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Foreword

The book is devoted to investigating the particles with spins in external fields and non-
Euclidean space-time backgrounds. The key problems are:

Extended Cox scalar particle in the external magnetic field in the spaces of constant
curvature: Euclid, Riemann, Lobachevsky; the Cox particle in the Coulomb field; the tun-
nelling effect through the Schwarzschild barrier for a spin 1/2 particle; electromagnetic field
in Schwarzschild space-time, matrix Duffin — Kemmer and Majorana — Oppenheimer ap-
proaches; the spin zero particle with polarisability in the Coulomb field; the Dirac particle
in the Coulomb field on the background of hyperbolic Lobachevsky and spherical Riemann
models; particles with spin 1 in the Coulomb field; geometrical modelling of the media in
Maxwell electrodynamics; P-asymmetric equation for a spin 1/2 particle in external fields;
fermion with two mass parameters in the Coulomb field; the theory of a fermion with three
mass parameters and the geometric modelling of the neutrino oscillations. In the book
there will be presented a number of exact solutions for new problems in electrodynamics, in
quantum-mechanics of particles with different spins in presence of external electromagnetic
fields and curved space-time background. The book will provide the readers with many
technical tools for treating the physical problems and a number of new physical ideas.

The book may be interesting for researchers; it may well serve as a pedagogical tool for
either self study or in courses at both the undergraduate and graduate levels. Bibliographies
complete many chapters, and an index covers the entire book.

ix
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Preface

The book is devoted to investigating the particles with spins in external fields and non-
Euclidean space-time backgrounds.

Chapter 1. An extended Cox scalar particle in the external uniform magnetic field on the
background of the Lobachevsky space. Generalised Schrodinger equation for a scalar Cox
particle is studied in the presence of a magnetic field on the background of a 3-dimensional
Lobachevsky space. Separation of the variables is performed. An equation describing motion
along the axis z turns out to be much more complicated than that when describing the Cox
particle in Minkowski space. The form of the effective potential curve says that we have
a quantum-mechanical problem of tunnelling type. The derived equation has six regular
singular points. To the physical domains z = 400, there correspond the singular points
0 and 1 of the derived equation. Solution of the equation are constructed with the help
of power series. Convergence of the series is examined by Poincaré—Perron method. These
series are convergent in the whole physical domain z belongs (—o0, +00). Visualisation of
constructed solutions and numerical study of the tunnelling effect are performed.

Chapter 2. An extended Cox scalar particle in the external uniform magnetic field on
the background of the spherical Riemann space. Generalised Schrédinger equation for a
spin zero particle with intrinsic structure by Darwin—Cox is studied in the presence of a
magnetic field on the background of 3-dimensional spherical Riemann space. The separation
of the variables is done. An equation describing the motion of the particle along the axis z
is studied. The form of the effective potential indicates that we have a quantum-mechanical
problem with the complicated box-type potential. Frobenius solutions of the equation are
constructed. The convergence of the relevant series is proved by Poincaré—Perron method.
These series are convergent in the all physical domain of the variable z, which belongs
to [—m/2,+7/2]. Due to the compactness of the spherical space, the existence of discrete
energy levels is assumed; however, any exact quantization rule is not known. An approximate
method for producing the discrete spectrum for energy is developed, it is based on the use of
polynomials instead of power series involved in exact Frobenius solutions. Numerical study
and visualisation of constructed solutions are performed.

Chapter 3. Quantum-mechanical scalar particle with the Cox structure in the Coulomb
field. Generalised Klein—Fock—Gordon equation for a scalar particle with the Darwin—Cox
structure, which takes into account the distribution of the electric charge of the particle
inside a finite spherical region is studied in the presence of the external Coulomb field.
There are constructed exact Frobenius-type solutions of the derived equations, and the
convergence of the relevant power series with 8-term recurrent relations is studied. As the
analytical quantization rule takes so-called transcendency conditions. It provides us with
a 4th-order algebraic equation with respect to energy values, which has four sets of roots.
One set of roots, 0 < E,; < 1, depending on the angular momentum j = 0,1, 2, ... and the
main quantum number n = 0,1, 2, ..., may be interpreted as corresponding to some bound
states of the particle in the Coulomb field. In the same manner, a generalised nonrelativistic
Schrodinger equation for such a particle is studied, and the final results are similar.

Chapter 4. The tunnelling effect through the Schwarzschild barrier for a spin 1/2 par-
ticle. For massless Dirac particle, the general mathematical and numerical study of the

xi
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tunnelling process through the effective potential barrier generated by Schwarzschild black
hole geometry is done. The study will be based on the use of eight Frobenius solutions
of related 2nd-order differential equations with nonregular singularities of rank 2. We con-
struct these solutions in explicit form and prove that the power series involved in them are
converged in all physical regions of the physical region of the variable r, which belongs to
(1,4+00). Results for the tunnelling effect significantly differ for two situations: one when the
particle falls on the barrier from within and another when the particle falls from outside.
The mathematical structure of the derived asymptotic relations is exact; however, analyt-
ical expressions for involved convergent powers series are not known, and further study
is based on numerical summing of the series. The calculations are implemented using the
Mathematica system.

Chapter 5. On Maxwell equations in Schwarzschild space-time. It is shown that the
generally covariant extended method of Riemann-Silberstein-Majorana—Oppenheimer in
electrodynamics, specified in Schwarzschild metrics, after separating the variables provides
us with the possibility to reduce the problem to a differential equation similar to that arising
in the case of a scalar field in the Schwarzschild space-time. This differential equation is
recognised as a confluent Heun equation. We have considered the electromagnetic field on the
basis of the 10-dimensional Duffin-Kemmer approach, when in addition to six components
of the strength tensor one uses four components of an electromagnetic potential. After the
separation of the variable, we have arrived at a system of ten radial equations, which were
simplified by the use of additional constraints followed by an eigenvalue equation for spatial
parity operator [I¥ = PV; the radial system has been divided into two subsystems of four
and six equations, respectively. In this second approach, the problem of electromagnetic
field has been reduced to the confluent Hein differential equation as well. In particular,
we have shown explicitly how solutions found in complex form are embedded into matrix
10-dimensional formalism; besides, we determine radial functions that are responsible for
gauge degrees of freedom.

Chapter 6. Quantum mechanical spin-zero particles with polarisability in the Coulomb
field, analytical, and numerical consideration. Methods for solving the differential equation
describing the wave functions of a polarisable particle in the Coulomb potential are dis-
cussed. Relations between the coefficients under which the general solutions of this equation
can be found in analytical form are detailed. For the case of zero polarisability, the general
solution to this equation in terms of special functions is obtained; for the first values of
the parameter j, plots of the corresponding solutions are presented. For nonzero polarisabil-
ity and certain specially chosen values of the parameters, solutions possessing the required
physical properties are constructed with the use of numerical methods and functional ob-
jects of the type Differential Root. Instructions in Mathematica are presented which permit
to apply elaborated methods in studying other problems in physics and mathematics.

