a

3
,

where

p = −a
3

3
+ b = −1

3
(c1 + c3)3 + c1c2 − f |c3|2 − g|c4|2 ,

q = 2(
a

3
)3 − ab

3
+ c = − 2

27
c1 + c3

3 +
c1 + c2

3
{c1c2 − f |c3|2 − g|c4|2}+ {f |c3|2 + g|c4|2} .

By physical reason, we assume real-valuedness of all three roots. It is possible if the following
inequalities are valid

p < 0 , Q < 0 , where Q = (
p

3
)3 + (

q

2
)2 . (12.24)

Solutions can be presented in trigonometric form:

λ1 = y1 +
c1 + c2

3
= 2

√
−p

3
cos

α

3
+
c1 + c2

3
,

λ2 = y2 +
c1 + c2

3
= −2

√
−p

3
cos(

α

3
− π

3
) +

c1 + c2
3

,

λ3 = y3 +
c1 + c2

3
= −2

√
−p

3
cos(

α

3
+
π

3
) +

c1 + c2
3

.

(12.25)
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We may readily derive relations (remember on real-valuedness of the roots):

λ1 + λ2 + λ3 = c1 + c2 , λ2
1 + λ2

2 + λ2
3 = c21 + c22 + 2f |c3|2 + 2g|c4|2 > 0 ,

λ1λ2 + λ1λ3 + λ2λ2 = c1c2 − f |c3|2 − g|c4|2 , λ1λ2λ3 = −fc2|c3|2 − gc1|c4|2 ,

p =
1

6
{(λ1 + λ2 + λ3)2 − 3(λ2

1 + λ2
2 + λ2

3)} < 0 ,

q =
1

6
{5

9
(λ1 + λ2 + λ3)2 − (λ2

1 + λ2
2 + λ2

3)}(λ1 + λ2 + λ3)− λ1λ2λ3 ,

cos
α

3
=

2λ1 − λ2 − λ3√
−2[(λ1 + λ2 + λ3)2 − 3(λ2

1 + λ2
2 + λ2

3)]
,

cos(
α

3
− π

3
) =

2λ2 − λ1 − λ3√
−2[(λ1 + λ2 + λ3)2 − 3(λ2

1 + λ2
2 + λ2

3)]
,

cos(
α

3
+
π

3
) =

2λ3 − λ1 − λ2√
−2[(λ1 + λ2 + λ3)2 − 3(λ2

1 + λ2
2 + λ2

3)]
.

In the first place, we are interested in positive roots. Evidently, three positive roots may
arise only if

c1 > 0 , c2 > 0 , f = −1 , g = −1 . (12.26)

Let us introduce notation |c4|2 = a2 , |c3|2 = b2, and consider two constraints from
above

λ1 + λ2 = c1 + c2 − λ3 , λ1λ2 =
c1a

2 + c2b
2

λ3
,

whence expressions for λ1, λ2 follow

λ1,2 =
c1 + c2 − λ3

2
±

√
(
c1 + c2 − λ3

2
)2 − c1a2 + c2b2

λ3
, (12.27)

under square root we should have positive term. Note that due to inequality

λ1 + λ2 = c1 + c2 − λ3 > 0 ,

we have obligatory inequalities 0 < λ3 < c1 + c2. Therefore, the following parametrization
is possible:

λ3 = (c1 + c2) cosα , α ∈ (0,
π

2
) , Γ =

c1a
2 + c2b

2

(c1 + c2)3
. (12.28)

Correspondingly, for the roots we get expressions

λ1,2 = λ3
1

cosα

(
sin2(α/2)±

√
sin4(α/2)− Γ/ cosα

)
. (12.29)

The term under the square root should be positive: cosα sin4(α/2) > Γ. Further, we
obtain expressions for three possible mass parameters:

M3 =
M

λ3
=

M

(c1 + c2)

1

cosα
= µ

1

cosα
,

M1 =
M

λ2
=

µ

sin2(α/2)−
√

sin4(α/2)− Γ/ cosα
,

M2 =
M

λ2
=

µ

sin2(α/2) +
√

sin4(α/2)− Γ/ cosα
.

(12.30)
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There exists a special case:

a→ 0, b→ 0 =⇒ Γ→ 0, M3 =
µ

cosα
, M1 →∞,M2 =

µ

1− cos2 α
, (12.31)

if additionally α = 0 or α = π/2 then yet another mass will be infinite.
Let us study inequality cosα sin4(α/2) > Γ, here we have the problem

f(α) = cosα
(1− cos2 α)2

4
> Γ , f(α = 0) = 0 , f(α =

π

2
= 0) .

In the variable x = cosα, we have

f(x) =
1

4
x(1− x2)2 > Γ, x ∈ (0, 1) ,

in the interval x ∈ (0, 1) there exists a point of a local maximum α0:

df

dx
=

(1− x2)(1− 5x2)

4
, cosα0 =

1√
5
, f(α0) =

4

25
√

5
.

Thus, we have the following constraint for f(α):

Γ < Γ0 =
4

25
√

5
, f(α) > Γ ,

and there exists some finite interval containing the point α0. The value Γ0 = 4/25
√

5 is
peculiar because the interval for α degenerates into a single point: α = α0, and we have
situation when two masses are fixed and equal to each other:

cosα0 =
1√
5
,M3 =

µ

cosα0
= µ
√

5,M1,2 =
µ

(1− cosα0)/2
= µ

2
√

5√
5− 1

. (12.32)

12.5 Diagonalization in the case of a free particle

Let us introduce shortening notations

A1 =
1

c2(c1 + c3/
√

6)

[
c2(c21 + f |c3|2) +

c3√
6

(c1c2 − g|c4|2
]
,

A2 =
i√
6

c4

c2(c1 + c3/
√

6)
[f
√

6c2c
∗
3 − g|c4|2],

A3 =
M

4

1

c2(c1 + c3/
√

6)

[
f
√

6c2c
∗
3 − g|c4|2 − c2(c1 + c3/

√
6)
]
,

B1 = −ig c3c
∗
4

c2
, B2 =

c22 + g|c4|2

c2
, B3 = −igM

√
6

4

c∗4
c2
,

R1 = − 4

M

c3√
6

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
, R2 = − 4i

M

c4√
6

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
,

R3 = −fc2|c3|
2 + gc1|c4|2

c2(c1 + c3/
√

6)
.
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With the use of the above notations, three equations (12.10)–(12.12) read

A1∂̂ (γµΨµ) +B1∂̂ Ψ0 +R1∂̂ (∂µΨµ) +M(γµΨµ) = 0 ,

A2∂̂ (γµΨµ) +B2∂̂ Ψ0 +R2∂̂ (∂µΨµ) +MΨ0 = 0 ,

A3∂̂ (γµΨµ) +B3∂̂ Ψ0 +R3∂̂ (∂µΨµ) +M(∂µΨµ) = 0 .

(12.33)

These equations may be transformed into equations for separate bispinors. To this end, first
we sum three equations with coefficients a1, a2, a3, this yields

(a1A1 + a2A2 + a2A3)∂̂ (γµΨµ) + (a1B1 + a2B2 + a3B3)∂̂ Ψ0

+(a1R1 + a2R2 + a3R3)∂̂ (∂µΨµ) +M{a1(γµΨµ) + a2Ψ0 + a3(∂µΨµ)} = 0 ,

taking in mind identities

a1A1 + a2A2 + a3A3 = λ1a1 ,

a1B1 + a2B2 + a3B3 = λ1a2 ,

a1R1 + a2R2 + a3R3 = λ1a3 ,

(12.34)

the last equation is re-written as

λ1a1∂̂(γµΨµ) + λ1a2∂̂Ψ0 + λ1a3∂̂(∂µΨµ) +M{a1(γµΨµ) + a2Ψ0 + a3(∂µΨµ)} = 0 .

Thus, we produce equation

Φ1 = a1(γµΨµ) + a2Ψ0 + a3(∂µΨµ), (∂̂ +
M

λ1
)Φ1 = 0,M1 = M/λ1m. (12.35)

Similarly, the root λ2 enters the system

b1A1 + b2A2 + b3A3 = λ2b1 , b1B1 + b2B2 + b3B3 = λ2b2 , b1R1 + b2R2 + b3R3 = λ2b3 ,

its solution is known. Turning to eq. (12.33), we sum them with coefficients b1, b2, b3. In this
way, we derive an equation for new bispinor

Φ2 = b1(γµΨµ) + b2Ψ0 + b3(∂µΨµ), (∂̂ +
M

λ2
)Φ2 = 0,M2 = M/λ2. (12.36)

Finally, turning to the system which contains the root λ3:

r1A1 + r2A2 + r3A3 = λ3r1, r1B1 + r2B2 + r3B3 = λ3r2, r1R1 + r2R2 + r3R3 = λ3r3,

and acting as above, we obtain an equation for the third bispinor

Φ3 = r1(γµΨµ) + r2Ψ0 + r3(∂µΨµ), (∂̂ +
M

λ3
)Φ3 = 0,M3 = M/λ3. (12.37)

12.6 Presence of electromagnetic fields

The presence of electromagnetic fields is taken into account by modifying the derivative:
Dµ = ∂µ − ieAµ(x). We proceed with eq. (12.2a), but now in presence of external field (let

D̂ = γµDµ) we should work only with second and third equations:

c2D̂Ψ0 −
4ic4√

6

[
(DµΨµ)− 1

4
D̂(γµΨµ)

]
+MΨ0 = 0 , (12.38)
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−2fc∗3√
6

[
Dλ(γµΨµ)− 1

4
γλD̂(γµΨµ)

]
+

2igc∗4√
6

[
DλΨ0 −

1

4
γλD̂Ψ0

]
+
c1
4
γλD̂(γµΨµ)

− c3√
6

[
γλ(DµΨµ)− 1

4
γλD̂(γµΨµ)

]
+MΨλ = 0 . (12.39)

We have to perform some transformation over this system. First, let us act on eq. (12.39)
by the matrix γλ, this results in

(c1 +
c3√

6
)D̂(γµΨµ)− 4c3√

6
(DµΨµ) +M(γµΨµ) = 0 . (12.40)

Now, let us us act on eq. (12.39) by operator Dλ:

−2fc∗3√
6

[
D2(γµΨµ)− 1

4
D̂D̂(γµΨµ)

]
+

2igc∗4√
6

[
D2Ψ0 −

1

4
D̂D̂Ψ0

]
+
c1
4
D̂D̂(γµΨµ)

− c3√
6

[
D̂(DµΨµ)− 1

4
D̂D̂(γµΨµ)

]
+M(DλΨλ) = 0 , (12.41)

where D2 = DλDλ. It is readily proved the following relations

D̂D̂ = DλDρ [
1

2
(γλγρ − γργλ) +

1

2
(γλγρ + γργλ) ]

= [ D2 + (DλDρ −DρDλ)σλρ ] . (12.42)

With this identity (12.41), eq. (12.41) reads

−2fc∗3√
6

[3

4
D2(γµΨµ)− 1

4
(DλDρ −DρDλ)σλρ(γµΨµ)

]
+M(DλΨλ)

+
2igc∗4√

6

[3

4
D2Ψ0 −

1

4
(DλDρ −DρDλ)σλρΨ0

]
+
c1
4

[(DλDρ −DρDλ)σλρ +D2](γµΨµ)

− c3√
6

[
D̂(DµΨµ)− 1

4
[(DλDρ −DρDλ)σλρ +D2](γµΨµ)

]
= 0 . (12.43)

Note the commutator DλDρ −DρDλ = (−ieFλρ). Equation (12.43) can be re-written as

−2fc∗3√
6

[3

4
D2 (γµΨµ)− 1

4
(−ieFλρ) σλρ (γµΨµ)

]
+

2igc∗4√
6

[3

4
D2 Ψ0 −

1

4
(−ieFλρ) σλρ Ψ0

]
− c3√

6
D̂ (DµΨµ)

+
1

4
(c1 +

c3√
6

) [ D2 + (−ieFλρ) σλρ ] (γµΨµ) +M (DλΨλ) = 0 . (12.44)

Acting on eq. (12.40) by operator D̂, we get

(c1 +
c3√

6
)[ D2 + (−ieFλρ)σλρ ] (γµΨµ) =

4c3√
6
D̂(DµΨµ)−MD̂(γµΨµ) . (12.45)

With this relation in mind, eq. (12.44) reduces to the form (we introduce a new numeration
of equations):

equation III

−2fc∗3√
6

[3

4
D2 − 1

4
(−ieFλρ) σλρ

]
(γµΨµ)

+
2igc∗4√

6

[3

4
D2 − 1

4
(−ieFλρ) σλρ

]
Ψ0 −

M

4
D̂(γµΨµ) +M (DλΨλ) = 0 . (12.46)
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Let us write down two other equations:
equation I

c2D̂Ψ0 −
4ic4√

6

[
(DµΨµ)− 1

4
D̂(γµΨµ)

]
+MΨ0 = 0 , (12.47)

equation II

(c1 +
c3√

6
)D̂(γµΨµ)− 4c3√

6
(DµΨµ) +M(γµΨµ) = 0 . (12.48)

We see that only equation III contains the 2nd-order operator D2. The task is to get
the system of 1st-order for three bispinors

(γµΨµ) , Ψ0 , (DµΨµ) .

Therefore, we have to exclude operator D2 from eq. (12.46). First, let us re-write eq. (12.46),
distinguishing separate terms

−
√

6fc∗3
4

D2(γµΨµ) +
fc∗3
2
√

6
(−ieFλρ) σλρ (γµΨµ)

+
i
√

6gc∗4
4

D2Ψ0 −
igc∗4
2
√

6
(−ieFλρ) σλρΨ0 −

1

4
MD̂(γµΨµ) +M(DλΨλ) = 0 .

With the help of eq. (12.45) in the form

D2(γµΨµ) = (+ieFλρ)σλρ(γµΨµ)

+
4√
6

c3

(c1 + c3/
√

6)
D̂(DµΨµ)

M

(c1 + c3/
√

6)
D̂(γµΨµ) , (12.49)

we transform in eq. (12.46) the first term

−
√

6fc∗3
4

4√
6

c3

(c1 + c3/
√

6)
D̂(DµΨµ) +

M

4

√
6fc∗3

(c1 + c3/
√

6)
D̂(γµΨµ)

+
i
√

6gc∗4
4

D2Ψ0 −
igc∗4
2
√

6
(−ieFλρ) σλρΨ0

+fc∗3 (

√
6

4
+

1

2
√

6
) (−ieFλρ) σλρ (γµΨµ)− 1

4
MD̂(γµΨµ) +M(DλΨλ) = 0 .

In this way, we transform eq. (12.46) to the form

− f |c3|2

(c1 + c3/
√

6)
D̂(DµΨµ) +

M

4
[

√
6fc∗3

(c1 + c3/
√

6)
− 1 ] D̂(γµΨµ)

+
i
√

6gc∗4
4

D2Ψ0 −
igc∗4
2
√

6
(−ieFλρ)σλρΨ0

+
2√
6
fc∗3(−ieFλρ)σλρ(γµΨµ) +M(DλΨλ) = 0 . (12.50)

In order to transform the term D2Ψ0, we turn to eq. (12.47) and act on it by operator
D̂:

c2D̂D̂Ψ0 −
4ic4√

6

[
D̂(DµΨµ)− 1

4
D̂D̂(γµΨµ)

]
+MD̂Ψ0 = 0 ;
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whence with the use of identity D̂D̂ = D2 + (−ieFλρ)σλρ we derive

D2Ψ0 = −(−ieFλρ)σλρΨ0 +
4ic4√

6c2
D̂(DµΨµ)

− ic4√
6c2

D2(γµΨµ)− ic4√
6c2

(−ieFλρ)σλρ(γµΨµ)− M

c2
D̂Ψ0 .