Chapter 7. Dirac particle in the Coulomb field on the background of hyperbolic
Lobachevsky and spherical Riemann models. The known systems of radial equations de-
scribing relativistic hydrogen atom on the basis of Dirac equation in spherical Riemann
spaces are investigated. The relevant 2nd-order differential equations have six regular sin-
gular points, there solutions of Frobenius type are constructed. To produce the quantisation
rule for energy values, we use the known condition separating transcendental Frobenius so-
lutions. This provides us with energy spectra which are physically interpretable and similar
to those arising from the scalar Klein—Fock—Gordon equation in these geometrical models.
The spectra coincide with those previously found when studying the same radial equations
within the semi-classical method. The convergence of the series involved is proved analyt-
ically and numerically. The squared integrability of solutions is demonstrated numerically.
Visualisation of the results is given.
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Chapter 8. Particles with spin 1 in the Coulomb field, exact wave functions, and the
energy spectra. We have studied the system of six equations which describe the quantum
states of a spin 1 particle with parity P = (—1)7 in an external Coulomb field. It is shown
that, due to the Lorentz condition, one of the radial functions must be equal to zero. Any
of the five remaining functions may be taken as a primary one. For such a primary func-
tion, we derive two different 2nd-order differential equations. Their Frobenius solutions are
constructed, and the convergence of the involved power series is studied. As a quantisation
rule, we apply so called transcendency condition to Frobenius solutions. In this way, for
both equations, we have found different reasonable, from physical point of view, energy
spectra.

Chapter 9. Geometrical modelling of the media in Maxwell electrodynamics. It is known
that vacuum Maxwell equations are being considered in the background of any pseudo-
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but
specified in some effective medium, which constitutive relations are determined by metric of
curved space-time. In that context, we will consider space-time models with event horizon.
All of them have a metric of one the same structure, we restrict ourselves to spherically
symmetric case, and consider the de Sitter, anti de Sitter, and Schwarzschild models. Also
we will study hyperbolic Lobachevsky and spherical Riemann models, parameterised coor-
dinates with spherical and cylindric symmetry. We will construct these solutions explicitly,
applying Maxwell equations in spinor form.

Chapter 10. The P-asymmetric equation for a spin 1 particle in external fields. Within
the theory of relativistic wave equations with extended sets of Lorentz group representations,
a new P-noninvariant 20-component wave equation for the spin 1/2 particle is proposed.
The presence of an external electromagnetic field and a Riemannian space-time background
have been taken into account. Due to internal structure of the particle, additional interaction
terms appear, it relates to anomalous magnetic moment of the particle. Exact solutions of
the equation in presence of the external Coulomb field have been constructed, radial wave
functions are expressed in terms of confluent Heun functions.

Chapter 11. Fermion with two mass parameters in the Coulomb field, relativistic and
non-relativistic theories. Generalised wave equation for a spin 1/2 particle with two mass
parameters is studied in the presence of an external Coulomb field. After separating the
variables the problem reduces the system eight differential equations of the 1st-order. Taking
into account the diagonalisation of the space reflection operator, we derive two independent
systems of four equations, referring to states of opposite parity. When considering these
equations on a large distance from the centre, they take the form of two subsystems for two
ordinary Dirac particles in an external Coulomb field, with masses of M; and My, respec-
tively. To simplify the problem, we perform a transition to the nonrelativistic description
of the system. In this way, we derive two systems of linked 2nd-order equations, referring
to states with different parities. They lead to 4th-order differential equations for separate
functions. Their solutions of the Frobenius type have been constructed; they involve power
series with 10-term recurrent relations. Two solutions are appropriate to describe bound
states. As a quantisation rule, we apply the known transcendency condition; in this way,
we derive two analytical formulas for energy spectra. They are similar to nonrelativistic
spectra for ordinary spin 1/2 particles, but are governed by masses M; and Ms. Results on
constructing solutions end obtaining the energy spectra are extendable to relativistic theory
as well.

Chapter 12. On modelling neutrinos oscillations by geometry methods in the frames of
the theory for a fermion with three mass parameters. In this chapter, starting from the
general Gel’fand—Yaglom approach a new wave equation for spin 1/2 fermion, which is
characterised by three mass parameters, is derived. On the basis of the 20-component wave
function, three auxiliary bispinors are introduced. In absence of an external field, these
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bispinors obey three separate Dirac-like equations with different masses M7, Ms, and Mj.
It is shown that in the presence of external fields, electromagnetic fields, or gravitational
non-Euclidean backgrounds with non-vanishing Ricci scalar curvature, the main equation
is not split into separated equations; instead, a quite definite mixing of three Dirac-like
equations arises. It is shown that a generalised equation for a Majorana particle with three
mass parameters exists as well; such a generalised Majorana equation is not split into three
separate equations in a curved background if the Ricci scalar of the space-time model does
not vanish.

Chapter 13. The eigenvalue problem for the helicity operator for a spin 2 particle in the
presence of an external magnetic field. The explicit form of the helicity operator for a sym-
metric 2nd-rank tensor describing the spin 2 particle is specified in cylindrical coordinates.
After separating the variables the system of 10 differential 1st-order equations is derived. It
is split into two independent subsystems of four and six equations. The system of four equa-
tions is solved straightforwardly in terms of confluent hypergeometric functions; there are
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be reduced
to one ordinary differential equation of the 4th-order. The corresponding 4th-order operator
is factorised into permutable 2nd-order operators, so the problem reduces to solving two
differential equations of the 2nd-order. Their solutions are constructed in terms of Bessel
functions. This analysis is extended to the presence of an external uniform magnetic field
when solutions are constructed in terms of confluent hypergeometric functions.
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1

Cox scalar particle in the magnetic
field in the Lobachevsky space

Generalised Schrédinger equation for scalar Cox particle is studied in presence of
magnetic field on the background of 3-dimensional Lobachevsky space. Separation
of the variables is performed. An equation describing motion along the axis z turns
out to be much more complicated than that when describing the Cox particle in
Minkowski space.

The form of the effective potential curve says that we have a quantum-mechanical
problem of tunnelling type. The derived equation has six regular singular points. To
physical domains z = +o0, there correspond the singular points 0 and 1 of the
derived equation. Solution of the equation are constructed with the help of power
series. Convergence of the series is examined by Poincaré-Perron method. These
series are convergent in the whole physical domain z € (—oo, +00). Visualisation of
constructed solutions and numerical study of the tunnelling effect are performed.

The chapter is based on [1-14].

1.1 Introduction

In the frames of the theory of generalised relativistic wave equations, a special model for
scalar particles was proposed by Cox [1]. Updated treatment of this theory has been seen
in a recent book [2]. Such wave equations, being constructed on the basis of extended sets
of representations of the Lorentz group, in the presence of external electromagnetic fields,
describe after excluding additional components particles which interact non-minimally and
in various ways with the electromagnetic field through electromagnetic tensor. Such addi-
tional interaction terms are referred to intrinsic electromagnetic structure of the particle.
In particular, the Cox electromagnetic structure may be associated with the Darvin inter-
action term in nonrelativistic Schrédinger equation, this additional interaction is related to
the non-point-like distribution of the electric charge in the finite volume inside the particle
(see, for instance, in the book [3]. In recent papers [4,5], the behaviour of such a particle
in external magnetic and electric fields, and in spaces with non-Euclidean geometry was
studied. In particular, a generalised Schréodinger wave equation for the Cox particle was
derived.