Because the term D2(γµΨµ) may be expressed with the use of eq. (12.49) as follows

D2(γµΨµ) = (+ieFλρ)σλρ(γµΨµ)

+
4√
6

c3

(c1 + c3/
√

6)
D̂(DµΨµ)− M

(c1 + c3/
√

6)
D̂(γµΨµ) ,

then the previous relation takes the form

D2Ψ0 = −M
c2
D̂Ψ0 − (−ieFλρ)σλρΨ0

+
4i√

6

c1c4

c2(c1 + c3/
√

6)
D̂(DµΨµ) + iM

1√
6

c4

c2(c1 + c3/
√

6)
D̂(γµΨµ) . (12.51)

With the help of this, we can exclude the term D2Ψ0 in eq. (12.50), so deriving[
− f |c3|2

(c1 + c3/
√

6)
+

4i√
6

c1c4

c2(c1 + c3/
√

6)

]
D̂(DµΨµ)

+
[M

4

√
6fc∗3 − (c1 + c3/

√
6)

(c1 + c3/
√

6)
− M

4

gc∗4c4

c2(c1 + c3/
√

6)

]
D̂(γµΨµ)

− i
√

6gc∗4
4

M

c2
D̂Ψ0 −

( i√6gc∗4
4

+
igc∗4
2
√

6

)
(−ieFλρ)σλρΨ0

+
2√
6
fc∗3 (−ieFλρ)σλρ (γµΨµ) +M (DµΨµ) = 0 .

Thus, equation III reads

+
M

4

√
6fc2c

∗
3 − c2(c1 + c3/

√
6)− g|c4|2

c2(c1 + c3/
√

6)
D̂(γµΨµ)− i

√
6

4
M

gc∗4
c2

D̂Ψ0

−fc2|c3|
2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂(DµΨµ)− i 2√

6
gc∗4 (−ieFλρ)σλρ Ψ0

+
2√
6
fc∗3 (−ieFλρ)σλρ (γµΨµ) +M (DµΨµ) = 0 , (12.52)

it does not contain the 2nd-order operator D2.
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12.7 Quasidiagonal form of the system

We start with three equations

c2D̂Ψ0 −
4ic4√

6

[
(DµΨµ)− 1

4
D̂(γµΨµ)

]
+MΨ0 = 0 , (12.53)

(c1 +
c3√

6
)D̂(γµΨµ)− 4c3√

6
(DµΨµ) +M(γµΨµ) = 0 , (12.54)

M

4

√
6fc2c

∗
3 − c2(c1 + c3/

√
6)− g|c4|2

c2(c1 + c3/
√

6)
D̂(γµΨµ)− i

√
6

4
M

gc∗4
c2

D̂Ψ0

−fc2|c3|
2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂(DµΨµ)− i 2√

6
gc∗4 (−ieFλρ)σλρ Ψ0

+
2√
6
fc∗3 (−ieFλρ)σλρ (γµΨµ) +M (DµΨµ) = 0 . (12.55)

The next task is to transform the system into a form that is similar to that existing
for free particles, but modified in the presence of an external field. To this end, first let us
consider eq. (12.53):

c2D̂Ψ0 +
ic4√

6
D̂(γµΨµ)− 4ic4√

6
(DµΨµ) +MΨ0 = 0 ,

The term (DµΨµ) is excluded with eq. (12.55), so we obtain

c22 + g|c4|2

c2
D̂Ψ0 +

ic4√
6

√
6fc2c

∗
3 − g|c4|2

c2(c1 + c3/
√

6)
D̂(γµΨµ)

−4ic4√
6

1

M

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂(DµΨµ) +

4

3

1

M
g|c4|2(−ieFλρ)σλρΨ0

+
4i

3

1

M
fc∗3c4(−ieFλρ)σλρ (γµΨµ) +MΨ0 = 0 . (12.56)

Similarly, from equation

(c1 +
c3√

6
)D̂(γµΨµ)− 4c3√

6
(DµΨµ) +M(γµΨµ) = 0 ,

we can exclude the term (DµΨµ) as well

1

c2(c1 + c3/
√

6)

[
c2(c21 + f |c3|2) +

c3√
6

(c1c2 − g4|c2)
]
D̂(γµΨµ)

− 4√
6

c3
M

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂(DµΨµ)− igc3c

∗
4

c2
D̂Ψ0 −

4ic3
3

1

M
gc∗4(−ieFλρ)σλρ Ψ0

+
4c3
3

1

M
fc∗3(−ieFλρ)σλρ (γµΨµ) +M(γµΨµ) = 0 . (12.57)

Let us introduce notations:

γµΨµ = Φ̄1, Φ̄2 = Ψ0, Φ̄3 = DµΨµ , (−ieFλρ)σλρ = Σ .
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Thus, we have the following three equations

1

c2(c1 + c3/
√

6)

[
c2(c21 + f |c3|2) +

c3√
6

(c1c2 − g4|c2)

]
D̂Φ̄1

−igc3c
∗
4

c2
D̂Φ̄2 −

4√
6

c3
M

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂Φ̄3

+
4c3
3

1

M
fc∗3Σ Φ̄1 −

4ic3
3

1

M
gc∗4Σ Φ̄2 +M Φ̄1 = 0 ,

ic4√
6

√
6fc2c

∗
3 − g|c4|2

c2(c1 + c3/
√

6)
D̂Φ̄1 +

c22 + g|c4|2

c2
D̂Φ̄2 −

4ic4√
6

1

M

fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂Φ̄3

+
4i

3

1

M
fc∗3c4Σ Φ̄1 +

4

3

1

M
g|c4|2ΣΦ̄2 +MΨ0 = 0,

+
M

4

√
6fc2c

∗
3 − c2(c1 + c3/

√
6)− g|c4|2

c2(c1 + c3/
√

6)
D̂Φ̄1

+i

√
6

4
M

gc∗4
c2

D̂Φ̄2 −
fc2|c3|2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂Φ̄3

+
2√
6
fc∗3 Σ Φ̄1 − i

2√
6
gc∗4 ΣΦ̄2 +M Φ̄3 = 0 .

Having used the previously introduce notations Ai, Bi, Ri, i = 1, 2, 3, we may re-write
the system in a shorter form:

A1D̂ Φ̄1 +B1D̂ Φ̄2 +R1D̂ Φ̄3 +M Φ̄1 +
4

3

f |c3|2

M
Σ Φ̄1 −

4i

3

gc3c
∗
4

M
Σ Φ̄2 = 0 ,

A2D̂ Φ̄1 +B2D̂ Φ̄2 +R2D̂ Φ̄3 +M Φ2 +
4i

3

fc∗3c4
M

Σ Φ̄1 +
4

3

g|c4|2

M
Σ Φ̄2 = 0 ,

A3D̂ Φ̄1 +B3D̂ Φ̄2 +R3D̂ Φ̄3 +M Φ̄3 +
2√
6
fc∗3 Σ Φ̄1 − i

2√
6
gc∗4Σ Φ̄2 = 0 .

Now, we act in the same manner as for the free field case. We multiply equations 1,2,3
by a1, a2, a3 and sum the results:

(a1A1 + a2A2 + a3A3)D̂Φ̄1 + (a1B1 + a2B2 + a3B3)D̂Φ̄2

+(a1R1 + a2R2 + a3R3)D̂Φ̄3 +M(a1Φ̄1 + a2Φ̄2 + a3Φ̄3)

+(a1
4

3

f |c3|2

M
+ a2

4i

3

fc∗3c4
M

+ a3
2√
6
fc∗3)Σ Φ̄1

+(−a1
4i

3

gc3c
∗
4

M
+ a2

4

3

g|c4|2

M
− a3

2i√
6
gc∗4)Σ Φ̄2 = 0 ,

whence taking in mind three relations

a1A1 + a2A2 + a3A3 = λ1a1 , a1B1 + a2B2 + a3B3 = λ1a2 , a1R1 + a2R2 + a3R3 = λ1a3 ,

we get
λ1D̂(a1Φ̄1 + a2Φ̄2 + a3Φ̄3) +M(a1Φ̄1 + a2Φ̄2a3Φ̄3)
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+( a1
4

3

f |c3|2

M
+ a2

4i

3

fc∗3c4
M

+ a3
2√
6
fc∗3)ΣΦ̄1

+(−a1
4i

3

gc3c
∗
4

M
+ a2

4

3

g|c4|2

M
− a3

2i√
6
gc∗4)ΣΦ̄2 = 0 . (12.58)

Similarly, we obtain yet two equations (in fact, changing ai on bi and on ri)

λ1D̂(b1Φ̄1 + b2Φ̄2 + b3Φ̄3) +M(b1Φ̄1 + b2Φ̄2 + b3Φ̄3)

+(b1
4

3

f |c3|2

M
+ b2

4i

3

fc∗3c4
M

+ b3
2√
6
fc∗3)ΣΦ̄1

+(−b1
4i

3

gc3c
∗
4

M
+ b2

4

3

g|c4|2

M
− b3

2i√
6
gc∗4)ΣΦ̄2 = 0 ; (12.59)

λ1D̂(r1Φ̄1 + r2Φ̄2 + r3Φ̄3) +M(r1Φ̄1 + r2Φ̄2 + r3Φ̄3)

+(r1
4

3

f |c3|2

M
+ r2

4i

3

fc∗3c4
M

+ r3
2√
6
fc∗3)ΣΦ̄1

+(−r1
4i

3

gc3c
∗
4

M
+ r2

4

3

g|c4|2

M
− r3

2i√
6
gc∗4)ΣΦ̄2 = 0 . (12.60)

By definition, we introduce three new bispinors

Φ1 = a1Φ̄1 + a2Φ̄2 + a3Φ̄3 ,

Φ2 = b1Φ̄1 + b2Φ̄2 + b3Φ̄3 ,

Φ3 = r1Φ̄1 + r2Φ̄2 + r3Φ̄3 ,

(12.61)

then the above system is presented shorter

λ1D̂Φ1 +MΦ1

+(a1
4

3

f |c3|2

M
+ a2

4i

3

fc∗3c4
M

+ a3
2√
6
fc∗3)Σ Φ̄1

+(−a1
4i

3

gc3c
∗
4

M
+ a2

4

3

g|c4|2

M
− a3

2i√
6
gc∗4)Σ Φ̄2 = 0 , (12.62)

λ1D̂Φ2 +MΦ2

+(b1
4

3

f |c3|2

M
+ b2

4i

3

fc∗3c4
M

+ b3
2√
6
fc∗3)Σ Φ̄1

+(−b1
4i

3

gc3c
∗
4

M
+ b2

4

3

g|c4|2

M
− b3

2i√
6
gc∗4)Σ Φ̄2 = 0 , (12.63)

λ1D̂Φ3 +MΦ3

+(r1
4

3

f |c3|2

M
+ r2

4i

3

fc∗3c4
M

+ r3
2√
6
fc∗3)Σ Φ̄1

+(−r1
4i

3

gc3c
∗
4

M
+ r2

4

3

g|c4|2

M
− r3

2i√
6
gc∗4)Σ Φ̄2 = 0 . (12.64)
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12.8 Mixing the components in the system

Relationship between two sets of bispinors Φ̄i and Φi is determined by the formula∣∣∣∣∣∣
Φ1

Φ2

Φ3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3
r1 r2 r3

∣∣∣∣∣∣
∣∣∣∣∣∣

Φ̄1

Φ̄2

Φ̄3

∣∣∣∣∣∣ , Φ = SΦ̄ . (12.65)

In fact, we need the inverse matrix:

Φ̄ = S−1Φ , S−1 =
1

detS

∣∣∣∣∣∣
S11 S21 S31

S12 S22 S32

S13 S22 S33

∣∣∣∣∣∣ ,

S−1 =
1

detS

∣∣∣∣∣∣
(b2r3 − b3r2) −(a2r3 − a3r2) (a2b3 − a3b2)
−(b1r3 − b3r1) (a1r3 − a3r1) −(a1b3 − a3b1)

(b1r2 − b2r1) −(a1r2 − a2r1) (a1b2 − a2b1)

∣∣∣∣∣∣ ,
detS = r1(a2b3 − a3b2)− r2(a1b3 − a3b1) + r3(a1b2 − a2b1) . (12.66)

The elements of the matrix S were given above. Because a1, b1, and r1 are arbitrary, let
us fix them so that elements look most simple (we collect them into three sets)

a1 = λ1 c2(λ1 − c2) + (λ1 − c2) [fc2|c3|2 + gc1|c4|2]− λ1 (c1 + c3/
√

6) g|c4|2 ,
b1 = λ2 c2(λ2 − c2) + (λ2 − c2) [fc2|c3|2 + gc1|c4|2]− λ2 (c1 + c3/

√
6) g|c4|2 ,

r1 = λ3 c2(λ3 − c2) + (λ3 − c2) [fc2|c3|2 + gc1|c4|2]− λ3 (c1 + c3/
√

6) g|c4|2 ;

a2 = −igc3c∗4 (c1 + c3/
√

6)λ1,

b2 = −igc3c∗4 (c1 + c3/
√

6)λ2 ,

r2 = −igc3c∗4 (c1 + c3/
√

6)λ3 ;

a3 = − 4√
6

1

M
c3(λ1 − c2) [fc2|c3|2 + gc1|c4|2] ,

b3 = − 4√
6

1

M
c3(λ2 − c2) [fc2|c3|2 + gc1|c4|2] ,

r3 = − 4√
6

1

M
c3(λ3 − c2) [fc2|c3|2 + gc1|c4|2] .

We note symmetry in these expressions with respect to indexes 1, 2, and 3. With notation

K = [fc2|c3|2 + gc1|c4|2] , L = (c1 + c3/
√

6) , (12.67)

the formulas read shorter

a1 = λ1 c2(λ1 − c2) + (λ1 − c2) K − λ1 L g|c4|2 ,
b1 = λ2 c2(λ2 − c2) + (λ2 − c2) K − λ2 L g|c4|2 ,
r1 = λ3 c2(λ3 − c2) + (λ3 − c2) K − λ3 L g|c4|2;
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a2 = −igc3c∗4 L λ1 , b2 = −igc3c∗4 L λ2 , r2 = −igc3c∗4 L λ3 ;

a3 = − 4√
6

1

M
c3(λ1 − c2)K , b3 = − 4√

6

1

M
c3(λ2 − c2)K , r3 = − 4√

6

1

M
c3(λ3 − c2)K .

Let us collect together results related to the matrix S−1.

detS = −2 i
√

6

3

c2
2c3

2c∗4 (λ1 − λ3) (λ1 − λ2) (λ2 − λ3)KLg

M
, (12.68)

and the complete inverse matrix S−1 is

S−1

=

∣∣∣∣∣∣∣∣∣
1

(λ1−λ3)(λ1−λ2)c2
− 1

(λ2−λ3)(λ1−λ2)c2
1

(λ2−λ3)(λ1−λ3)c2

iLg(|c4|)2+i(−λ2+c2)(−λ3+c2)
(λ1−λ3)(λ1−λ2)Lc∗4 gc3 c2

−iLg(|c4|)2−i(−λ1+c2)(−λ3+c2)
(λ2−λ3)(λ1−λ2)Lc∗4 gc3 c2

iLg(|c4|)2+i(−λ1+c2)(−λ2+c2)
(λ2−λ3)(λ1−λ3)Lc∗4 gc3 c2

1
4

M
√

6(λ2 λ3+K)
c3 c2 (λ1−λ3)(λ1−λ2)K − 1

4
M
√

6(λ1 λ3+K)
c3 c2 (λ2−λ3)(λ1−λ2)K

1
4

M
√

6(λ1 λ2+K)
c3 c2 (λ2−λ3)(λ1−λ3)K

∣∣∣∣∣∣∣∣∣ .

(12.69)

Let turn to eqs. (12.62)–(12.64) and calculate the term{
a1

4

3

f |c3|2

M
+ a2

4i

3

fc∗3c4
M

+ a3
2√
6
fc∗3

}
Σ Φ̄1 = λ1(λ1 − c2)

4

3M
fc2|c3|2 Σ Φ̄1.

Let us calculate the term{
− a1

4i

3

gc3c
∗
4

M
+ a2

4

3

g|c4|2

M
− a3

2i√
6
gc∗4

}
Σ Φ̄2 = −λ1(λ1 − c2)

4i

3

1

M
gc2c3c

∗
4 Σ Φ̄2.

Therefore, eq. (12.62) takes the form

λ1D̂Φ1 +MΦ1 +
4c2c3
3M

λ1(λ1 − c2) Σ
(
fc∗3 Φ̄1 − igc∗4Φ̄2

)
= 0 . (12.70)

Similarly calculate the term{
b1

4

3

f |c3|2

M
+ b2

4i

3

fc∗3c4
M

+ b3
2√
6
fc∗3

}
Σ Φ̄1 = λ2(λ2 − c2)

4

3M
fc2|c3|2 Σ Φ̄1 ,

calculate the term{
− b1

4i

3

gc3c
∗
4

M
+ b2

4

3

g|c4|2

M
− b3

2i√
6
gc∗4

}
Σ Φ̄2 = −λ2(λ2 − c2)

4i

3M
gc2c3c

∗
4Σ Φ̄2 .

Therefore, eq. (12.63) takes the form

λ2D̂Φ2 +MΦ2 +
4c2c3
3M

λ2(λ2 − c2) Σ
(
fc∗3 Φ̄1 − igc∗4Φ̄2

)
= 0 . (12.71)

The third eq. (12.64) is presented as

λ3D̂Φ3 +MΦ3 +
4c2c3
3M

λ3(λ3 − c2) Σ
(
fc∗3 Φ̄1 − igc∗4Φ̄2

)
= 0 . (12.72)
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Let us collect three equations together:

λ1D̂Φ1 +MΦ1 +
4c2c3
3M

λ1(λ1 − c2) Σ
[
fc∗3 Φ̄1 − igc∗4Φ̄2

]
= 0 ,

λ2D̂Φ2 +MΦ2 +
4c2c3
3M

λ2(λ2 − c2) Σ
[
fc∗3 Φ̄1 − igc∗4Φ̄2

]
= 0 ,

λ3D̂Φ3 +MΦ3 +
4c2c3
3M

λ3(λ3 − c2) Σ
[
fc∗3 Φ̄1 − igc∗4Φ̄2

]
= 0 .

(12.73)

Taking in mind the explicit form of inverse matrix S−1, the functions Φ̄1 and Φ̄2 are
expressed in terms of Φ1,Φ2, and Φ3 by the formulas

Φ̄1 =
1

(λ1 − λ3) (λ1 − λ2) c2
Φ1 −

1

(λ2 − λ3) (λ1 − λ2) c2
Φ2 +

1

(λ2 − λ3) (λ1 − λ3) c2
Φ3 ,

and

Φ̄2 =
iLg (|c4|)2

+ i (−λ2 + c2) (−λ3 + c2)

(λ1 − λ3) (λ1 − λ2)Lc∗4 gc3 c2
Φ1

+
−iLg (|c4|)2 − i (−λ1 + c2) (−λ3 + c2)

(λ2 − λ3) (λ1 − λ2)Lc∗4 gc3 c2
Φ2 +

iLg (|c4|)2
+ i (−λ1 + c2) (−λ2 + c2)

(λ2 − λ3) (λ1 − λ3)Lc∗4 gc3 c2
Φ3 .

Further, calculate the term

fc∗3 Φ̄1(x)− igc∗4Φ̄2(x) = L1Φ1(x) + L2Φ2(x) + L3Φ3(x) = Φ(x) , (12.74)

where expressions for Li turn to be rather symmetrical:

L1 =
gL|c4|2 + fL|c3|2 + c2

2 − c2(λ2 + λ3) + λ2 λ3

Lc2 c3(λ1 − λ2)(λ1 − λ3)
,

L2 =
gL|c4|2 + fL|c3|2 + c2

2 − c2(λ3 + λ1) + λ3 λ1

Lc2 c3(λ2 − λ3)(λ2 − λ1)
,

L3 =
gL|c4|2 + fL|c3|2 + c2

2 − c2(λ1 + λ2) + λ1 λ2

Lc2 c3(λ3 − λ1)(λ3 − λ2)
.

(12.75)

Recall the notation L = (c1 + c3/
√

6); as shown above, positive value for three masses
appear only when f = −1 and g = −1. With notations

Yi =
4c2c3
3M

(λi − c2), i = 1, 2, 3 ,

eq. (12.73) may be presented as

D̂Φ1(x) +M1Φ1(x) + Y1 Σ(x)Φ(x) = 0 ,

D̂Φ2(x) +M2Φ2(x) + Y2 Σ(x)Φ(x) = 0 ,

D̂Φ3(x) +M3Φ3(x) + Y3 Σ(x)Φ(x) = 0 ,

(12.76)

where Σ(x) = −ieFab(x)σab.

12.9 Extension to general relativity

In order to follow the extension of the model from flat Minkowski space to any Riemannian
space-time, we should turn back to the system (12.53)–(12.55) and make several simple
modifications to it.
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1. Taking in mind that in Minkowski space the ict-metric was used; however, in Rie-
mannian space we use the metric gαβ(x), related to signature (+,−,−,−), we must make
the following change:

M =⇒ iM . (12.77)

2. Now Dirac matrices in spinor basis are determined by the formulas

γ0 =

∣∣∣∣ 0 I
I 0

∣∣∣∣ , γi =

∣∣∣∣ 0 −σi
σi 0

∣∣∣∣ . (12.78)

3. Derivatives are modified according to the rules [57]

Dα(x) = ∂α + ieAα(x) =⇒
Dα(x) = ∇α + Γα(x) + ieAα(x) , D̂ = γα(x)Dα(x) , (12.79)

where Γα(x) is bispinor connection by Tetrode-Weyl-Fock-Ivanenko [57], and γα(x) =
γaeα(a)(x).

4. Note important commutation rules [57]:

γρ(x)Dβ = Dβγ
ρ(x) , Dσ(x)gαβ(x) = gαβ(x)Dσ(x) ,

D̂D̂ = DαDβ(
γαγβ + γβγα

2
+
γαγβ − γβγα

2
) = �− Σ(x) ,

D2 = DαDα, Σ(x) = (−ieFαβσαβ(x) +
R

4
) ,

(12.80)

where R(x) is the Ricci scalar.
After that all above analysis but now for the modified system (12.53)–(12.55):

c2D̂Ψ0 −
4ic4√

6

[
(DµΨµ)− 1

4
D̂(γµ(x)Ψµ)

]
(12.81)

+iMΨ0 = 0 ,

(c1 +
c3√

6
)D̂(γµ(x)Ψµ)− 4c3√

6
(DµΨµ) + iM(γµ(x)Ψµ) = 0 , (12.82)

+
iM

4

√
6fc2c

∗
3 − c2(c1 + c3/

√
6)− g|c4|2

c2(c1 + c3/
√

6)
D̂(γµ(x)Ψµ)− i

√
6

4
iM

gc∗4
c2

D̂Ψ0

−fc2|c3|
2 + gc1|c4|2

c2(c1 + c3/
√

6)
D̂(DµΨµ)− i 2√

6
gc∗4 (−ieFλρσλρ(x) +

R

4
) Ψ0

+
2√
6
fc∗3 (−ieFλρσλρ +

R

4
) (γµ(x)Ψµ) + iM (DµΨµ) = 0 (12.83)

is repeated with no substantial changes, and we arrive at the generally covariant system

iD̂(x)Φ1(x)−M1Φ1(x) + iY1 Σ(x)Φ(x) = 0 ,

iD̂(x)Φ2(x)−M2Φ2(x) + iY2 Σ(x)Φ(x) = 0 ,

iD̂(x)Φ3(x)−M3Φ3(x) + iY3 Σ(x)Φ(x) = 0 ,

(12.84)

where

D̂(x) = γα(x)Dα , Dα(x) = ∇α + Γα(x) + ieAα(x) ,

Yi =
4c2c3
3iM

(λi − c2), Φ = L1Φ1(x) + L2Φ2(x) + L3Φ3(x) ,

Σ(x) = −ieFλρ(x)σλρ(x) +
R(x)

4
.

(12.85)
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Note that because bispinors are scalars with respect to general relativity, the covariant
derivative ∇α acts as an ordinary one ∂α.

One important remark should be made. Evidently, that the system (12.84)–(12.85) allows
for restriction to Majorana case (that is when e = 0), then instead of eqs. (12.84)–(12.85)
we have

iγα(x)(∇α + Γα)Φ1(x)−M1Φ1(x) + Y ′1
R(x)

4
Φ(x) = 0 ,

iγα(x)(∇α + Γα)Φ2(x)−M2Φ2(x) + Y ′2
R(x)

4
Φ(x) = 0 ,

iγα(x)(∇α + Γα)Φ3(x)−M3Φ3(x) + Y ′3
R(x)

4
Φ(x) = 0 ,

(12.86)

where

Y ′i =
4c2c3
3M

(λi − c2), Φ = L1Φ1(x) + L2Φ2(x) + L3Φ3(x) , (12.87)

In any Majorana basis, the properties hold [iγα(x)]∗ = iγα(x) [Γα(x)]∗ = Γα(x) , there-
fore bispinors Φ1(x),Φ2(x),Φ3(x), and Φ(x) may be real or imaginary.

12.10 Model example

For simplicity let us follow 1-dimensional case (t, x, y = 0, z = 0). So we start with the
system (the curved background is taken into account by the constant Ricci scalar R)

(iγ0∂t + iγ1∂1 −M1)Φ1 + d1(L1Φ1 + L2Φ2 + L3Φ3) = 0 ,

(iγ0∂t + iγ1∂1 −M2)Φ2 + d2(L1Φ1 + L2Φ2 + L3Φ3) = 0 ,

(iγ0∂t + iγ1∂1 −M3)Φ3 + d3(L1Φ1 + L2Φ2 + L3Φ3) = 0 ,

(12.88)

where di = Yi
R
4 , i = 1, 2, 3. The system (12.88) is transformed to the matrix form

(iγ0∂t + iγ1∂1 −M)

∣∣∣∣∣∣
Φ1

Φ2

Φ3

∣∣∣∣∣∣
= −

∣∣∣∣∣∣
M −M1 + d1L1 d1L2 d1L3

d2L1 M −M2 + d2L2 d2L3

d3L1 d3L2 M −M3 + d3L3

∣∣∣∣∣∣
∣∣∣∣∣∣

Φ1

Φ2

Φ3

∣∣∣∣∣∣ ,
or in brief

∆ Φ = T Φ , ∆ = −(iγ0∂t + iγ1∂1 −M) , (12.89)

where

T =

∣∣∣∣∣∣∣∣
M −M1 + d1L1 d1L2 d1L3

d2L1 M −M2 + d2L2 d2L3

d3L1 d3L2 M −M3 + d3L3

∣∣∣∣∣∣∣∣ . (12.90)
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The 3-column Φ in eq. (12.89) is subject to linear transformation to diagonalise the mixing
matrix T :

Φ̄ = SΦ , STS−1 = T0 =

∣∣∣∣∣∣
µ1 0 0
0 µ2 0
0 0 µ3

∣∣∣∣∣∣ . (12.91)

After that we will have three separate Dirac-like equations with different masses M̄1:

[ iγ0∂t + iγ1∂1 − M̄1 ] Φ̄1 = 0 , M̄1 = M + µ1 ;

[iγ0∂t + iγ1∂1 − M̄2 ] Φ̄2 = 0 , M̄2 = M + µ2 ;

[iγ0∂t + iγ1∂1 − M̄3 ] Φ̄3 = 0 , M̄3 = M + µ3 ,

(12.92)

by physical reason we assume the real-valuedness of µi, and positiveness of M +µi. To find
the transformation S, we should solve the equation ST = T0S, where

T =

∣∣∣∣∣∣
s11 s12 s13

s21 s22 s23

s31 s32 s33

∣∣∣∣∣∣ .
It leads to three linear subsystems

(M −M1 + d1L1) s11 + d2L1 s12 + d3L1 s13 = µ1s11 ,

d1L2 s11 + (M −M2 + d2L2) s12 + d3L2 s13 = µ1s12 ,

d1L3 s11 + d2L3 s12 + (M −M3 + d3L3) s13 = µ1s13 ;

(M −M1 + d1L1) s21 + d2L1 s22 + d3L1 s23 = µ2s21 ,

d1L2 s21 + (M −M2 + d2L2) s22 + d3L2 s23 = µ2s22 ,

d1L3 s21 + d2L3 s22 + (M −M3 + d3L3) s23 = µ2s23 ;

(M −M1 + d1L1) s31 + d2L1 s32 + d3L1 s33 = µ3s31 ,

d1L2 s31 + (M −M2 + d2L2) s32 + d3L2 s33 = µ3s32 ,

d1L3 s31 + d2L3 s32 + (M −M3 + d3L3) s33 = µ3s33 .

Each row of the matrix S may be fixed up to an arbitrary multiplier. For diagonal elements
in T0, we get a cubic algebraic equation∣∣∣∣∣∣

M −M1 + d1L1 − µ d2L1 d3L1

d1L2 M −M2 + d2L2 − µ d3L2

d1L3 d2L3 M −M3 + d3L3 − µ

∣∣∣∣∣∣ = 0

or explicitly

−µ3 + (3M −M1 −M2 −M3 + d1 L1 + d2 L2 + d3 L3)µ2

+[−L1d1 (2M −M2 −M3)− d2L2 (2M −M1 −M3)− d3 L3 (2M −M2 −M1)

−3M2 + 2 (M1 +M2 +M3)M − (M1M2 +M1M3 +M2M3)]µ

+L1d1(M −M2)(M −M3) + L2d2(M −M3)(M −M1)

+L3d3(M −M1)(M −M2) + (M −M1)(M −M2)(M −M3) = 0 .



322 On modelling neutrinos oscillations by geometry methods

To get a more simple form of cubic equation, we are to make several steps. The first
step is the substitution Mi = M

λi
, where M is arbitrary. We may simplify the task without

loss of generality by setting c1 = c2 = 1, then the cubic equation for λi becomes simpler

λ3 − 2λ2 + (1 + k)λ− k = 0 , k = a2 + b2,

and its roots are

λ3 = 1, λ1,2 =
1

2
∓ 1

2

√
1− 4k, k ∈ (0,

1

4
) . (12.93)

Correspondingly, the masses Mi equal to

M3 = M , M1,2 =
2M

1∓
√

1− 4k
, k ∈ (0,

1

4
) . (12.94)

Besides, we may reduce explicit expressions for coefficients Li in the formulas

Φ(x) = L1Φ1(x) + L2Φ2(x) + L3Φ3(x),

L1 =
1

b

1

(λ1 − 1)(λ1 − λ2)

{
− 2k +

1

2L
(−1 + 2λ2

}
,

L2 =
1

b

1

(λ2 − 1)(λ2 − λ1)

{
− 2k +

1

2L
(−1 + 2λ1

}
,

L3 =
1

b

1

(1− λ1)(1− λ2)

{
− 2k +

1

2L
(1− 2λ1 − 2λ2 + 4λ1 λ2)

}
,

where

L = 1 +
b√
6
, (a2 + b2) = k <

1

4
, 0 < 2b < 1 .