In this chapter we examine the Cox particle in external magnetic field on the background
of 3-dimensional Lobachevsky space. Influence of the curved space model becomes very
significant at large distances. The problem reduces to a rather complex system of differential
equations in two variables. The main attention is paid to studying the equation describing
the motion of the particle along the axis z. Here we are to examine the quantum tunnelling
effect through an effective barrier.
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2 Cox scalar particle in the magnetic field in the Lobachevsky space

In the special system of cylindric coordinates in the Lobachevsky space, analogue of the
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates):

dS? = Pdt? — ch®z(dr? + sh®rd¢?) + d2?,
vV—g = p° shr ch?z, Ay = —Bp?*(chr — 1), F.y =—Bpshr,
B .
By =-Bpshr, B®*=-————  B;B'=B%h "z (1.1)
pshrch™z
We start with the known form of the generalised Schrodinger equation for a Cox scalar
particle

DW—#[BB + Dy~ Do+ DDy @
t = oM 1D1 2 42, D2 3D3 |V,

where B
Dy = ihd,, Ds=ihdy+ —-Bp*(chr —1), Dj=ihd,,
C

o e ° sh z
=i —Bp*(chr—1 =i 2~
Do=ihdy + -Bp (chr—1), Ds=ih(d,+ o Z),

chr

5)7
. 1
D= T g,

- 1

D= e e,

1*)32 (Dg +12RB3 334173) — ind.,.

1+4+TI2B2ch™ %z

Below we use notations Bp?/he = bt, [Bch™ 2z = (z). With the use of the relations

10)1: ih(0 +

I'Bch™22

[mar - (ihdy + Esz(ch r— 1))} :

[(ih@ 4+ Bp?(chr — 1)) + ihT'Beh 2z sh rar} ,
C

1 o 5 D= — h2ch™2z
2Mp? 7MY T M (14 2 (2)
o  chr chr—1. (2 )
% (8T + (sh r +av(2)b sh r )0 sh r 0:0 + W(Z)b)’
1 B 22 ﬁ _ h2ch™2z
2Mp? 29 T M (14 42(2))
1 _ _ 1
x| [0 — ib(eh r = D £ 9(2)Dp —iblch r —1)] 50 ).
1 0 g4 % h? sh z
- 4= ———— (0, + 2—2)0..
oai2 D39 Ds= ~gyps(0-+257)

and of the substitution for wave function

E

_ _—iEt/h im¢ _ .
U=e / e Z(Z)R(T), € = W’ (12)
we derive the following equation (by physical reason we make the change v = i)
ch™2z chr [m—b(chr—1)2
— (0 + ——0, — b
[1 —~2(2) ( P sh2r + *y(z))
sh z
= U. 1.
et (0. + 25 0)0: | R(r)Z(2) = 0 (1.3)
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After separation of the variables we arrive at two equations (note that v = BT)

d> chrd _ [m—b(chr— 1)]?
— A = 1.4
(dr2 T shrdr sh?r + )R 0, (1.4)
d? shz d by — A ch®z
— —— | Z =0. 1.
(7 2mem et ch4z_72) 0 (15)

1.2 The usual scalar particle in Lobachevsky space

First, let us consider the motion of the usual scalar free particle in Lobachevsky space along
the axes z:
2

d
(5 +e—1-U()f(z) =0,
—, U(z = £o0) =40. (1.6)
This is a Schrodinger-type equation in the effective (generated by geometry) potential of

the barrier type, so there exists the possibility of the tunnelling effect.
First, we use the most simple variable Z:

d d 2 d d
h22=27, — =2shzchz—, — =—2shzchz—
=2 L TNERT u2 T 2V
d? d d? d
= 4sh?z ch?z—— + 2(ch?z + sh?z =4Z(Z - 1)— +2(2Z -1
sh™zeh”z 77 + 2(ch™z +sb72) 7 (Z =157+ 2 )iz’
so the above equation takes the form
d? 1.d e—1 A/
Z(Z V) + (2= J) 7+ - ?}f(Z) =0. (1.7)

This is an equation of the hypergeometric type. With the use of the substitution f(Z) =
Z%(Z — 1) F(Z), we derive

1\ dF
A (2a+2b+1)Z -2 —7)—
(Z a+2b+ a 17
e—1 2 1b6(2b—1) 1 —4a®>+2a—A
— —_ F:
HE e 3T 4y Z )
At the following restrictions
1 ; 1
:4:2\/4/\—17 b=0, 3 (1.8)
it is simplified to the canonical form
d*F 1 dF e—1 9
Z(1-2) (2 +§—(2a+2b+1)Z) dZ_<T (a+b) )F 0
with parameters
) . 1
a:a—i—b—l—%\/e—l, Bza—l—b—%\/e—L 722@—1—5; (1.9)

below for brevity we use the notation v/4A — 1 = A.
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First, let us consider a pair of complex conjugate solutions

14 .
bZO, a = 4 9 fl(Z):Zul(Z)
:Z(1+Z/\)/4F(l+l)\ +i\/6—1, 1+'L)\ . Z\/€—1’1+Q’Z)’
4 2 4 2 2 (1.10)
1—3A '
b=0, a=—7, 1(2) = Z%s5(2)

lfi)\Jri\/efl?lfi)\ii\/efl 17Q;Z);

_ s(1—iN)/4
z F 4 2 4 2 ’ 2

symbol u; represents different Kummer solutions for hypergeometric equation.

Obviously, when using the variable Z, one can construct only solutions which are sym-
metrical relative to replacement z — —z. By evident procedure, from two conjugate solu-
tions, we can construct two independent real-valued ones.

Solutions (1.10) have simple asymptotic behaviour near the singular point Z = 0:

f1(Z =0) = ZA+iN/4 f(Z=0) = ZA-iN/4.

however, the point Z = 0 lies outside the physical region of the variable, Z € (1,+00).
The limit Z — 400 corresponds to different physical infinities z — 4o00; besides the region
Z € (—o00,+1) does not lie in the physical domain of the coordinate Z.

To find behaviour of the solutions at Z — +o00, we apply the known Kummer formula

_T@IT(E-a)  TE)a-p)
U TG —arB) " T T - AT " (D)
where the standard notations are used
ui(Z) = F(a, 8,7 Z)

1 A ie—1 1 A iWe—1 A
o=+ —+ ) 6:7—’—7_ ’ ’Y:l—f—
4 4 2 4 4 2

us(2) = (~2)“Flaya+1-,a+1- 6 ),

(1.12)

w(Z) = (~Z2) F(B, A+ 17,5 +1—a,>).