In turn, the coefficients di are written as

d1 =
Rb

6M
(λ1 −

1

2
) , d2 =

Rb

6M
(λ2 −

1

2
) , d3 =

Rb

6M
(λ3 −

1

2
) . (12.95)

It is possible to introduce dimensionless parameters (scalar curvature R and M2 have
the same dimension of meter−2);

R = 6r M2 =⇒ di = M rb(λi −
1

2
) = M Di.

Finally, the roots may be done dimensionless

µi = M ∆i, ∆i is dimensionless. (12.96)

In this way, we arrive at the following cubic equation for ∆i:

∆3 +
2k − 1

k
∆2 +

[
1 +

(
1−

√
6

2(
√

6 + b)

1− 4k

2k

)
r
]
∆

+
(

1 +

√
6

2(
√

6 + b)

1− 4k

2k

)
r = 0 , (12.97)

where 0 < k < 1
4 , 0 < b < 2. Taking in mind the relationship R = 6rM2, we expect

dimensionless parameter r is small because the effects of geometry in the model under
consideration should be small. Besides, there exist two physically different possibilities:
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r > 0 at positive curvature, and r < 0 at negative curvature. We have followed several cases
of weak and strong gravitation of different curvature sings:

r = +10−30 , r = +10−5, r = +10−3, r = +10−2, r = +1 ;

r = −10−30 , r = −10−5, r = −10−3, r = −10−2, r = −1 . (12.98)

The cases r = ±10−2,±1 correspond to a very strong curvature of space. A numerical study
showed that the dependence of the roots ∆i upon parameter b ∈ (0, 2) is very inappreciable,
by this reason below we take the value b = 0.

b = 0, r = −10−5,

k = 0.23, ∆1 = 0.0000109, ∆2 = 0.559 ∆3 = 1.789 ;
k = 0.22, ∆1 = 0.0000114, ∆2 = 0.485 ∆3 = 2.060 ;
k = 0.21, ∆1 = 0.0000119, ∆2 = 0.429 ∆3 = 2.333 ;
k = 0.20, ∆1 = 0.0000125, ∆2 = 0.382 ∆3 = 2.618 ;
k = 0.18, ∆1 = 0.0000139, ∆2 = 0.308 ∆3 = 3.248 ;
k = 0.16, ∆1 = 0.0000156, ∆2 = 0.250 ∆3 = 4.000 ;
k = 0.14, ∆1 = 0.0000179, ∆2 = 0.202 ∆3 = 4.940 ;
k = 0.12, ∆1 = 0.0000208, ∆2 = 0.162 ∆3 = 6.171 ;
k = 0.10, ∆1 = 0.0000250, ∆2 = 0.127 ∆3 = 7.873 ;
k = 0.08, ∆1 = 0.0000313 , ∆2 = 0.096, ∆3 = 10.404 ;
k = 0.06, ∆1 = 0.0000417, ∆2 = 0.068, ∆3 = 14.598 ;
k = 0.04, ∆1 = 0.0000626, ∆2 = 0.043 ∆3 = 22.956 ;
k = 0.02, ∆1 = 0.0001257, ∆2 = 0.021, ∆3 = 47.979 .

b = 0, r = +10−5,

k = 0.23, ∆1 = 0.559, ∆2 = 1.788, ∆3 = −0.00001 ;
k = 0.22, ∆1 = 0.485, ∆2 = 2.060, ∆3 = −0.00001 ;
k = 0.21, ∆1 = 0.429, ∆2 = 2.333, ∆3 = −0.00001 ;
k = 0.20, ∆1 = 0.382, ∆2 = 2.618, ∆3 = −0.00001 ;
k = 0.18, ∆1 = 0.308, ∆2 = 2.248, ∆3 = −0.00001 ;
k = 0.16, ∆1 = 0.250, ∆2 = 3.999, ∆3 = −0.00002 ;
k = 0.12, ∆1 = 0.162, ∆2 = 6.171, ∆3 = −0.00002 ;
k = 0.10, ∆1 = 0.127, ∆2 = 7.873, ∆3 = −0.00002 ;
k = 0.08, ∆1 = 0.096, ∆2 = 10.404, ∆3 = −0.00003 ;
k = 0.06, ∆1 = 0.069, ∆2 = 14.598, ∆3 = −0.00004 ;
k = 0.04, ∆1 = 0.044, ∆2 = 22.956, ∆3 = −0.00006 ;
k = 0.02, ∆1 = 0.021, ∆2 = 47.979, ∆3 = −0.00012 .

At the change of curvature sign, one root ∆3 becomes negative, though very small.
Let the curvature increase:
b = 0, r = −10−3,

k = 0.23, ∆1 = 0.001, ∆2 = 0.557, ∆3 = 1.790 ;
k = 0.22, ∆1 = 0.001, ∆2 = 0.483, ∆3 = 2.061 ;
k = 0.21, ∆1 = 0.001, ∆2 = 0.427, ∆3 = 2.334 ;
k = 0.20, ∆1 = 0.001, ∆2 = 0.380, ∆3 = 2.619 ;
k = 0.18, ∆1 = 0.001, ∆2 = 0.306, ∆3 = 3.248 ;
k = 0.16, ∆1 = 0.002, ∆2 = 0.248, ∆3 = 4.000 ;
k = 0.14, ∆1 = 0.002, ∆2 = 0.200, ∆3 = 4.941 ;
k = 0.12, ∆1 = 0.002, ∆2 = 0.160, ∆3 = 6.171 ;
k = 0.10, ∆1 = 0.003, ∆2 = 0.124, ∆3 = 7.873 ;
k = 0.08, ∆1 = 0.003, ∆2 = 0.093, ∆3 = 10.404 ;
k = 0.06, ∆1 = 0.004, ∆2 = 0.064, ∆3 = 14.598 ;
k = 0.04, ∆1 = 0.008, ∆2 = 0.036, ∆3 = 22.956 ;
k = 0.02, ∆1 = 47.98, ∆2 = 0.0105 + 0.01i, ∆3 = 0.0105− 0.01i ;
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There appear physically senseless complex roots.
b = 0, r = +10−3,

k = 0.23, ∆1 = 0.561, ∆2 = 1.788, ∆3 = −0.001 ;
k = 0.22, ∆1 = 0.487, ∆2 = 2.059, ∆3 = −0.001 ;
k = 0.21, ∆1 = 0.430, ∆2 = 2.333, ∆3 = −0.001 ;
k = 0.20, ∆1 = 0.384, ∆2 = 2.617, ∆3 = −0.001 ;
k = 0.18, ∆1 = 0.310, ∆2 = 3.247, ∆3 = −0.001 ;
k = 0.16, ∆1 = 0.252, ∆2 = 3.999, ∆3 = −0.002 ;
k = 0.14, ∆1 = 0.204, ∆2 = 4.940, ∆3 = −0.002 ;
k = 0.12, ∆1 = 0.164, ∆2 = 6.171, ∆3 = −0.002 ;
k = 0.10, ∆1 = 0.129, ∆2 = 7.873, ∆3 = −0.002 ;
k = 0.08, ∆1 = 0.099, ∆2 = 10.404, ∆3 = −0.003 ;
k = 0.06, ∆1 = 0.072, ∆2 = 14.598, ∆3 = −0.003 ;
k = 0.04, ∆1 = 0.049, ∆2 = 22.957, ∆3 = −0.005 ;
k = 0.02, ∆1 = 0.029, ∆2 = 47.979, ∆3 = −0.008 ;

The root ∆3 becomes negative, though small.
b = 0, r = −10−2,

k = 0.23, ∆1 = 0.011, ∆2 = 0.536, ∆3 = 1.801 ;
k = 0.22, ∆1 = 0.012, ∆2 = 0.465, ∆3 = 2.069 ;
k = 0.20, ∆1 = 0.013, ∆2 = 0.363, ∆3 = 2.624 ;
k = 0.18, ∆1 = 0.015, ∆2 = 0.290, ∆3 = 3.251 ;
k = 0.16, ∆1 = 0.017, ∆2 = 0.231, ∆3 = 4.002 ;
k = 0.14, ∆1 = 0.020, ∆2 = 0.181, ∆3 = 4.942 ;
k = 0.12, ∆1 = 0.025, ∆2 = 0.137, ∆3 = 6.172 ;
k = 0.10, ∆1 = 0.034, ∆2 = 0.093, ∆3 = 7.873 ;
k = 0.08, ∆1 = 10.403, ∆2 = 0.485 + 0.256i, ∆3 = 0.485− 0.256i ;
k = 0.06, ∆1 = 14.597, ∆2 = 0.349 + 0.405i, ∆3 = 0.349− 0.405i ;
k = 0.04, ∆1 = 22.955, ∆2 = 0.226 + 0.470i, ∆3 = 0.226− 0.470i ;
k = 0.02, ∆1 = 47.977, ∆2 = 0.115 + 0.497i, ∆3 = 0.115− 0.497i ;
k = 0.01, ∆1 = 97.987, ∆2 = 0.626 + 0.501i, ∆3 = 0.626− 0.501i .

We can see complex roots.

b = 0, r = +10−2,

k = 0.24, ∆1 = 0.697, ∆2 = 1.480, ∆3 = −0.010 ;
k = 0.23, ∆1 = 0.582, ∆2 = 1.776, ∆3 = −0.011 ;
k = 0.22, ∆1 = 0.505, ∆2 = 2.051, ∆3 = −0.011 ;
k = 0.21, ∆1 = 0.447, ∆2 = 2.326, ∆3 = −0.011 ;
k = 0.20, ∆1 = 0.399, ∆2 = 2.613, ∆3 = −0.012 ;
k = 0.18, ∆1 = 0.325, ∆2 = 3.244, ∆3 = −0.013 ;
k = 0.16, ∆1 = 0.267, ∆2 = 3.998, ∆3 = −0.015 ;
k = 0.14, ∆1 = 0.220, ∆2 = 4.939, ∆3 = −0.016 ;
k = 0.12, ∆1 = 0.181, ∆2 = 6.171, ∆3 = −0.019 ;
k = 0.10, ∆1 = 0.148, ∆2 = 7.873, ∆3 = −0.021 ;
k = 0.08, ∆1 = 0.120, ∆2 = 10.405, ∆3 = −0.025 ;
k = 0.06, ∆1 = 0.097, ∆2 = 14.599, ∆3 = −0.030 ;
k = 0.04, ∆1 = 0.077, ∆2 = 22.958, ∆3 = −0.035 ;
k = 0.02, ∆1 = 0.061, ∆2 = 47.981, ∆3 = −0.043 ;
k = 0.01, ∆1 = 0.055, ∆2 = 97.992, ∆3 = −0.047 .

The root ∆3 becomes negative.
If the curvature increases further, we see complex roots at both negative and positive

curvatures
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b = 0, r = +1,

k = 0.24, ∆1 = 1.265 + 1.13i, ∆2 = −0.362, ∆3 = 1.265− 1.13i ;
k = 0.18, ∆1 = 1.173, ∆2 = 2.804, ∆3 = −0.422 ;
k = 0.12, ∆1 = 0.695, ∆2 = 6.128, ∆3 = −0.489 ;
k = 0.06, ∆1 = 0.503, ∆2 = 14.727, ∆3 = −0.563 ;
k = 0.01, ∆1 = 0.406, ∆2 = 98.221, ∆3 = −0.627 .

b = 0, r = −1,

k = 0.24, ∆1 = 2.339, ∆2 = −0.86 + 0.66i, ∆3 = −0.86− 0.66i ;
k = 0.18, ∆1 = 3.556, ∆2 = −0.247 + 0.63i, ∆3 = −0.24− 0.63i ;
k = 0.12, ∆1 = 6.213, ∆2 = 0.60 + 0.58i, ∆3 = 0.60− 0.58i ;
k = 0.06, ∆1 = 14.468, ∆2 = 0.996 + 0.53i, ∆3 = 0.996− 0.53i ;
k = 0.01, ∆1 = 97.757, ∆2 = 0.12 + 0.49i, ∆3 = 0.12− 0.49i .

This means that at these values of curvature, the model becomes non-interpreted.
Now we consider the general structure and particular examples of transformation S,

with the help of which the mixing matrix in eq. (12.88) reduces to diagonal form. Because
the rows of the relevant matrix are fixed up to arbitrary multipliers, we may construct them
within the following form

Φ̄i = SijΦj , S =

∣∣∣∣∣∣
s11 s12 1
s21 s22 1
s31 s32 1

∣∣∣∣∣∣ , s13 = s23 = s33 = +1 ;

that is,

Φ̄1 = s11Φ1 + s12Φ2 + Φ3 , Φ̄2 = s21Φ1 + s22Φ2 + Φ3 , Φ̄3 = s31Φ1 + s32Φ2 + Φ3 . (12.99)

For unknown elements we have three subsystems

(M −M1 + d1L1 − µ(1)) · s(1)1 + d2L1 · s(1)2 = −d3L1 ,

d1L2 · s(1)1 + (M −M2 + d2L2 − µ(1)) · s(1)2 = −d3L2 ;

(M −M1 + d1L1 − µ(2)) · s(2)1 + d2L1 · s(2)2 = −d3L1 ,

d1L2 · s(2)1 + (M −M2 + d2L2 − µ(2)) · s(2)2 = −d3L2 ;

(M −M1 + d1L1 − µ(3)) · s(3)1 + d2L1 · s(3)2 = −d3L1 ,

d1L2 · s(3)1 + (M −M2 + d2L2 − µ(3)) · s(32
= −d3L2 .

For each µ = µ(i), i = 1, 2, 3 we have three determinants:

O(i) =

∣∣∣∣ (M −M1 + d1L1 − µi) d2L1

d1L2 (M −M2 + d2L2 − µi)

∣∣∣∣ ,
O

(i)
1 =

∣∣∣∣ −d3L1 d2L1

−d3L2 (M −M2 + d2L2 − µi)

∣∣∣∣ , O(i)
2 =

∣∣∣∣ (M −M1 + d1L1 − µi) −d3L1

d1L2 −d3L2

∣∣∣∣ ,
and therefore three sets of solutions:

s(1)1 =
O

(1)
1

O(1)
, s(1)2 =

O
(1)
2

O(1)
, s(2)1 =

O
(2)
1

O(2)
, s(2)2 =

O
(2)
2

O(2)
, s(3)1 =

O
(3)
1

O(3)
, s(3)2 =

O
(3)
2

O(3)
.
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Taking in mind notations from the above di = M Di, µi = M∆i, the determinants may
be re-written in dimensionless form

O(i) = M2

∣∣∣∣ (1− λ−1
1 +D1L1 −∆i) D2L1

D1L2 (1− λ−1
2 +D2L2 −∆i)

∣∣∣∣ ,
O

(i)
1 = M2

∣∣∣∣ −D3L1 D2L1

−D3L2 (1− λ−1
2 +D2L2 −∆i)

∣∣∣∣ ,
O

(i)
2 = M2

∣∣∣∣ (1− λ−1
1 +D1L1 −∆i) −D3L1

D1L2 −D3L2

∣∣∣∣ .
Recall expressions for involved quantities (in dimensionless form)

L1 =
2

(1 +
√

1− 4k)
√

1− 4k
[ −2k +

1

2L

√
1− 4k ] ,

L2 =
2

(1−
√

1− 4k)
√

1− 4k
[ +2k +

1

2L

√
1− 4k ] ,

L3 =
1

k
[ −2k +

1

2L
(4k − 1) ] , L = 1 +

b√
6
, let b = 0 ,

D1 = −r
2

√
1− 4k , D2 = +

r

2

√
1− 4k , D3 =

r

2
.