Z
In the region Z — oo, formula (1.11) takes the form
u = LOL(B—0) o TOI(@—B) s
G —ar) T G e T

Multiplying the last relation by Z¢, we find asymptotic behaviour of the complete function
f1(Z) at infinity

00 :M_ a—a M_ a—p
fi# =) Fh—@ﬂm(z) +FW—@H®(Z) :
or differently
r

(’Y)F(B —a) o\ —ine—1/2
G —ar(e) 2
I'(y)I(a—B) _ _ o\Fine—1/2
+ﬂ73ﬁiﬁ(@(z) . (1.13)

fi(Z = o0) =
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The formula (1.13), translated to the original variable z € (—o0, +00), looks as follows:

1
z — +00, Z—)Ze%, e—1=k,
T F 2z+m T T 2z41im )
fi(z = +o0) = (LB a)( )2 4 7L (a 5)(6 )Fik/2
Lly—a)l(B)" 4 eI
(F( )F(B +7rk/2 ik1n?2 e —ikz
Ly - )F(
()T (« ) —mk/2,—ikIn2 ,+ik
T 1k In 1kz, 1.14
+(vt3 — Ee)” Jer (1
1
z——00, Z— 16722,
—2z+4im —2z+im
fi(z = —o0) = ()T — a)(e + )—ik/Q + F()T(a—B) e + )+ik/2
F(y—a)l(B)" 4 Ly =B)(e)" 4
_ (F(V)F(a - B) e—nk/Qe—ikIHQ)e—ikz
I'(y - B)I(a)
L(T(B - ) +7k/2 ikIn2\ +ik
— ™" e E 1.15
(vt —are ™) (119)
At both infinities z — 400, we have superpositions of the plane waves:
fl(z N —|—OO) :Ae+ﬂ'k/2€ikln2 e—ikz —|—B€_ﬂk/26_ikln2€+ikz,
fik(z N +OO) _ B*ef‘n'k/2e+ikln2efikz +A*e+wk/267ikln2 e+ikz; (116)
23y —00) = Befwk/Qefikan efikz +A6+7rk:/26ik:1n2e+ikz,
ful ) (1.17)

fiz = —o0) =

A*e+wk/2e—zk In Qe—zkz + B*e—wk/26+1k In2 e—sz ]

Let us detail the behaviour of the functions f; and f; at z — 400, schematically it is

fi(z = 400) = Me % 4 Net™ | f*(z — 400) = N*e k= 4 Mretth=,
Let us introduce a linear combination of them, so that
1 1 ., N  M* L.
F(z) = (Mfl(Z) — ﬁfl (z))z_wr(><> = (M e ) +ikz (1.18)
However, at negative infinity 2 — —oo we have for the main terms in asymptotic only the
following:
fi(z)  fi(2)
F(Z) = ( M - N* )z—)—oo
_ NeJrilcz 4 Mefikz N*efikz + M*eJrikz
B M N*
N M .
(M N —)ethE L (1 -1+ ..)e %,

which means that the function F'(z) does not lead to description of the tunnelling effect

through the barrier.
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Initial equation (1.6) can also be investigated with the use of the other variable, x =
cosh z:

d d d? d
% :SinhZ%, @ :SinhZ% SinhZ%
d? d d? d
— sinh? 2z — hz— = (22— 1)— —;
sinh® 2= + cos S (x )de +xdac ;
the basic equation takes on the form'
d? x d e—1 A
— — — =0.
(dx2 + (z2—-1) d:r+ (2 -1) x2(x2—1))f

It can be transformed to

d2f+< /2, 1/2 )Q

dx? r+1 x—1/dx
A (A—e+1)/2 (A*€+1)/2)
— — =0; 1.19
+(x2 + z+1 z—1 f ' ( )
here we have four singular points z = —1, 0, 1, oo; they all are regular, so we have the

general Heun equation [7], [8].
First, let us find the behaviour of its solutions in the neighbourhood of the singular point
x = 0 (this point lies outside the physical region of the variable):

> d A A
o7 Tt ) =0 I=et

1+iv4A -1

x— 0, (

AA-1)+A=0, A= 5 (1.20)
In the neighbourhood of the points x = —1 and x = +1, solutions behave as
1
.T-)-l, f:(l‘—Fl)p, p:())*;
2 (1.21)
x—+1, f=(x-1)7, 020,5.

The behaviour of solutions in the neighbourhood of the point * — oo (z — £00) is of
the most interest. We make the change of variable

1 d dX d d d2 d2 d
2 dr T dwdX IX'  da? axz TN g
d? 2 d 1 1 1 d
——+ == —=( + )<
dX? ' XdX 2'X(1+X) ' X(1-X)'dX
A (A—e+1) 1
Hm- =0 (1.22)

Near the point X = 0, the equation and its solutions have the form

d? 1 d e—1 +ive—T Tive—T
X0 (Tt xax + 3o ) =0 FR X T (1.23)

IThe structure of this equation implies the possibility to use the variable 2 = u; so the power series
below will have 2-term recurrent formulas.
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With the use of notation

A—
76—’—12117
2
eq. (1.22) can be rewritten shorter as
d? 1 1/2 1/2 . d e-1 L L
= el — =0: 1.24
(dX2 (X X -1 1+X)dX X2 +X—1 X+1)f ’ ( )

recall that
z € (—00,4+00), z€(l,40), X e€(0,1).

Let us construct Frobenius solutions in the neighbourhood of x = oo (X = 0):
F(X) = XA F(X);
allowing for

d2

ezl = AA- DXA2E 4 2AXATVE 4 XAF"

d
—f=AXA T F + XAF,
dX

we derive an equation for F'(X):

24 1 1/2 1/2
1/ = 7 = = /
P (Tt xog X+1)F
A(A-1) A AJ2 A/2 e—1 L L B
( X2 +ﬁ+X(X—1)+X(X+1)+X2+X—17X+1)F70'

The condition
A2 +e—-1=0, A=+ive—-1

removes terms with X2 and we get

F,,+(2A+1 1/2 1/2 )F, (L+A/2_L+A/2

F—0. 1.2
X "Tx-1tx11 X1 X+1) 0 (1.25)

For brevity below we use notation K = L + A/2; so eq. (1.25) is written as
1 1
X(X?-1DF"+ (X2 -1)2A+1)F' + S X (X + DF + S X (X = DF

+KX(X+1)F-KX(X-1)F=0;

its solutions may be constructed in the form of a power series:

oo o0 oo
F=>c, X", F'=> ne,X""', F'=> n(n-1)c, X" 2.
n=0 n=1 n=2
In usual way, we derive
oo oo
Z(n —1)(n—-2)cp_12" — Z(n + Dnepp12”
n=3 n=1
oo oo oo

+(24+1) Z(n —1epogz™ — (244 1) Z(n + Deprr1z™ Y (n—1)cp—12”

n=2 n=0 n=2
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[ee]
+2K Z Cp_1x”™ = 0;
n=1
so we get recurrent relations for coefficients:
n=0, —(24+1)c; =0, c1=0;
n=1, —2-62+2K00—2(2A+1)62=0;
n=2, —6c3+(2A+1)c1 —32A+1)cs+c1+2Ke; =0 = ¢3=0;
n =3, 2¢9 —12¢4 + 2(2A 4+ 1)ca — 4(2A+ 1)cg + 2¢2 + 2K o = 0.
Therefore, the main 2-term recurrent formula is
[(m=1D(n—-2)+2A+1)n—=1)+(n—1) 4+ 2K]cp—1
+[-nn+1)— (2A+1)(n+1)]ch41 =0. (1.26)

We investigate the convergence of this series by using the Poincaré—Perron method. To
do this, we divide relation (1.26) by ¢,,_1:

[(n—1)(n—2)+ 24+ 1)(n— 1)+ (n — 1) + 2K]

Cn4+1 Cn

H=n(n+1) — 24+ 1)(n +1)] =0.

Cn Cp—1
The radius of convergence R of the power series is determined by the formula
R=lim P R =
- ’ conv M
| R

n—oo Ck

To find an algebraic equation for R, the resulting equation is multiplied by n~2 and let n
tend to infinity, n — oco. This results in a simple algebraic equation

1-R’=0 = R=+41 = Repno=1. (1.27)
Therefore, the series converges in the entire physical area of the variable:

1
2 € (=00, 400), x=coshz € (1,+00), X=-¢€(0,1).
T

Obviously, the power series contains only even degrees
X%, X

Let us try to use yet another variable

i d? A
./L':Slnhz7 (@—'—6_1—@)][(2’) —0, (128)

equation is transformed into

d? d A
1 H— — —-1- 7> =0.
(( +x)d;v2+xdm+€ 14+ 22 !
We introduce a new variable
_1—ux 1—2y d i d

1+ 22 =4y(1 — — =
5 o e =dloy), = e as (1.29)

z — 400, x — 4100 ; Z — —00, & — —100 ;

yi
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then above equation takes the form
d? /2 1/2\d  e—1 e—1
o (s )2 oL
dy y—1  y/dy y—-1 Yy
A/4 A4 AJ2 n A2
(=172 v y-1 'y
The singular points y = 0 and y = 1 are regular; they lie outside the physical domain of
the variable. Near the point y = 0, the equation and its solutions have the form:

(F Ll 4T T
dy?  2ydy = 4y? 4 '

_|_

]f =0. (1.30)

y—0, Jr=0, =yt A=

Near the point y = 1, the equation and its solutions have the form
d? 1 d n A
dy?  2(1—y)dy 41—

Let us investigate the behaviour of solutions in the vicinity of the point ¥y = oco. In the
variable Y = y !, the equation takes the form

d>f 1 1/2 \ df e—1 €e—1 1 A e—1
dy? (? Y—1)dT/ (_}/—1Jr Y2 +Z(yf1)2+ Y

1+iv4A -1
—

yo1 ) =0, f =) B=

)f:O. (1.31)

In the neighbourhood of Y = 0, the equation takes the form

d? 1 d e—1
Y0 (gptyayt oy

JF=0, f¥)~YEYEL

the point y = oo is regular.
Evidently, the equation with three regular singular points must be reduced to the hy-
pergeometric functions. With the use of the substitution

fly) =y (1—y)"F(y) (1.32)
we get
294 2B 12 1/2
F// - == = -~ F/
+(y 1—y+(y—1+ Y ))
A(A-1)  24B N B? (1/2 +%>(éi B)
y? y(l-y) (1-y? \y-1 y/\y 1-y
-1 —1 A/4 A/4 A/2 A/2 B
peml el AR A4 AR A2 ;|F=0.
y—=1 vy w-1* ¥ y-1 y (I-y)
We choose the parameters A and B as follows:
A:ii%WLA—l, B:%ii\ﬁl/\—l

and thereby eliminate the quadratic terms:
2A+1/2 2B+1/2 2AB+ A/2+ B/2 —1-A/2
F,,+< +1/2 +/)F,+(_ +A/2+B/2 | e /):0_
y y—1 y(l—y) y(y —1)
This equation can be identified with the equation of hypergeometric type
y(1—y)F" +[(2A+1/2) — (2A+2B + 1)y| F’

—[2AB+ A/2+ B/2+e—1—AJ2]F =0
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with parameters

1
a:A+B+§\/4A2+4Bz—2A—2B+2A—4e+4,

1 1
b:A+B—5\/4A2+4B2—2A—23+2A—4e+47 c=24+ ;.

Expressions for parameters a, b can be written differently

a:A+B+\/A(A—;)+B(B—;)—(e—1)+g,

1 1 A
a=A+B—\/A(A—2)+B(B—2)—(e—1)+2.
Here exist four possibilities, and for each we find the expressions for the parameters

a, b, ¢ (using the notation A = +v/4A — 1, A > 0):

1 A 1 A
A=g+T B=i-7
1 1 A (1.33)
a:§+i\/€_l7b:§—i\/€_17 C:1+E7
Al D g1
14 4 4 ?A (1.34)
a=f+2\/e—1,bzf—i\/e—l,c:l—gg
A:1+E’ B:1+@’
4 4 4 4 1
1 i 1 i A (1.35)
a=—-+—+ive—1, b==-+——ive—1,c=1+ —;
2 2 2 2 2
1 A 1 A i\ (1.36)
a:§_§+\/1—€, b:§_§_\/1—67 C:1—§

Since only two linearly independent solutions can exist, we should choose two of them.
Let us take the first two. They correspond to complex conjugate solutions, so it is enough
to follow only one of them:

; i 1 —4sinhz
F(y) = y(1+1)\)/4(1 - y)(l )\)/4F(avb7 [6X y)v Y= f ’
1 1 ) (1.37)
a:§+i\/€—1, bzi—i\/ﬁ_l, C:1+5

This solution has the simple behaviour near the point lying in the nonphysical region:

1 —isinhz

y = 5 =0 = i=sinhz, F(y — 0) ~ y+N/4 0,
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To find solutions with simple behaviour at y — oo, we use other Kummer solutions of
the hypergeometric equation, depending on the argument

1 2 1
- z — +o0, - —=0.
y 1—isinhz Y
We use solutions usg and uy:
1

us(y) = (—y) *Fla,a+1—c,a+1—b; ;) ,
1
ug(y) = (—y)_bF(b,b—i— 1—c,b+1—a; ;) ,

which generate two complete solutions of the initial equation
, , 1
Fy(y) = y TV — )0V (—y) T F (a0 +1 = cla+ 1 b —)
J (1.38)

. . 1
Fy(y) =y VAL — )N ()P E(b b+ 1 — e, b+ 1 —a ma

At infinity % — 0, these solutions behave:

)

Fg(y) — y(1+i/\)/4(_y)(1—i/\)/4 (_y)—%—i\/e—l ~ y—i\/e—l ~ (1 — isinh Z)—i\/e—l

i —i —L1yie= ive— .. ive—
Fy(y) =yt ()N () matVerl o bVl o (1 — isinh z) PVerT

~Y
At infinities opposite in sign, z — 400 and z — —o0, solutions behave

F3(z — +o00) ~ e ™Verlz o Bz 5 —00) ~etiVETlz

b

Fy(z — +o0) ~et™Verlz 1 iz — —00) ~ e Ve lE

From the last asymptotic equations, we conclude that this variable is also hardly suitable
for analysing the tunnelling effect.

Finally, we apply the variable that is used as the standard one for the analysis of the
Schrodinger equation with the potential U ~ cosh™2 z. This is variable y = tanh z; note
that this variable distinguishes between the points z = +00 and z = —oo. Allowing for
identities J

d dyd 1 d d
dy’

P e
dz dz dy cosh2zdy ( y)

we transform the above equation to

y = tanh z,

d?f df le—1 1 —e+1
1—y)(1+y)—2 —2y— +( —A+ = - =0;
1=y +9)73 ydy+( 3y +1 2y—1)f 0
whence in the variable
m_l—y_l—tanhz
2 2
we get
d? d (e—1)/4 (e—1)/4
1—2)— 1-22)— — A =0. 1.
z( x)dx2+( x)dx + 1—2 + x }f 0 (1.39)

Using the substitution f(x) = 24(1 — )2 F(z), we arrive at

’F F
x(l—x)ill?—kpfl—i—l—(2A+23+2)x]§—x



12 Cox scalar particle in the magnetic field in the Lobachevsky space

14A24+e—1 14B%+e—1
(A+B)A+B+1)—A+- e }on.
+[(+)(++) +4 T 4 1—=z
At the following restrictions
A:j:%\/e—l, sz:%\/e—l, (1.40)

we get the equation of hypergeometric type
2

d*F dF
(1 —2)"s +[2A+1 - (2A+2B+2)a] T — [(A+ B)(A+ B+ 1)+ A]F =0

with parameters (for brevity, let A = /4A — 1)