Asymptotical behaviour of Li(k) is given below:

k → 1

4
, L1 → −∞ , L2 → +∞ , L3 → −2 ,

k → 0 , L1 → +0.5 , L2 → +∞ , L3 → −∞ . (12.100)

Let us write down several particular matrices from Φ = S−1Φ̄:

k = 0.20, r = +10−5, S−1 =

∣∣∣∣∣∣
−8693394.736 4986681.114 3706713.621
−76752.901 18059.506 58693.395
−2.612 2.644 0.968

∣∣∣∣∣∣ ,

k = 0.20, r = −10−5, S−1 =

∣∣∣∣∣∣
−3864009.458 9059949.095 −5195939.637
−60689.893 −60689.898 −20708.455

0.999 −2.684 2.685

∣∣∣∣∣∣ ,
k = 0.10, r = +10−5, S−1 =

∣∣∣∣∣∣
36454126.28 −1.850 −1.797
−12200.458 420.705 11779.752
−2.080 2.071 1.008

∣∣∣∣∣∣ ,

k = 0.10, r = −10−5, S−1 =

∣∣∣∣∣∣
17976761.23 −36475931.28 18499170.04
−11796.328 12217.625 −421.297

1.010 −2.081 2.072

∣∣∣∣∣∣ ,

k = 0.01, r = +10−5, S−1 =

∣∣∣∣∣∣
6331779.188 −6032189.243 −299589.945

−0.304 −2.673 2.976
−0.052 1.049 0.002

∣∣∣∣∣∣ ,

k = 0.01, r = −10−5, S−1 =

∣∣∣∣∣∣
40282943.48 −34879043.03 −5403900.450

−1.913 10.448 −8.536
0.330 0.714 −0.044

∣∣∣∣∣∣ .
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12.11 Plane wave solutions of Majorana type

Let us consider briefly solutions of three separate equations

[ iγ0∂t + iγ1∂1 − M̄1 ] Φ̄1 = 0 , M̄1 = M(1 + ∆1) ;

[iγ0∂t + iγ1∂1 − M̄2 ] Φ̄2 = 0 , M̄2 = M(1 + ∆2) ;

[iγ0∂t + iγ1∂1 − M̄3 ] Φ̄3 = 0 , M̄3 = M(1 + ∆3) .

(12.101)

It is convenient to employ a fixed Majorana basis for Dirac matrices

γ0
M =

∣∣∣∣∣∣∣∣
0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

∣∣∣∣∣∣∣∣ , γ1
M =

∣∣∣∣∣∣∣∣
−i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 i

∣∣∣∣∣∣∣∣ ,

γ2
M =

∣∣∣∣∣∣∣∣
0 0 0 i
0 0 −i 0
0 −i 0 0
i 0 0 0

∣∣∣∣∣∣∣∣ , γ3
M =

∣∣∣∣∣∣∣∣
0 i 0 0
i 0 0 0
0 0 0 i
0 0 i 0

∣∣∣∣∣∣∣∣ .
We search solutions in the form

Φ̄1 = e−iEt+ikx

∣∣∣∣∣∣∣∣
A1

A2

A3

A4

∣∣∣∣∣∣∣∣ , Φ̄2 = e−iEt+ikx

∣∣∣∣∣∣∣∣
B1

B2

B3

B4

∣∣∣∣∣∣∣∣ , Φ̄3 = e−iEt+ikx

∣∣∣∣∣∣∣∣
C1

C2

C3

C4

∣∣∣∣∣∣∣∣ ,
complex numerics are decomposed into real and imaginary parts:

Ai = ai + ia′i, Bi = bi + ib′i, Ci = ci + ic′i . (12.102)

Because eqs. (12.101) have the same structure, it suffices to follow one of them

[ iγ0∂t + iγ1∂1 − M̄1] Φ̄1 = 0 . (12.103)

From eq. (12.103) we get an algebraic system∣∣∣∣∣∣∣∣
k − iM̄1 −E 0 0

E −k − iM̄1 0 0
0 0 k − iM̄1 E
0 0 −E −k − iM̄1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
a1 + ia′1
a2 + ia′2
a3 + ia′3
a4 + ia′4

∣∣∣∣∣∣∣∣ = 0 . (12.104)

Let us diagonalise the known helicity operator

(γ2γ3∂1) φ̄1 = σ φ̄1 ; (12.105)

its eigenvectors are

Φ̄1(σ = +k) = (cosϕ− i sinϕ)

∣∣∣∣∣∣∣∣
(a1 + ia′1)
(a2 + ia′2)

+i(a1 + ia′1)
−i(a2 + ia′2)

∣∣∣∣∣∣∣∣ ,

Φ̄1(σ = −k) = (cosϕ− i sinϕ)

∣∣∣∣∣∣∣∣
(a1 + ia′1)
(a2 + ia′2)

−i(a1 + ia′1)
+i(a2 + ia′2)

∣∣∣∣∣∣∣∣ .
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Taking into account these restrictions in the Dirac system (12.104), we obtain Dirac solutions
with fixed helicities (let k = +

√
E2 −M2):

Φ̄σ=+k = (cosϕ− i sinϕ)

∣∣∣∣∣∣∣∣
A1

k−iM̄1

E A1

+iA1

−ik−iM̄1

E A1

∣∣∣∣∣∣∣∣ ,

Φ̄σ=−k = (cosϕ− i sinϕ)

∣∣∣∣∣∣∣∣
A1

k−iM̄1

E A1

−iA1

+ik−iM̄1

E A1

∣∣∣∣∣∣∣∣ . (12.106)

Each of them is decomposed into Majorana constituents Φ̄±:

Φ̄+
σ=+k =

∣∣∣∣∣∣∣∣∣
(a1 cosϕ+ a′1 sinϕ)

E−[ (k cosϕ− M̄1 sinϕ)a1 + (M̄1 cosϕ+ k sinϕ)a′1 ]

+(−a′1 cosϕ+ a1 sinϕ)
E−1[ −(M̄1 cosϕ+ k sinϕ)a1 + (k cosϕ− M̄1 sinϕ)a′1 ]

∣∣∣∣∣∣∣∣∣ ,

Φ̄−σ=+k = i

∣∣∣∣∣∣∣∣∣
(a′1 cosϕ− a1 sinϕ)

E−[ −(M̄1 cosϕ+ k sinϕ)a1 + (k cosϕ− M̄1 sinϕ)a′1 ]

+(a1 cosϕ+ a′1 sinϕ)
−E−1[ (k cosϕ− M̄1 sinϕ)a1 + (M̄1 cosϕ+ k sinϕ)a′1 ]

∣∣∣∣∣∣∣∣∣ .
and

Φ̄+
σ=−k =

∣∣∣∣∣∣∣∣∣
(a1 cosϕ+ a′1 sinϕ)

E−[ (k cosϕ− M̄1 sinϕ)a1 + (M̄1 cosϕ+ k sinϕ)a′1 ]

−(−a′1 cosϕ+ a1 sinϕ)
−E−1[ −(M̄1 cosϕ+ k sinϕ)a1 + (k cosϕ− M̄1 sinϕ)a′1 ]

∣∣∣∣∣∣∣∣∣ ,

Φ̄−σ=−k = i

∣∣∣∣∣∣∣∣∣
(a′1 cosϕ− a1 sinϕ)

E−[ −(M̄1 cosϕ+ k sinϕ)a1 + (k cosϕ− M̄1 sinϕ)a′1 ]

−(a1 cosϕ+ a′1 sinϕ)
E−1[ (k cosϕ− M̄1 sinϕ)a1 + (M̄1 cosϕ+ k sinϕ)a′1 ]

∣∣∣∣∣∣∣∣∣ .
Solutions for all three fields from eq. (12.92) are similar, they differ only in the mass

parameters M̄i.
Let us recall that with the use of the transformation S = (sij), these Majorana solu-

tions can be decomposed in linear combinations in terms of solutions with physical masses
M1,M2,M3:

Φ̄1 = s(1)1ΦM1
1 + s(1)2ΦM2

2 + ΦM3
3 ,

Φ̄1 = s(2)1ΦM1
1 + s(2)2ΦM2

2 + ΦM3
3 ,

Φ̄1 = s(3)1ΦM1
1 + s(3)2ΦM2

2 + ΦM3
3 .

(12.107)

In turn, the Majorana states with physical; masses can be decomposed in combinations
of states with modified masses:

ΦM1
1 = s−1

11 Φ̄1 + s−1
12 Φ̄2 + s−1

13 Φ̄3 ,

ΦM2
2 = s−1

21 Φ̄1 + s−1
22 Φ̄2 + s−1

23 Φ̄3 ,

ΦM3
3 = s−1

31 Φ̄1 + s−1
32 Φ̄2 + s−1

33 Φ̄3 ,

(12.108)



Conclusions 329

The used approximations when an external cosmological background is taken into ac-
count by a constant Ricci parameter and the Cartesian coordinates are used, are not neces-
sary. Both of these simplifications may be withdrawn. For instance, we might take de Sitter’s
cosmological background (of the 1-st or 2-nd type) and apply de Sitter’s static coordinates.

12.12 Conclusions

In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave equation
for spin 1/2 fermion, which is characterised by three mass parameters, is derived. On the
basis of the 20-component wave function, three auxiliary bispinors are introduced. In the
absence of an external field, these bispinors obey three separate Dirac-like equations with
different masses M1,M2,M3. It is shown that in the presence of external fields, electro-
magnetic fields, or gravitational non-Euclidean background with non-vanishing Ricci scalar
curvature. The main equation is not split into separate equations; instead, a quite defi-
nite mixing of three Dirac-like equations arises. It is shown that a generalised equation for
Majorana particle with three mass parameters exists as well; such a generalised Majorana
equation is not split into three separate equations in any curved background with a nonzero
Ricci scalar.
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13

Helicity operator for a spin 2 particle
in magnetic field

Explicit form of the helicity operator for symmetric 2nd rank tensor describing
the spin 2 particle is specified in cylindrical coordinates. After separating the vari-
ables the system of ten differential 1st-order equations is derived. It is split into two
independent subsystem of four and six equations. The system of four equations is
solved straightforwardly in terms of confluent hypergeometric functions; there are
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be
reduced to one ordinary differential equation of the 4th-order. Corresponding 4th-
order operator is factorised into permutable 2nd-order operators, so the problem
reduces to solving two differential equations of the 2nd-order. Their solutions are
constructed in terms of Bessel functions. This analysis is extended to the presence
of an external uniform magnetic field, when solutions are constructed in terms of
confluent hypergeometric functions.

The chapter is based on [1–31].

13.1 Introduction

It is known that the eigenvalue states of the helicity operator play a substantial role in
studying any spin particle in external electromagnetic (or gravitational) fields with cylindric
symmetry. In the present work, we specify this problem for a spin 2 particle in Minkowski
space-time

Σcart = J23 ∂

∂x
+ J31 ∂

∂y
+ J12 ∂

∂z
, ΣcartHcart = σHcart, (13.1)

where Hcart(x, y, z) consists of ten components of the symmetric 2nd-rank tensor referring
to the spin 2 particle.

13.2 Helicity operator in cylindric basis, separating the variables

We will apply the description of this field in cylindric coordinates xα = (t, r, φ, z) and the
corresponding tetrad

dS2 = dt2 − dr2 − r2dφ2 − dz2, eβ(a)(x) =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1/r 0
0 0 0 1

∣∣∣∣∣∣∣∣ . (13.2)
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Transition from Cartesian tetrad to a cylindric one is performed by means of the local
transformation (belonging to the Lorentz group)

L a
b (x) = e

′β′

(b) (x′)
∂x α

∂xβ′
e (a)
α (x) = e

′β′

(b) (x′)
∂x a

∂xβ′
, (13.3)

or in explicit form

L a
b (x) =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 1/r 0
0 0 0 1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

1 0 0 0

0 ∂x
∂r

∂y
∂r 0

0 ∂x
∂φ

∂y
∂φ 0

0 0 0 1

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1 0 0 0
0 cosφ sinφ 0
0 − sinφ cosφ 0
0 0 0 1

∣∣∣∣∣∣∣∣ .
Therefore, the tensor of the second rank H transforms according to the rule

Hcart = [Hcart
(ab) ], Hcyl = (L⊗ L)Hcart = LHcartL̃ .

Correspondingly, the helicity operator transforms to cylindric tetrad as follows (in 10-
dimensional representation, the S is a 10× 10 matrix)

Hcyl = (L⊗ L)Hcart =⇒ Hcyl = SHcart,

Σcyl = S(φ)
[
J23
(

cosφ
∂

∂r
− sinφ

r

∂

∂φ

)
+ J31

(
sinφ

∂

∂r
+

cosφ

r

∂

∂φ

)
+ J12 ∂

∂z

]
S(−φ) ;

whence we get

Σcyl =
[
S(φ)J23S2(−φ) cosφ+ S2(φ)J31S(−φ) sinφ

] ∂
∂r

+
1

r

[
− S(φ)J23S(−φ) sinφ+ S2(φ)J31S2(−φ) cosφ

] ∂
∂φ

+
1

r

[
− sinφS(φ)J23 ∂S(−φ)

∂φ
+ cosφS(φ)J31 ∂S(−φ)

∂φ

]
+ S(φ)J12S(−φ)

∂

∂z
.

Taking in mind the structure of the field function (it contains the multipliers eimφ and eikz),
we can change the last relation to the form

Σcyl =
[
S(φ)J23S(−φ) cosφ+ S(φ)J31S(−φ) sinφ

] d
dr

+
im

r

[
− S(φ)J23S(−φ) sinφ+ S(φ)J31S(−φ) cosφ

]
+

1

r

[
− sinφS(φ)J23 ∂S(−φ)

∂φ
+ cosφS(φ)J31 ∂S(−φ)

∂φ

]
+ ikS(φ)J12S(−φ) ,

the inverse matrix equals S−1 = S(−φ).
Let us find expression for ten components of H in the cylindric tetrad basis. We will

apply the following notations

Hcyl = the column(f1, f2, f3, c1, c2, c3, d1, d2, d3, f0),
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S(φ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cos2 φ sin2 φ . . . sin 2φ . . . .
sin2 φ cos2 φ . . . − sin 2φ . . . .
. . 1 . . . . . . .
. . . cosφ − sinφ . . . . .
. . . sinφ cosφ . . . . .

− cosφ sinφ cosφ sinφ . . . cos 2φ . . . .
. . . . . . cosφ sinφ . .
. . . . . . − sinφ cosφ . .
. . . . . . . . 1 .
. . . . . . . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

After simple calculation we derive the following expression for helicity operator in cylindric
basis

Σcyl =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 0 0 0 0 0 0
0 0 0 −2 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

d

dr

+
im

r

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0
−1 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+
1

r

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 −2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

+ ik

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 0 −2 0 0 0 0
0 0 0 0 0 2 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0
1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

taking in mind explicit form of generators for tensor we obtain its shorter form

Σcyl = J23 d

dr
+
im

r
J31 + ikJ12 +

1

r

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 −2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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It is convenient to use the cyclic representation, in which the generator J12 becomes
diagonal, which leads to

Σ̄cyl = J̄23 d

dr
+
im

r
J̄31 + ikJ̄12 +

1

r

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 0 i
√

2 0 0 0 0

0 0 0 −i
√

2 0 −i
√

2 0 0 0 0

0 0 0 i
√

2 0 0 0 0 0 0

0 0 −i
√

2 0 0 0 0 0 0 0
0 0 0 − i√

2
0 − i√

2
0 0 0 0

−i
√

2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 − i√

2
0 − i√

2
0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where [31]

J̄23 =
1√
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . . . −2i . . . .

. . . −2i . −2i . . . .