1 A 1 A
=—+A+B+—, b==-+A+B— — =2A+1
a=5+A+B+ 2, S HATB -, e=24+1,
1 — tanh
f(z) =221 —2)BF(a,b,c;z), == % . (1.41)

We choose solutions with given behaviour in the z — 400 (z — 0) as a plane wave
moving to the right

A=—ive—1/2, B=+ive—1/2,
flo) =a V21— )PV 2R (a,b, ¢y ),
I\ 1 I\

1
a:§+5, bzi_i, Cz—i\/e—l—i—l,
f(x N 0) _ xfi\/efl/2 _ 6+iZ\/671/2. (142)

In order to find behaviour for this solution at z — —oo (z — 1), we use the Kummer
formula

L(e)'(c—a—0) I(e)T'(a+b—rc)

N e~ e—0" T T T(@ro)

ug (1.43)

where
u; = F(a,b,c;z), wus =F(a,b,a+b+1—¢;1—2x),

ug=(1-2)" " Flc—a,c—bc+1l—a—b1l—2z).
In the region z — —oo (z — 1), we have

P(e)T(c—a—-b) T()T(a+b—rc)
T(c—a)T(c—0b) T'(a)T(b)

ui(z = —o0) = (1—xz)e b,

note that ¢ — a — b = —iv/e — 1. After multiplying it by
pmiVe1/2 (1- x)i\/s—l/Q

we obtain
fLOet+b=c) ) yriveTye (1.44)

[(a)T'(b)
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In other form it reads

F(C)F(C —a- b) e+iz\/ﬁ/2 4 F(C)F(a + b— C) 6772’@/2 . (145)

A o o ey T (@) ()

This formula describes the effect of particle tunnelling which moves from the left on
barrier:

(z = —0) MeTVer1/2 4 Ne—izVer1/2 __y otizve-1/2 (z = +00). (1.46)

The corresponding transmission coefficient D is defined by the formula

M2 | T@re)
b= N2~ [T(c—a)l(c—0b)|’ (1.47)
where Lo o
D@)=T(G+3), T0)=TG-73)

1 1
Ple—a)=T(; - i(Ve—1+X/2)), T(c—b)= L - i(Ve—1-X/2)).
We could proceed with calculation, using the well-known formula for I'-functions:

1 1
DG +iZ)0(5 —iZ) = i T

cosinZ  coshwZ

The situation, when a particle falls from the right on the barrier can be investigated
similarly, using solutions with the following asymptotic at z — —oo (z — 1):

A=—ive—1/2, B=+ive—1/2,

g(-T) = xA(l — x)Buﬁ(I) = x*imﬂ(l B x)+im/2
x(1—2)*Flc—a,c—bc+1—a—-b1l—2x),
1 A 1 4
= - — —_ - — :_. _1 1
a 5 + 5 b 5 5 c ie—1+ ,
g(z = —oo(x = 1)) = (1 - x)—im/z — p—izVeT1/2 (1.48)

To find the asymptotic behaviour of solutions when z — +o0o (z = 0), one needs to use the
Kummer formula

I'c+1—a—-bI'(1—c¢) I'c+1—a—-0bI(c—1)

w@) = —Tagra-n Ot T Tesareon  w®:  049)

where
ug(z) = F(a,b,a+b+1—-¢c;1—2x), wui(z)=F(a,b,c;x),

us(z) =2 " °Fla+1—-c,b+1—¢,2—c2)

in the limit  — 0 this relationship gives

Tle+1l—-a—-0I(1-c) T(c+l—-a—-bI(c—1) ; /= o
w(®) = = TaTara=t T Tle—alc—b) #V - = five-T.

Multiplying it by z~?V¢~1/2 we obtain

g(z = 400 (x — 0))
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1" — — — .
(c+1-a-bI(1—-c) _ive=ip
I(1-a)'(1-0)

1 ;(i - Z>}<b2i(2>_ S, 0

or differently
g(z = +oo (x — 0))

IFlc+1—a—-0bT(c—1) p—izV/eT/2
P(c—a)l'(c—0)
F(C+ l—a- b)F(l — C) izy/e—1
ot D) etiaves1/2 (1.51)

Thus, the wave moving from the right partially passes through and partially reflects from
the barrier:

M'e##Verl/2 o N/etizVerl/2 (5, 4 ). (1.52)

The transmission coefficient D' = 1 — R’ equals

, M2 P —a)r(—b)|?

b= N2~ |T(c—a)T(c—b)| "’

(1.53)

where 1 i 1 o
P(l-a)=T(; - %), DA-b)=T(G+%5)

I(c—a)= F(% —i(Ve—14+X/2)), T(c—b)= F(% —i(Ve—1-=X/2));

calculations can be continued with the known formula for I'-functions:

1 1 m T
I(z+4+i2)(z —iZ) = = .
(2 +1i2) (2 iZ) cosinZ  coshnZ

1.3 Particle in the Lobachevsky space

In the special system of cylindric coordinates in the Lobachevsky space, analogue of the
uniform magnetic field is determined by the relations [6] (we use dimensionless coordinates):

dS? = c2dt* — ch®z(dr? + sh®rd¢?) + dz?,

V—g=p*shrch®z, Ay =—-Bp*(chr—1), F.s = —Bpshr,
B

pshr ch?z’

(1.54)
By =—Bpshr, B®=-— B;B’ = B*ch™%z.

We start with the known form of the generalised Schrodinger equation for a Cox scalar
particle

DW= — | DiDy+ D Dot DaDs|w

= o 1D1 2 52, P2 3D3 |V,

where e
Dy = ihd,, Dy =1ihdy+ EB>p2(ch r—1), Dsz=ihd.,
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° ) chr ° . e 5 sh z
Dl— Zh(ar + shi'r% DQ— ’Lh6¢ + EBP (Ch r— ].)7 3— 7,77,(8 + 2@)
* 1 I'Bch 2z e
D :—[mar—i ihdy + SBp?(chr — 1 ]
1 1+F232Ch_4z ( ¢ c p( ))
* 1

Da= [(iﬁ% + ngZ(ch r —1)) 4+ ihT' Bch ™22 sh r@r] ,

1+T2B2ch™*2

(D3 +T2B3 ByDy)
IR

below we apply notations Bp?/hic = b, TBch™2z = ~4(z). With the use of the relations

= 1h0,;

h2ch™2z
TP 2(2)

1

2‘]\42D1g D1

X (83 + (:E—: + i’y(z)bChS; )0, — Qa O0g +iv(z )b)

1 D D h2ch 2z
oM p2 2 6% D= T2MPA(1 +42(2))
1 1
x [@m — ib(ch = 1)]? +7(2)[9, — ib(ch r = 1)] —
1 o 4 h? sh 2
= 92—~
2M PY V) D3g D3 2Mp2 (8z+ )825

ch z
and of the substitution for wave function

o),

E

_ —iEt/h _im¢o _ .
U=ce /6 Z(Z)R(’I")7 G—W,

(1.55)

we derive the following equation (by physical reason we make the change v = i)

(2 (o )

fet (0, + 231'2)@) R(MNZ(2) = 0. (1.56)

After separating the variables, we arrive at two equations (note that v = BT'):

d> chrd [m—>b(chr—1)?
e ) L) (1.57)

2"~ te

d? shz d by — A ch’z
(72"' + 1
dz ch z dz ch®z — ~2

)Z =0. (1.58)

In the following, we consider only the differential equation in the variable z. Let Z =
(cosh z)71f(2), then we have the equation

2

d
(75 +e-1-U() ) =0,
by — Ach’z
chtz — 42

(1.59)

U(z) = — , U(z = f+o0) =40,
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which can be viewed as the Schrodinger equation in the effective potential field U(z). The
corresponding effective force is determined by the formula
dU Ach*z — 2by ch?z 4+ 72A

F,=——=2chzshz
dz (ch®z — ~2)2

(1.60)

We readily find the points at which the force vanishes: those are z = 0 and the roots of a
quadratic equation

2
Ach®z — 2bych?z +72A =0 — (chzz) l12 = %’y + (% —1)72. (1.61)

It is known from considering the bound states (for motion in the variable r) that the
inequality A% > b? must hold. This means that the square roots in eq. (1.61) are imaginary.
Consequently, the points of zero force except z = 0 cannot exist. The situation is illustrated

in Fig. 1.1.
To proceed with differential equation, we introduce the new variable
d d d? d? d
= tanh — =1 =), — =1 —9*)*— —2y(1 — ) —
y=tanhz, —=(1-y )dy, 5z = 1=v) i y(1—vy )dy,
below we will apply the notation by = 8. The use of this variable allows us to put physical
points z = —oo and z = 400 in different singular points of the differential equation:
1 B—Acosh’z  (1—y?)[B(1—193) —A]

h?z = - .
T I cosh? z — ~2 1—72(1—y2)2

the equation takes the form
d*f df le—1 1le—1
G- (Lt
dy dy 21—y 214y
1 —Ay+p —Ay—-p )sz (1.62)

1
A=y 200 -0

We introduce the new variable x:
_1—-y 1-—tanhz
2 2
z— —oc0o=—=1z—1; z— 400 =1z —0;

—1-2
Y * (1.63)

then the above equation transforms into

[f <1 1 )d Lleml 1-2A4e-1 1 N
dx? x l—a/de 4 22 2 x 4 (1-x)2 2 1-=x
23+ 2y 28— 2A~

l+4yz(l—2z) 1—4yz(l-2z) f=0. (1.64)

To study the point x = co, we transform equation (1.64) to the variable X = z~:

a2f 1 df 1 (Ay+8)(X+4y+1) A
dX? 1-X dX [5(@X—®7+X%7 1-X
(Ay=B)(X —4v+1)
(-4 X +4)7y+ X?)y

+1 e—1 +1
4(1—X)2 2

}f:U
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Near the point X = 0 it reads

&’f df Ay +8)Ay+1)

(Ay = B)(~47+1)

17

1
il A+ (=D +

ax?  dx 842 872

so the point = co is an ordinary (non-singular) one.

[ =0;

Two quadratic expressions in the denominators of the equation (1.64) give four regular

singular points:

)

! _ 1 1 _1x/T+4471
L+dvz(l—z) 4y (z—21)(2—22)’ T2 = 2
1 1 1 14 T—7 1

1—4~yz(1—1) - Jrﬂ(az—xg)(x—m)’ Taa =

two identities hold

2

1 _ 1 ( 1 1 )
(x—x1)(x—22) 2 —T2\T—27 -1/

1 _ 1 ( 1 1 )
(r —a3)(x —24) a3—Tg\T—23 x—14/
Equation (1.64) can be represented as

d72+(1_ 1 )i le—1
dx? r 1—a’dx

)

4 z2
+1—2A+6—1+1 e—1 le—1-2A 28+2A~y 1 1 1 )
2 T 4(1—-2?? 2 1-—=x 4~ T1— Ty T—T1 T — Ta
28 —-2A 1 1 1
428 7 - ) f=0. (1.65)
4 I3 — Ty T—T3 T — X4

Recalling that 8 = by, eq. (1.65) can be rewritten as

e—1 167172/&

[dz Jr(1 1 )d+1671+1*2A+671+1 N
de?  z l—2x'der 4 22 2 x 4 (1—2x)2 2
2b+2A 1 1 1
4 1 — Ty T — I T — T2

)

2b—2A 1 1 1
+ - )}f=0~

4y x3—T4 T—T3 T — X4

Thus, we have an equation with six regular singular points:

0. 1 IRV IRV
) ) T1,2 = 2 ) 3,4 = 2 .
Taking in mind that the physical range of the variable is

z € (—o0,+00) <= 2€(0,1),

1—2x

(1.66)

(1.67)

(1.68)

and in view of the smallness of the parameter «, we conclude that the four singular points
X1, T2, %3, 24 (two real and two complex and conjugate) do not fall inside the circle of the

radius 1 about the point x = 0 (see Fig. 1.2).
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Let us find behaviour of the solutions near two points z = 0, x = oco:

ive—1

2 Y

d? 1d(e—1)/4
Z%‘FOO,SC4)0,<P+;%%>]‘1:0,f:$‘4,‘4:i

d? 1 d(e—1)/4
_ 1. (& @
20T ’(x2+x—lda:(z—1)2

ive—1

)fzo,f:xB,Bzi 5

Let us find the behaviour of solutions near singular points x1, z2, 3, 4. They are of the
same type, so it suffices to consider only one case. Near the point x;, the equation has the

following structure
B

Xr — X

f:Oa f:(x_xl)p;

for the index p we obtain an algebraic equation with simple solutions:

f/l+af/+

plp—1)=0 = p=0,1

Thus, near four points 1, xs, x3, x4 solutions behave in accordance with the relations:

T — T, f=(x—mz)", p=0,1;
T — xa, f=(x—mz)”, p=0,1;
T — x3, f=(x—xz3)”, p=0,1;
T — x4, f=(x—mz4)", p=0,1.

For eq. (1.64)

{ﬁ (l 1 )i+le—1+1—2/\+e—1
dx? x l—z/de 4 22 2 x

1 e—1 le—1-2A 2+2Ay 28 —2A~y

- z -0
+4 (1—x)2+2 1—x +1—|—4’yx(1—x)+1—4’yx(1—x)}f ’

let us build Frobenius solutions near the point z = 0 in the form
fl@) =2tz — 1)PF(z) = p(x)F () .

We get an equation for F(x):

[di (2A+1+23+1)i+£2 2AB+ A+ B B?
dax? de = 2? x(x—1) (x —1)2
16—1 16—1—2/\ 1 e—-1 16—1—2A

4 z2 Jr2 T Jr1(1—3L‘)2+2 11—z
2+2Ay 28 —2Axy ]f—O
L+dyz(l—2) 1—4dyz(l—a))” 7
Already known constraints are imposed on the parameters A and B:
1Wve—1 iWe—1

R B:j: )
2 2

x r—1

A=+

then terms =2 and (z — 1)~2 vanish and we get

d? 2A+1 2B+1\d 2AB+A+B
e ()

da? x x—1 %4— x(x—1)

(1.69)

(1.70)
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le—1—-2A 1e—-1-2A 284+2A 28 —-2A
425 +2 8 p 2By, 28-2hy |r=o0.
2 x 2 1-z 1—4~yx(z—-1) 1+4yz(z—1)

We multiply the equation by the expression

zx—1)-[1—4dvyz(z—1)] - 1 +4yz(x — 1)] ;

the result is
z(x —1) 1 — 164%2%(x — 1)?]F”

+[1 = 169%2%(z — 1)?] [(2A+ 1)(z — 1) + (2B + 1)z])F’
+{ (2AB+ A+ B) [1 —16v°2*(z — 1)?]