. . . −2i . . . . . .

. −i −i . −i . . . . .

. . . −i . −i . . . .
−i −i . . −i . . . . .
. . . . . . . −i . .
. . . . . . −i . −i .
. . . . . . . −i . .
. . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

J̄31 =
1√
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. . . . . −2 . . . .

. . . −2 . 2 . . . .

. . . 2 . . . . . .

. 1 −1 . 1 . . . . .

. . . −1 . 1 . . . .
1 −1 . . −1 . . . . .
. . . . . . . −1 . .
. . . . . . 1 . −1 .
. . . . . . . 1 . .
. . . . . . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

J̄12 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−2i . . . . . . . . .
. 0 . . . . . . . .
. . +2i . . . . . . .
. . . +i . . . . . .
. . . . 0 . . . . .
. . . . . −i . . . .
. . . . . . −i . . .
. . . . . . . 0 . .
. . . . . . . . +i .
. . . . . . . . . 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,



338 Helicity operator for a spin 2 particle in magnetic field

The eigenvalue equation Σ̄H̄ = σH̄ gives the following system

2c′3 = −2(m− 1)

r
c3 + i

√
2(σ − 2k)f1,

2 (c′1 + c′3) = −2(m+ 1)

r
c1 +

2(m− 1)

r
c3 + i

√
2σf2,

2c′1 = i
√

2(2k + σ)f3 +
2(m+ 1)

r
c1,

c′2 + f ′2 + f ′3 = i
√

2(k + σ)c1 +
m

r
(c2 + f2)− m+ 2

r
f3,

c′1 + c′3 = −m+ 1

r
c1 + i

√
2σc2 +

m− 1

r
c3,

c′2 + f ′1 + f ′2 = i
√

2(σ − k)c3 +
m− 2

r
f1 −

m

r
(c2 + f2) ,

d′2 = i
√

2(σ − k)d1 −
m

r
d2,

d′1 + d′3 =
m− 1

r
d1 + i

√
2σd2 −

m+ 1

r
d3,

d′2 = i
√

2(k + σ)d3 +
m

r
d2,

√
2σf0 = 0.

(13.4)

Let us apply special notations for eight differential operators:

1√
2

(
d

dr
± m

r
) = a±m,

1√
2

(
d

dr
± m+ 1

r
) = a±m+1,

1√
2

(
d

dr
± m− 1

r
) = a±m−1,

1√
2

(
d

dr
+
m+ 2

r
) = a+

m+2,
1√
2

(
d

dr
− m− 2

r
) = a−m−2.

Then the above system may be presented as three independent subsystems:

I a+
md2 = i(σ − k)d1,

a−m−1d1 + a+
m+1d3 = iσd2,

a−md2 = i(σ + k)d3;

(13.5)

II a+
m−1c3 = i(

σ

2
− k)f1,

a+
m+1c1 + a−m−1c3 = i

σ

2
f2,

a−m+1c1 = i(
σ

2
+ k)f3,

a−mc2 + a−mf2 + a+
m+2f3 = i(σ + k)c1,

a+
m+1c1 + a−m−1c3 = iσc2,

a+
mc2 + a−m−2f1 + a+

mf2 = i(σ − k)c3;

(13.6)

III σf0 = 0 =⇒ σ 6= 0, f0 = 0. (13.7)

Consider the system I; after eliminating the variables d1 and d3, we get the equation for
d2: [

1

i(σ − k)
a−m−1a

+
m +

1

i(σ + k)
a+
m+1a

−
m − iσ

]
d2 = 0. (13.8)
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Similarly, in the system II one can eliminate the variables f1, f2, f3:

f1 =
2

i(σ − 2k)
a+
m−1c3, f2 =

2

iσ
a+
m+1c1 +

2

iσ
a−m−1c3, f3 =

2

i(σ + 2k)
a−m+1c1,

this results in the system for c1, c2, c3:

a−mc2 +
2

iσ
a−ma

+
m+1c1 +

2

iσ
a−ma

−
m−1c3 +

2

i(σ + 2k)
a+
m+2a

−
m+1c1 = i(σ + k)c1,

a+
mc2 +

2

i(σ − 2k)
a−m−2a

+
m−1c3 +

2

iσ
a+
ma

+
m+1c1 +

2

iσ
a+
ma
−
m−1c3 = i(σ − k)c3,

a+
m+1c1 + a−m−1c3 = iσc2.

With the help of third equation, we can eliminate the variable c2, so deriving the system
for c1, c2: [

3a−ma
+
m+1 +

2σ

(σ + 2k)
a+
m+2a

−
m+1 + σ(σ + k)

]
c1 + 3a−ma

−
m−1c3 = 0,[

3a+
ma
−
m−1c3 +

2σ

(σ − 2k)
a−m−2a

+
m−1 + σ(σ − k)

]
c3 + 3a+

ma
+
m+1c1 = 0.

(13.9)

In order to take into account the presence of external magnetic field, it suffices to make
one change, m =⇒ m+ eBr2/2, this leads to new eight operators

a±m =
1√
2

(
d

dr
± m+ eBr2/2

r
),

a±m+1 =
1√
2

(
d

dr
± m+ eBr2/2 + 1

r
), a±m−1 =

1√
2

(
d

dr
± m+ eBr2/2− 1

r
),

a+
m+2 =

1√
2

(
d

dr
+
m+ eBr2/2 + 2

r
), a−m−2 =

1√
2

(
d

dr
− m+ eBr2/2− 2

r
).

13.3 The system I, the free particle

Let us turn to the case I, first consider eq. (13.8) for a free particle. Allowing for the identities

a−m−1a
+
m =

1

2

d2

dr2
+

1

2r

d

dr
− m2

2r2
, a+

m−1a
−
m =

1

2

d2

dr2
− 1

2r

d

dr
+

(2−m)m

2r2
,

we get [
d2

dr2
+

k

σr

d

dr
− mk +m(m− 1)σ

σr2
−
(
k2 − σ2

)]
d2 = 0. (13.10)

Near the point r = 0, this equation becomes simpler[ d2

dr2
+

k

σr

d

dr
− mk +m(m− 1)σ

σr2

]
d2 = 0, d2 = rA;

so that

A(A− 1) +
k

σ
A− mk +m(m− 1)σ

σ
= 0, A = m,−k

σ
−m+ 1. (13.11)
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Near the point r →∞ we have[ d2

dr2
+

k

σr

d

dr
−
(
k2 − σ2

) ]
d2 = 0, d2 = e±i

√
σ2−k2r. (13.12)

Solutions should be searched in the form d2 = rAeCrf , which yields

f ′′ +
(

2C +
2A

r
+

k

σr

)
f ′ +

[A(A− 1)

σr2
+
kA

σ

1

r2
− mk +m(m− 1)σ

σ

1

r2

]
f

+
[
C2 − (k2 − σ2) +

2AC

r
+
kC

σ

1

r

]
f = 0.

Imposing the known restrictions

A(A− 1) +
k

σ
A− mk +m(m− 1)σ

σ
= 0, C2 − (k2 − σ2) = 0,

we reduce the above equation to the form

r
d2f

dr2
+
(

2A+
k

σ
+ 2Cr

)df
dr

+
(

2AC +
k

σ
C
)
f = 0;

the possible expressions for A and C are known. Changing the variable, z = −2Cr, we
reduce the equation to hypergeometric form (for definiteness let C = +i

√
σ2 − k2):

z
d2f

dz2
+ (2A+

k

σ
− z) df

dz
− (A+

k

2σ
)f = 0,

d2 = zAe−z/2Φ(c, a, z), a = A+
k

2σ
, c = 2A+

k

σ
= 2a.

(13.13)

Solutions will be regular in the point r = 0, if we take positive values for A:

(a) m > 0, d2 ∼ zA = zm −→ 0;

(b) m < 0, d2 ∼ zA = z1−m− kσ , 1−m > k/σ .
(13.14)

These solutions may be presented in terms of Bessel functions. Indeed, starting with the
eq. (13.10), let us make the substitution d2(r) = ϕ(r)d̄2(r):

d

dr
d2 = ϕ′d̄2 + ϕd̄′2,

d2

dr2
d2 = ϕ′′d̄2 + 2ϕ′d̄′2 + ϕd̄′′2 ,

then we get

d̄′′2 +
(

2
ϕ′

ϕ
+

k

σr

)
d̄′2 +

( k
σr

ϕ′

ϕ
+
ϕ′′

ϕ
− mk +m(m− 1)σ

σr2
− (k2 − σ2)

)
d̄2 = 0.

We fix the function ϕ as follows

2
ϕ′

ϕ
+

k

σr
=

1

r
=⇒ ϕ′

ϕ
=

1

r
(1− k/σ)/2 =⇒ ϕ = r(1−k/σ)/2; (13.15)

accordingly the above equation takes the form

d̄′′2 +
1

r
d̄′2 +

(
− (k2 − σ2)− (m− 1/2 + k/2σ)2

r2

)
d̄2 = 0.

In the variable y = i
√
k2 − σ2 r, it has the Bessel structure( d2

dy2
+

1

y

d

dy
+ 1− ν2

y2

)
d̄′2 = 0, ν = m− 1

2
+

k

2σ
,

d̄′2(y) = C1J+ν(y) + C2J−ν(y), d2(y) = r
1−k/σ

2 d̄2(z) .

(13.16)
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13.4 The case I, particle in magnetic field

In the presence of the magnetic field, the equation for d2 takes the form (for brevity we
simplify the notation, eB =⇒ B)[ d2

dr2
+

k

rσ

d

dr
+
−2σ

(
B(2m− 1) + 2k2

)
+ 2Bk + 4σ3

4σ

−B
2

4
r2 +

−km− (m− 1)mσ

r2σ

]
d2 = 0. (13.17)

Near the point r = 0, we get[ d2

dr2
+

k

rσ

d

dr
− km+ (m− 1)mσ

σr2σ

]
d2 = 0,

which coincides with what we have in the case of a free particle. Near the point r =∞ we
get ( d2

dr2
+

k

rσ

d

dr
− 1

4
B2r2

)
d2 = 0, d2 = eCr

2

, C = ±B
4
.

Making the change of variable r2 = x, we transform eq. (13.17) to the form[ d2

dx2
+

(k + σ)

2σx

d

dx
− 1

16
B2 +

B(k − 2mσ + σ)

8σx

− (k2 − σ2)

4x
+
m(σ − k)

4σx2
− m2

4x2

]
d2 = 0. (13.18)

Its solutions are searched in the form d2 = xAeCxf , and for f(x), we obtain the equation

f ′′ +
(2A

x
+

(k + σ)

2σx
+ 2C

)
f ′ +

[4A(A− 1)−m2

4x2
+
m(σ − k) + 2A(k + σ)

4σx2

+
B(k − 2mσ + σ) + 4C(k + σ)

8σx
− (k2 − σ2)− 8AC

4x
+ C2 − 1

16
B2
]
f = 0.

Imposing the constraints

4A(A− 1)σ − σm2 +m(σ − k) + 2A(k + σ) = 0, C2 − 1

16
B2 = 0;

we get the expected results

A =
m

2
,

1−m
2
− k

2σ
; C = −B

4
, +

B

4
; (13.19)

below assume C = −B4 (B > 0). The main equation becomes simpler

xf ′′ +
(

2A+
(k + σ)

2σ
+ 2Cx

)
f ′

+
[B(k − 2mσ + σ) + 4C(k + σ)

8σ
− (k2 − σ2)− 8AC

4

]
f = 0.

In the variable 2Cx = −z, it reads as an equation of confluent hypergeometric type

zf ′′ + (c− z)f ′ − af = 0,

z
d2f ′′

dz2
+
(

2A+
k + σ

2σ
− z
) df
dz
−
(m

2
+
k2 − σ2

2B
+A

)
f = 0.

(13.20)
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Imposing the usual constraint to get polynomials

a =
m

2
+
k2 − σ2

2B
+A = −n, n = 0, 1, 2, 3, ... ;

we find expressions for σ:

σ = ±
√
k2 + (A+

m

2
+ n)2B . (13.21)

Depending on the sign of m, we have two possibilities

m > 0, σ = ±
√
k2 + (m+ n)2B;

m < 0, σ = ±
√
k2 + (n+

1− k/σ
2

)2B,
(13.22)

the second equation determines σ in inexplicit form. Assuming that solutions are regular at
the point z = 0, we follow two possibilities depending on the sign of m:

m > 0, d2 ∼ zm/2e−z/2Φ(−n, c, z), c = m+
1

2
+

k

2σ
; (13.23)

m < 0, d2 ∼ z
1−m

2 −
k
2σ e−z/2Φ(−n, c′, z), c =

3

2
−m, 1−m

2
>

k

2σ
. (13.24)

Equation (13.24) leads to the cubic equation

σ3 − σ[(k2 +B(2n+ 1)] +Bk = 0, B > 0, (13.25)

with the roots

σ1 =
3
√

2
(
β + k2 + 2βn

)
φ

+
φ

3 3
√

2
,

σ2 =
i
(√

3 + i
)
φ

6 3
√

2
−
i
(√

3− i
) (
β + k2 + 2βn

)
22/3φ

,

σ3 =
i
(√

3 + i
) (
β + k2 + 2βn

)
22/3φ

−
(
1 + i

√
3
)
φ

6 3
√

2
,

(13.26)

where φ =
3

√√
729β2k2 − 108 (β + k2 + 2βn)

3 − 27βk. In the dimensionless variables

σ/k = x, B/k2 = b, we have

x3 − x[1 + b(2n+ 1)] + b = 0, x1 =
3
√

2(2bn+ b+ 1)

ψ
+

ψ

3 3
√

2
,

x2 =
i
(√

3 + i
)
ψ

6 3
√

2
−
i
(√

3− i
)

(2bn+ b+ 1)

22/3ψ
,

x3 =
i
(√

3 + i
)

(2bn+ b+ 1)

22/3ψ
−
(
1 + i

√
3
)
ψ

6 3
√

2
,

(13.27)

where ψ = 3

√√
729b2 − 108(2bn+ b+ 1)3 − 27b.
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TABLE 13.1
The values of xi (i = 1, 2, 3)
and b = 1

n x1(n) x2(n) x3(n)
1 1.861 -2.115 0.2541
2 2.361 -2.529 0.1674
3 2.764 -2.889 0.1252
4 3.111 -3.211 0.1001
5 3.422 -3.505 0.08338
6 3.705 -3.777 0.07145
7 3.968 -4.031 0.06252
8 4.215 -4.270 0.05557
9 4.447 -4.497 0.05001
10 4.668 -4.713 0.04546
11 4.878 -4.920 0.04167
12 5.080 -5.118 0.03846
13 5.274 -5.309 0.03572
14 5.460 -5.494 0.03333
15 5.641 -5.672 0.03125
16 5.816 -5.846 0.02941
17 5.986 -6.014 0.02778
18 6.151 -6.178 0.02632
19 6.312 -6.337 0.02500
20 6.469 -6.493 0.02381

Let b = 1, 10, then the roots behave as shown in two tables below
where

b = 1, x1(n) = ..., x2(n) = ..., x3(n) = ...

b = 10, x1(n) = ..., x2(n) = ..., x3(n) = ...

13.5 The case II, free particle

Let us turn to the case II for a free particle, the system (13.9) in explicit form reads[3

2

( d2

dr2
+

1

r

d

dr
− (m+ 1)2

r2

)
+

σ

(σ + 2k)

( d2

dr2
+

1

r

d

dr
− (m+ 1)2

r2

)
+ σ(σ + k)

]
c1

+
3

2

( d2

dr2
+

(1− 2m)

r

d

dr
+

(m2 − 1)

r2

)
c3 = 0,[3

2

( d2

dr2
+

1

r

d

dr
− (m− 1)2

r2

)
+

σ

(σ − 2k)

( d2

dr2
+

1

r

d

dr
− (m− 1)2

r2

)
+ σ(σ − k)

]
c3

+
3

2

( d2

dr2
+

(1 + 2m)

r

d

dr
+

(m2 − 1)

r2

)
c1 = 0.
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TABLE 13.2
The values of xi (i = 1, 2, 3)
and b = 10

n x1(n) x2(n) x3(n)
1 3.048 -3.230 0.1827
2 3.935 -4.044 0.1097
3 4.648 -4.726 0.07838
4 5.263 -5.324 0.06099
5 5.812 -5.862 0.04992
6 6.313 -6.355 0.04225
7 6.777 -6.813 0.03662
8 7.210 -7.243 0.03232
9 7.619 -7.648 0.02892
10 8.007 -8.033 0.02617
11 8.377 -8.401 0.02389
12 8.731 -8.753 0.02198
13 9.071 -9.092 0.02036
14 9.399 -9.418 0.01895
15 9.716 -9.734 0.01773
16 10.02 -10.04 0.01666
17 10.32 -10.34 0.01571
18 10.61 -10.62 0.01486
19 10.89 -10.91 0.01410
20 11.17 -11.18 0.01341

These equations can be transformed to other form[
(3 +

2σ

σ + 2k
)
( d2

dr2
+

1

r

d

dr
− (m+ 1)2

r2

)
+ 2σ(σ + k)

]
c1

+3
( d2

dr2
+

(1− 2m)

r

d

dr
+

(m2 − 1)

r2

)
c3 = 0, (13.28)

[
(3 +

2σ

σ − 2k
)
( d2

dr2
+

1

r

d

dr
− (m− 1)2

r2

)
+ 2σ(σ − k)

]
c3

+3
( d2

dr2
+

(1 + 2m)

r

d

dr
+

(m2 − 1)

r2

)
c1 = 0. (13.29)

This system may be considered as linear with respect to the variables c′′1 , c
′′
3 :∣∣∣∣ 3 + 2σ

2k+σ 3

3 3− 2σ
2k−σ

∣∣∣∣ ∣∣∣∣ c′′1c′′3
∣∣∣∣

= −

∣∣∣∣∣∣∣
[
(3 + 2σ

σ+2k )( 1
r
d
dr −

(m+1)2

r2 ) + 2σ(k + σ)
]
c1 + 3

(
(1−2m)

r
d
dr + (m2−1)

r2

)
c3

3
(

(1+2m)
r

d
dr + (m2−1)

r2

)
c1 +

[
(3 + 2σ

σ−2k )
(

1
r
d
dr −

(−m+1)2

r2

)
− 2σ(k − σ)

]
c3

∣∣∣∣∣∣∣ ,
evidently it is symmetric under the change

c3 ⇔ c1, m⇔ −m, σ ⇔ −σ. (13.30)

Its solution has the form

c′′1 =
1

8

(9m− 8)σ2 − 36 k2m

σ2r
c′1
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+
[1

8

8σ k2 + 12 k3 − 9σ2k − 5σ3

σ
− 1

8

(m+ 1)(−17σ2m− 8σ2 + 36 k2m)

σ2r2

]
c1

−3

8

m(−4σ k + 12 k2 − 5σ2)

σ2r
c′3 +

[3

8

(2 k2 + σ2 − 3σ k)(σ + 2 k)

σ

+
3

8

m(−4σmk + 12 k2m+ 5σ2 + 4σ k − 12 k2 − 5σ2m)

σ2r2

]
c3 ,

c′′3 =
3

8

m(4σ k + 12 k2 − 5σ2)

σ2r
c′1

+
[
− 3

8

(σ + k)(−σ2 + 4 k2)

σ
+

3

8

m(6 k + 5σ)(−σ + 2 k)(m+ 1)

σ2r2

]
c1

+
1

8

36 k2m− 9σ2m− 8σ2

σ2r
c′3

+
[
− 1

8

−9σ2k + 5σ3 − 8σ k2 + 12 k3

σ
− 1

8

(−17σ2m+ 8σ2 + 36 k2m)(m− 1)

σ2r2

]
c3 ;

the above symmetry may be noted in these formulas as well. Shortly we can write

d2

dr2
c1 = K1

d

dr
c1 + (

L1

r2
+M1)c1 + (

F1

r

d

dr
+
G1

r2
+H1)c3,

d2

dr2
c3 = K3

d

dr
c3 + (

L3

r2
+M3)c3 + (

F3

r

d

dr
+
G3

r2
+H3)c1.

(13.31)

Let us eliminate from this system the variable c3. To this end, first we present this
function as c3 = ϕc̄3, and require that

(
F1

r

d

dr
+
G1

r2
+H1)ϕc̄3 = ϕ

F1

r

d

dr
c̄3.

Whence it follows
F1

r

ϕ′

ϕ
c̄3 +

F1

r
c̄′3 +

G1

r2
c̄3 +H1c̄3 =

F1

r

d

dr
c̄3,

or differently
F1

r
c̄′3 +

(F1

r

ϕ′

ϕ
+
G1

r2
+H1

)
c̄3 =

F1

r

d

dr
c̄3.

Further, we derive equation for determining the function ϕ:

F1

r

ϕ′

ϕ
= −G1

r2
−H1 =⇒ d

dr
lnϕ = −G1

F1

1

r
− H1

F1
r,

so we obtain

lnϕ = −G1

F1
ln r − H1

2F1
r2 =⇒ ln

(
ϕrG1/F1

)
= − H1

2F1
r2,

whence it follows

ϕrG1/F1 = e−
H1
2F1

r2

=⇒ ϕ = r−G1/F1e−
H1
2F1

r2

. (13.32)

Therefore, the initial system reads

d2

dr2
c1 = K1

d

dr
c1 + (

L1

r2
+M1)c1 + ϕ

F1

r

d

dr
c̄3, c3 = ϕc̄3,

d2

dr2
ϕc̄3 = K3

d

dr
ϕc̄3 + (

L3

r2
+M3)ϕc̄3 + (

F3

r

d

dr
+
G3

r2
+H3)c1.

(13.33)
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From eq. (13.33), we express the derivative d
dr c̄3:

d

dr
c̄3 =

1

F1

r

ϕ

( d2

dr2
c1 −K1

d

dr
c1 − (

L1

r2
+M1)c1

)
,

below we will need the second derivative as well

d2

dr2
c̄3 =

d

dr

{ 1

F1

r

ϕ

( d2

dr2
c1 −K1

d

dr
c1 − (

L1

r2
+M1)c1

)}
.

Expression for function c3 itself is found by integrating

c̄3 =

∫
1

F1

r

ϕ

( d2

dr2
c1 −K1

d

dr
c1 − (

L1

r2
+M1)c1

)
dr. (13.34)

Now we turn to the second equation from eq. (13.33)

d2

dr2
ϕc̄3 = K3

d

dr
ϕc̄3 + (

L3

r2
+M3)ϕc̄3 + (

F3

r

d

dr
+
G3

r2
+H3)c1;

taking into account two identities

d2

dr2
ϕc̄3 =

d

dr

[
ϕ′c̄3 + ϕc̄′3

]
= ϕ′′c̄3 + 2ϕ′c̄′3 + ϕc̄′′3 , K3

d

dr
ϕc̄3 = K3

[
ϕ′c̄3 + ϕc̄′3

]
,

we transform the above equation to other form

ϕ′′c̄3 + 2ϕ′c̄′3 + ϕc̄′′3 = K3ϕ
′c̄3 +K3ϕc̄

′
3 + (

L3

r2
+M3)ϕc̄3 +

F3

r
c′1 +

G3

r2
c1 +H3c1.

Whence after re-grouping the terms we obtain

ϕc̄′′3 + (2ϕ′ −K3ϕ)c̄′3 +
(
ϕ′′ −K3ϕ

′ − (
L3

r2
+M3)ϕ

)
c̄3 −

F3

r
c′1 −

G3

r2
c1 −H3c1 = 0,

which is equivalent to[
c̄′′3 + (2

ϕ′

ϕ
−K3)c̄′3

]
+
(ϕ′′
ϕ
−K3

ϕ′

ϕ
− (

L3

r2
+M3)

)
c̄3 −

[ 1

ϕ

F3

r
c′1 +

1

ϕ

G3

r2
c1 +

1

ϕ
H3c1

]
= 0.

With the help of the notation

∆(r) =
(ϕ′′
ϕ
−K3

ϕ′

ϕ
− (

L3

r2
+M3)

)
,

we re-write the last equation differently

1

∆(r)

[
c̄′′3 + (2

ϕ′

ϕ
−K3)c̄′3

]
+ c̄3 −

1

∆(r)

[ 1

ϕ

F3

r
c′1 +

1

ϕ

G3

r2
c1 +

1

ϕ
H3c1

]
= 0.

After differentiating this equation we obtain

d

dr

{ 1

∆(r)

[
c̄′′3 + (2

ϕ′

ϕ
−K3)c̄′3

]}
+ c̄′3

− d

dr

{ 1

∆(r)

[ 1

ϕ

F3

r
c′1 +

1

ϕ

G3

r2
c1 +

1

ϕ
H3c1

]}
= 0, (13.35)
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this is the 4th-order equation for function c1(r). Recall that

c̄′3 =
1

F1

r

ϕ

( d2

dr2
c1 −K1

d

dr
c1 − (

L1

r2
+M1)c1

)
,

c̄′′3 =
d

dr

{ 1

F1

r

ϕ

( d2

dr2
c1 −K1

d

dr
c1 − (

L1

r2
+M1)c1

)}
.

(13.36)

In similar manner we can derive a 4th-order equation for function c3.
Equations of the 4th-order for two (initial) functions c1(r) , c3(r) in explicit form read

d4 c1
dr4

+
2

r

d3 c1
dr3

+
(5

4
σ2 − 2 k2 +

−3− 4m− 2m2

r2

)d2 c1
dr2

+
(1

4

5σ2 − 8 k2

r
+

3 + 4m+ 2m2

r3

)d c1
dr

+
[
− 5

4
σ2k2 +

1

4
σ4 + k4 +

1

4

(
−5σ2 + 8 k2

)
(m+ 1)

2

r2

+
(m+ 3) (m− 1) (m+ 1)

2

r4

]
c1 = 0 ,

d4 c3
dr4

+
2

r

d3 c3
dr3

+
(5

4
σ2 − 2 k2 +

−3 + 4m− 2m2

r2
)
d2 c3
dr2

+
(1

4

5σ2 − 8 k2

r
+

3− 4m+ 2m2

r3

)d c3
dr

+
[
− 5

4
σ2k2 +

1

4
σ4 + k4 +

1

4

(
−5σ2 + 8 k2

)
(m− 1)

2

r2

+
(m− 3) (m+ 1) (m− 1)

2

r4

]
c3 = 0 .

Both equations may be factorised:{ d2

dr2
+

1

r

d

dr
+
[
− k2 +

1

4
σ2− (m+ 1)2

r2

]}{ d2

dr2
+

1

r

d

dr
+
[
− k2 +σ2− (m+ 1)2

r2

]}
c1 = 0 ,{ d2

dr2
+

1

r

d

dr
+
[
− k2 +

1

4
σ2− (m− 1)2

r2

]}{ d2

dr2
+

1

r

d

dr
+
[
− k2 + σ2− (m− 1)2

r2

]}
c3 = 0,

where two multipliers are permutable.
It suffices to solve two 2nd-order equations for c1:

I,
[ d2

dr2
+

1

r

d

dr
− k2 + σ2 − (m+ 1)2

r2

]
c1 = 0;

II,
[ d2

dr2
+

1

r

d

dr
− k2 +

1

4
σ2 − (m+ 1)2

r2

]
c1 = 0 ;

(13.37)

they reduce to Bessel equations

I, x = i
√
k2 − σ2,

[ d2

dx2
+

1

x

d

dx
+ 1− (m+ 1)2

x2

]
cI1(x) = 0;

II, y = i
√
k2 − σ2/4,

[ d2

dy2
+

1

y

d

dy
+ 1− (m+ 1)2

y2

]
cII1 (y) = 0.

(13.38)

Similarly, for function c3 we get

I ′, x = i
√
k2 − σ2,

[ d2

dx2
+

1

x

d

dx
+ 1− (m− 1)2

x2

]
cI3(x) = 0;

II ′, y = i
√
k2 − σ2/4,

[ d2

dy2
+

1

y

d

dy
+ 1− (m− 1)2

y2

]
cII3 (y) = 0.

(13.39)
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13.6 The case II, the presence of magnetic field

Here, we have the following system of equations for the variables c1, c3 (for brevity we
change the notation eB =⇒ B):{3

2

[ d2

dr2
+

1

r

d

dr
− (m+Br2/2 + 1)2

r2
+B

]
+

σ

(σ + 2k)

[ d2

dr2
+

1

r

d

dr
− (m+Br2/2 + 1)2

r2
−B

]
+ σ(σ + k)

}
c1

+
3

2

{ d2

dr2
+

1− 2(m+Br2/2)

r

d

dr
+

(m+Br2/2)2 − 1

r2
−B

}
c3 = 0,

{3

2

[ d2

dr2
+

1

r

d

dr
− (m+Br2/2− 1)2

r2
−B

]
+

σ

(σ − 2k)

[ d2

dr2
+

1

r

d

dr
− (m+Br2/2− 1)2

r2
+B

]
+ σ(σ − k)

}
c3

+
3

2

{ d2

dr2
+

1 + 2(m+Br2/2)

r

d

dr
+

(m+Br2/2)2 − 1

r2
+B

}
c1 = 0.

They can be transformed to other form[(
3 +

2σ

σ + 2k

)( d2
dr2

+
1

r

d

dr
− (m+Br2/2 + 1)2

r2

)
+
(

3− 2σ

σ + 2k

)
B + 2σ(σ + k)

]
c1

+3
[ d2
dr2

+
1− 2(m+Br2/2)

r

d

dr
+

(m+Br2/2)2 − 1

r2
−B

]
c3 = 0,[(

3 +
2σ

σ − 2k

)( d2
dr2

+
1

r

d

dr
− (m+Br2/2− 1)2

r2

)
+
(
− 3 +

2σ

σ − 2k

)
B + 2σ(σ − k)

]
c3

+3
[ d2
dr2

+
1 + 2(m+Br2/2)

r

d

dr
+

(m+Br2/2)2 − 1

r2
+B

]
c1 = 0.

Whence it follows 4th-order equations for c1 and c3:

c′′′′1 +
2

r
c′′′1 +

(
−e

2B2r2

2
+

5σ3 − 8σk2 − 8σmB + 8σB + 12kB

4σ
− 2m2 + 4m+ 3

r2

)
c′′1

+

(
−3

2
B2r +

1

4

5σ3 − 8σk2 − 8σmB + 8σB + 12kB

rσ
+

2m2 + 4m+ 3

r3

)
c′1

+

[
1

16
B4r4 − 1

16

B2
(
5σ3 − 8σk2 − 8σmB + 8σB + 12kB

)
r2

σ

−1

4

(m+ 1)
2 (

5σ3 − 8σk2 − 8σmB + 8σB + 12kB
)

r2σ
+

(m+ 3) (m− 1) (m+ 1)
2

r4

− 1

4σ

(
−σ5 + 5σ3Bm− 5σ3B + 5σ3k2 − 21σ2kB − 6σm2B2

+4σB2m+ 16B2σ − 8σk2Bm+ 8σk2B

−4σk4 + 12kB2m− 12kB2 + 12k3B
)]
c1 = 0;
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c′′′′3 +
2

r
c′′′3 +

(
−1

2
B2r2 +

1

4

5σ3 − 8σk2 − 8σmB − 8σB + 12kB

σ
− 2m2 − 4m+ 3

r2

)
c′′3

+

(
−3

2
B2r +

1

4

5σ3 − 8σk2 − 8σmB − 8σB + 12kB

rσ
+

2m2 − 4m+ 3

r3

)
c′3

+

[
1

16
B4r4 − 1

16

B2
(
5σ3 − 8σk2 − 8σmB − 8σB + 12kB

)
r2

σ

−1

4

(m− 1)
2 (

5σ3 − 8σk2 − 8σmB − 8σB + 12kB
)

r2σ
+

(m− 3) (m+ 1) (m− 1)
2

r4

− 1

4σ

(
−σ5 + 5σ3Bm+ 5σ3B + 5σ3k2 − 21σ2kB − 6σm2B2

−4σB2m+ 16B2σ − 8σk2Bm− 8σk2B − 4σk4

+12kB2 + 12kB2m+ 12k3B
)]
c3 = 0.

Both equations can be factorised. For the variable c1 we get{ d2

dr2
+

1

r

d

dr
− 1

4
B2r2 − (m+ 1)2

r2

+
σ
(
5σ2 − 8k2

)
− 8Bσ (m− 1) + 12kB ± 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

8σ

}
×
{ d2

dr2
+

1

r

d

dr
− 1

4
B2r2 − (m+ 1)

2

r2

+
σ
(
5σ2 − 8k2

)
− 8Bσ (m− 1) + 12kB ∓ 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

8σ

}
c1 = 0.

For the variable c3, we have slightly different equation (note the change m− 1 =⇒ m+ 1){ d2

dr2
+

1

r

d

dr
− 1

4
B2r2 − (m− 1)2

r2

+
σ
(
5σ2 − 8k2

)
− 8Bσ (m+ 1) + 12kB ± 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

8σ

}
×
{ d2

dr2
+

1

r

d

dr
− 1

4
B2r2 − (m− 1)2

r2

+
σ
(
5σ2 − 8k2

)
− 8Bσ (m+ 1) + 12kB ∓ 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

8σ

}
c3 = 0.

It suffices to examine one equation{ d2

dr2
+

1

r

d

dr
− 1

4
B2r2 − (m+ 1)

2

r2

+
σ
(
5σ2 − 8k2

)
− 8Bσ (m− 1) + 12kB ± 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

8σ

}
c1 = 0.

In the variable x = 1
2Br

2, the last equation reads

d2c1
dx2

+
1

x

dc1
dx

+
[
− 1

4
− 1

4

(m+ 1)
2

x2
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+
σ
(
5σ2 − 8k2

)
− 8Bσ (m− 1) + 12kB ± 3

√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

16σBx

]
c1 = 0.

With the use of substitution c1(x) = eAxxCF (x) , we get the following equation for F (x):

x
d2F

dx2
+ (2Ax+ 2C + 1)

dF

dx
+
{

(A2 − 1

4
)x+

1

4

4C2 − (m+ 1)
2

x

+
1

16

1

σB

[
16Aσ(1 + 2C)B + σ(5σ2 − 8k2)− 8Bσ (m− 1) + 12kB

±3
√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

]}
F = 0.

Imposing restrictions on parameters A = − 1
2 , C = ±|m+1

2 |, we simplify the above equation
to the form

x
d2F

dx2
+ (2C + 1− x)

dF

dx

+
1

16

1

σB

[
− 8σ(1 + 2C)B + σ(5σ2 − 8k2)− 8Bσ (m− 1) + 12kB

±3
√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

]
F = 0.

It is identified with the confluent hypergeometric equation with parameters

α± = − 1

16

1

σeB

[
− 8σ(1 + 2C)B + σ(5σ2 − 8k2)− 8Bσ(m− 1) + 12kB

±3
√
σ6 − 24kBσ3 + 16(2σ2 + k2)B2

]
, γ = 2C + 1.

The known polynomial condition (α± = −n, n = 0, 1, 2, ...) gives the quantization rule

1

16

1

σB

[
− 8σB(1 + 2C)− 8Bσ(m− 1) + σ(5σ2 − 8k2) + 12kB

±3
√
σ6 − 24kBσ3 + 16 (2σ2 + k2)B2

]
= n, n = 0, 1, 2, ...

or differently (let C = +|m+1
2 |)

σ(5σ2 − 8k2) + 12kB

±3
√
σ6 − 24kBσ3 + 16(2σ2 + k2)B2 = 8σB(2n+m+ |m+ 1|). (13.40)

Let us change the notation 2n+m+ |m+ 1| = N, then we have

±3
√
σ6 − 24kBσ3 + 16(2σ2 + k2)B2 = 8σBN − σ (5σ2 − 8k2)− 12kB.

After squaring the above equation, we obtain

σ
{
σ5 − 5

(
BN + k2

)
σ3 + 21kBσ2

+
[
4
(
BN + k2

)2 − 18B2
]
σ − 12kB

(
BN + k2

)}
= 0; (13.41)

the root σ = 0 is nonphysical. So we get 5th-order equation

BN + k2 = γ, σ5 − 5 γσ3 + 21kBσ2 +
[
4 γ2 − 18B2

]
σ − 12 kBγ = 0 . (13.42)
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In dimensionless variables

x =
σ

k
, b =

B

k2
, Γ =

γ

σ2
= bN + 1,

we have the equation

x5 − 5Γx3 + 21bx2 + (4Γ2 − 18b2)x− 12bΓ = 0. (13.43)

Thus we have constructed the following solutions

c1(x) = e−x/2xCG(α± = −n, γ, x), C = ±|m+ 1|
2

, x =
1

2
Br2. (13.44)

Having known the functions c1(x), one can find an explicit form of the concomitant
function c3(x) (we should use a formula of type (13.34)). When solving the 2nd-order equa-
tion for function c3, we obtain a similar result with one formal change m + 1 =⇒ m − 1.
Therefore, in this case, we have constructed the following solutions

c3(x) = e−x/2xC
′
G(x), C ′ = ±|m− 1|

2
, m′ = m− 2,

2n+m′ + |m′ + 1| = N ′, bN ′ + 1 = Γ′,

X5 − 5Γ′X3 + 21bX2 + (4Γ
′2 − 18b2)X − 12bΓ′ = 0.

(13.45)

We can see that solutions (13.45) and (13.44) provide us with one the same spectrum for σ.

13.7 Numerical study of the 5th-order equation

We start with the equation

x5 − 5Γx3 + 21bx2 + (4Γ2 − 18b2)x− 12bΓ = 0, (13.46)

where
Γ =

γ

σ2
= bN + 1, x =

σ

k
.

The five roots of eq. (13.46) at different values of b are given in the tables below
b = 1/20

N= 1. x = −2.17999 −0.962925 0.142914 1.1127 1.8873
N= 3. x = −2.26543 −1.01463 0.130574 1.14949 2.
N= 5. x = −2.34817 −1.06388 0.120171 1.18679 2.10508
N= 7. x = −2.42843 −1.11095 0.111288 1.22404 2.20406
N= 9. x = −2.50641 −1.15609 0.10362 1.26091 2.29798
N= 11. x = −2.58228 −1.19952 0.0969351 1.29726 2.38761
N= 13. x = −2.65619 −1.2414 0.0910573 1.333 2.47354
N= 15. x = −2.72827 −1.28189 0.0858495 1.36809 2.55622
N= 17. x = −2.79865 −1.3211 0.0812038 1.40254 2.63601
N= 19. x = −2.86743 −1.35916 0.0770342 1.43633 2.71322
N= 21. x = −2.93471 −1.39614 0.0732713 1.4695 2.78809
N= 23. x = −3.00059 −1.43215 0.0698584 1.50204 2.86084
N= 25. x = −3.06514 −1.46724 0.0667491 1.534 2.93164
N= 27. x = −3.12844 −1.50149 0.0639046 1.56538 3.00065
N= 29. x = −3.19055 −1.53496 0.0612925 1.59622 3.068
N= 31. x = −3.25154 −1.56769 0.0588855 1.62653 3.13381
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b = 1/10

N= 1. x = −2.33231 −0.941056 0.273369 1.27639 1.72361
N= 3. x = −2.48561 −1.04282 0.232139 1.29629 2.
N= 5. x = −2.63167 −1.13638 0.201333 1.34651 2.22021
N= 7. x = −2.77131 −1.22319 0.17761 1.4046 2.4123
N= 9. x = −2.90523 −1.30439 0.158835 1.46478 2.586
N= 11. x = −3.034 −1.38085 0.143627 1.52497 2.74626
N= 13. x = −3.15814 −1.45327 0.131067 1.5843 2.89603
N= 15. x = −3.27806 −1.52218 0.120522 1.64242 3.0373
N= 17. x = −3.39415 −1.58804 0.111546 1.69918 3.17146
N= 19. x = −3.50674 −1.6512 0.103813 1.75457 3.29955
N= 21. x = −3.61609 −1.71196 0.0970826 1.8086 3.42237
N= 23. x = −3.72247 −1.77057 0.091172 1.86131 3.54056
N= 25. x = −3.82609 −1.82724 0.08594 1.91277 3.65461
N= 27. x = −3.92714 −1.88214 0.0812762 1.96304 3.76497
N= 29. x = −4.0258 −1.93544 0.0770928 2.01218 3.87197
N= 31. x = −4.12224 −1.98726 0.0733192 2.06026 3.97592

b = 1

N= 1. x = −3.88897 −0.874754 1.76372 1.5 − 1.32288i 1.5 + 1.32288i
N= 3. x = −4.68178 −1.57434 1. 2. 3.25612
N= 5. x = −5.39489 −2.12642 0.560557 2.52299 4.43776
N= 7. x = −6.04347 −2.57469 0.399957 2.90122 5.31699
N= 9. x = −6.63991 −2.95589 0.312755 3.22922 6.05382
N= 11. x = −7.19373 −3.29137 0.257403 3.52515 6.70255
N= 13. x = −7.7122 −3.59382 0.218965 3.79751 7.28954
N= 15. x = −8.20088 −3.87118 0.190647 4.05139 7.83003
N= 17. x = −8.66411 −4.12876 0.168885 4.29019 8.3338
N= 19. x = −9.10531 −4.37026 0.151622 4.51638 8.80757
N= 21. x = −9.52723 −4.59838 0.137585 4.73179 9.25624
N= 23. x = −9.93211 −4.81513 0.125943 4.93783 9.68347
N= 25. x = −10.3218 −5.02209 0.116128 5.13564 10.0921
N= 27. x = −10.6978 −5.22048 0.107739 5.32615 10.4844
N= 29. x = −11.0615 −5.41131 0.100486 5.5101 10.8623
N= 31. x = −11.414 −5.59539 0.0941509 5.68813 11.2271

b = 5

N= 1. x = −7.06827 −0.861037 4.92931 1.5 − 3.1225i 1.5 + 3.1225i
N= 3. x = −9.12978 −2.89737 2. 2.36969 7.65747
N= 5. x = −10.9342 −4.40461 0.68878 4.75043 9.89959
N= 7. x = −12.5362 −5.51294 0.45526 5.84134 11.7526
N= 9. x = −13.9825 −6.41459 0.344015 6.69765 13.3554
N= 11. x = −15.3071 −7.19146 0.27765 7.43516 14.7857
N= 13. x = −16.5344 −7.88402 0.233208 8.09639 16.0888
N= 15. x = −17.6821 −8.51511 0.201238 8.70266 17.2933
N= 17. x = −18.7633 −9.09894 0.177082 9.26654 18.4186
N= 19. x = −19.7881 −9.64497 0.158161 9.7963 19.4786
N= 21. x = −20.7641 −10.1599 0.142927 10.2977 20.4833
N= 23. x = −21.6976 −10.6486 0.130391 10.7751 21.4407
N= 25. x = −22.5936 −11.1147 0.119891 11.2316 22.3569
N= 27. x = −23.4562 −11.5614 0.110964 11.6699 23.2367
N= 29. x = −24.2888 −11.9907 0.103281 12.092 24.0842
N= 31. x = −25.0943 −12.4047 0.0965976 12.4997 24.9027
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b = 10

N= 1. x = −9.49571 −0.859116 7.35482 1.5 − 4.4441i 1.5 + 4.4441i
N= 3. x = −12.5237 −3.93691 2. 3.41554 11.045
N= 5. x = −15.1536 −6.18624 0.709576 6.52082 14.1094
N= 7. x = −17.4718 −7.78036 0.463418 8.108 16.6808
N= 9. x = −19.5539 −9.06292 0.348415 9.34695 18.9215
N= 11. x = −21.454 −10.1636 0.280425 10.4085 20.9287
N= 13. x = −23.2101 −11.1433 0.235128 11.3568 22.7615
N= 15. x = −24.8492 −12.0355 0.202649 12.224 24.4581
N= 17. x = −26.3911 −12.8607 0.178165 13.0291 26.0446
N= 19. x = −27.8509 −13.6324 0.15902 13.7844 27.5399
N= 21. x = −29.2401 −14.3602 0.143625 14.4986 28.9581
N= 23. x = −30.5679 −15.0509 0.13097 15.1778 30.3099
N= 25. x = −31.8416 −15.7098 0.120378 15.8271 31.6039
N= 27. x = −33.0671 −16.3411 0.111381 16.45 32.8469
N= 29. x = −34.2497 −16.9481 0.103642 17.0497 34.0444
N= 31. x = −35.3933 −17.5334 0.0969125 17.6287 35.2011

b = 20

N= 1. x = −12.9446 −0.858136 10.8028 1.5 − 6.30476i 1.5 + 6.30476i
N= 3. x = −17.3456 −5.42331 2. 4.90515 15.8637
N= 5. x = −21.1458 −8.73507 0.720469 9.06352 20.0969
N= 7. x = −24.4773 −11.0107 0.467621 11.3378 23.6825
N= 9. x = −27.4579 −12.8278 0.350662 13.1123 26.8227
N= 11. x = −30.1708 −14.3837 0.281836 14.6292 29.6435
N= 13. x = −32.6736 −15.7676 0.236101 15.9816 32.2235
N= 15. x = −35.0066 −17.0276 0.203363 17.2166 34.6143
N= 17. x = −37.1992 −18.1931 0.178712 18.3619 36.8517
N= 19. x = −39.2734 −19.2831 0.159452 19.4354 38.9616
N= 21. x = −41.2461 −20.3111 0.143977 20.4498 40.9634
N= 23. x = −43.1307 −21.2869 0.131261 21.4141 42.8722
N= 25. x = −44.9378 −22.218 0.120624 22.3354 44.6997
N= 27. x = −46.6762 −23.1101 0.111591 23.2192 46.4555
N= 29. x = −48.353 −23.9678 0.103823 24.0696 48.1474
N= 31. x = −49.9743 −24.795 0.0970707 24.8904 49.7818

13.8 Conclusions

The explicit form of the helicity operator for a symmetric 2nd-rank tensor describing the spin
2 particle is specified in cylindrical coordinates. After separating the variables, the system of
ten differential 1st-order equations is derived. It is split into two independent subsystems
of four and six equations. The system of four equations is solved straightforwardly in terms
of confluent hypergeometric functions, there are corresponding eigenvalues and eigenfunc-
tions. A subsystem of six equations can be reduced to one ordinary differential equation of
the 4th-order. Corresponding 4th-order operators are factorised into permutable 2nd-order
operators, so the problem reduces to solving two differential equations of the 2nd-order.
Their solutions are constructed in terms of Bessel functions. This analysis is extended to
the presence of an external uniform magnetic field, when solutions are constructed in terms
of confluent hypergeometric functions.
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