% (€—1—2A) (z—1) [l — 167%(z — 1)7]

+%(e —1-2A)z [1—16~%2%(x —1)?]

+(28—=2A%) z(z—1) [1 —4d~yx(z —1)]
+28+2Ay)z(z—1) [1+4yz(z—1)] } F=0. (1.71)

Note that this equation is symmetric with respect to replacement
r = (z-1), A = B, (1.72)

this allows simultaneously to build the series expansion both in the variables x and (x — 1).
With the use of notations

e—1—-2A
—— =M, 28-2Ay=K, 26+2A8=1L
. 2B-2My=K, 28+208=1L, 413)
dv=T, 2A+2B+2=qa, 2AB+A+B=p,
the above equation is written as
d*F dF
_ 12,20, 218 72,20, 1)\2 o4 _ 14"
x(x—1)[1 =T%z%(z 1)]dx2+[1 I'z*(z — 1)%] (ax — 24 1)dx
+{B1-T*2*(x -1’ + M (z—1) 1 -T?*(xz — 1)’ + M = [I — z*(z — 1)?]
+Kz(x—1)[1+Te(x—1)]+ La(x—1)[1 -Te(x—-1)] } F=0. (1.74)

The equation for F'(x) can be symbolically represented as
PF" +QF 4+ RF =0,

where
P=—-T%z% 4+ 31225 — 37%2* + %23 + 2% — 2
= pexS + psz® + pazt + paad + poz? + pra,
Q= -T%a2" +T2(2A + 1+ 2a)2* —T?(a +4A + 2)2® + T?(24 + 1)2” + az — (2A + 1)
= g52° + ur’ + @32° + @2’ + qr + qo
R = —2T%Ma® + (-T?B +5I°M + TK —TL)z* + (2I'?3 — 4> M — 2I'K + 2T'L)x3
+(-T?4+T?°M + K+TK+ L —-TL)2> 4+ (2M — K — L)z + (B — M)
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= r5x5 + 7"4334 + 7‘33:3 + r2x2 +rir+rg.
So we can work with the equation
(p6x® + psx” + pax® + psz® + pox® + prz) F”

+(g52° + qua’ + q32° + g22® + 1z + qo) F'
+(rsx® 4 ryzt +r3a® +rox? 4z +1rg) F=0.

Solutions are built in the form of a power series

oo oo o0
F= E cpx”, F'= E nepz" "t F' = E n(n —1)c 2" 2,
n=0 n=1 n=2

performing necessary calculations, we obtain the equation

pe Y _(n—4)(n—5)cn_az™ +ps ¥ _(n—3)(n—4)cn_sa” +ps Y _(n—2)(n — 3)cp_sa"
n=6

n=>» n=4

+ps3 Z(n —1)(n—=5)cp—12" + pa Z n(n — Depz™ + py Z(n + Dnepprz™

n=3 n=2 n=1

g5 Z(n —4)Cp—az™ + ga Z(n —3)cn—32" + g3 Z(n —2)Cp_22"
n=>5 n=4 n=3

+go Z(n —1Depo12™ + g1 Z nepx”™ + go Z(n + Depyra™

n=2 n=>5 n=0

o0 o0 (o)
s E Cn—sT™ + 14 E Cpn—aZ" + 13 E Cp—3z”
n=>5 n=4 n=3

o0 o0 o0
+ry E Cn—2t™ + 11 E Cn—12" + 1o E ez =0;
n=2 n=1 n=0

whence the recurrence relations for coefficients c,, follow
n =0, roco + goc1 = 0,

n=1, r1co + (ro + g1)er + 2goca = 0,

n=2, roco + (92 + r1)c1 + (ro + 291 + 2p2)ca + (6p1 + 3g0)c3 = 0,

n =3, raco+ (g3 +rz)cr + (2p3 + 292 + r1)ca + (ro + 6p2 + 391)c3 + (4go + 12p1)cs = 0,

n =4, r4co+ (gs+73)c1 + (r2 + 2ps + 2g3)co + (r1 + 6p3 + 3g2)c3
+(ro + 491 + 12p2)eq + (5go + 20p1)cs = 0,
n=>5, r5co + (g5 + r4)c1 + (73 + 294 + 2ps)ca + (12 + 393 + 6p4)cs
+(r1 +4g2 + 12p3)ca + (ro + 5g1 + 20p2)cs + (6go + 30p1)cs = 0,
n=_6,... 755 + [P6(n? — 9n +20) + gs(n — 4) + 74]cn_a
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+ps(n? — Tn +12) + ga(n — 3) + r3)cn_3 + [pa(n® — 5n +6) + gs(n — 2) + 72)cn_o
+[p3(n? —3n+2) + ga(n — 1) + 71]cn_1 + [p2(n® —n) + gin + 70]cn
+[p1(n2 + TL) + go(n + 1)]Cn+1 =0.

Thus, the 7-term recurrence relation is found. We divide the last expression by ¢, _s,
multiplied by n~2, and tend n — oo; this results in a simple algebraic equation for the
quantity associated with the possible convergence radii of the power series

Cn

R = lim

n—oo Cn+1

9 Rconv = |R|7 p1 +p2R+pSR2 +p4R3 +p5R4 +p6R5 = 0 (175)

This equation can be rewritten differently
P(R)=0 or (R-1)[1-4yR(R-1)][14+4vR(R—-1)]=0;
its roots are

1++/14+~1 1++/14+~"1
R = 1, RLQ = f’y, R374 = % (176)

min
conv

The minimal radius of convergence R
domain for the variable z € (0,1).

We write down solutions with the power series in the variable x (of the type I), and
solutions (of the type II) with the power series in the variable (z — 1) (they have a simple
asymptotic behaviour in different singular points):

Solutions I,

= 1, it is sufficient to cover the entire physical

ive—1 B:+i\/e—1
| | 2 77 2 (1.77)
f= l‘Jﬂm/Q(fE _ 1)+Z\/ﬁ/2F(I‘)7 f= CC+Z\/E/2(;E _ 1)+1\/E/QF(1 _ LE)

A=+

i

2 T 2 (1.78)

2 - 2 (1.79)
)

= — B:
Pt (1.80)

g* _ ‘T—ix/e—l/2(aj _ 1)+i\/e—1/2G*(x)7§* _ $+i\/e—1/2(x _ 1)—7:\/6—1/2G*(1 _ x)

Remember that

_1—tanhz 1 _1+tanhz 1

— 1_ — ,
2 1+ e’ v 2 1+e 2 (1.81)

z— 400, r—e P l—z—1, z——-00, x—1, 1—z—et?*.

X
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Analysis of the main differential equation can be performed also with the use of the
variable

d d shz d d & d d
n2r=27., L _oshachaw, 9204 _yz-1nL . L Cogmacha
=2, T=hachzon, 29— =4 Vi7" 4= = @ hechagy

42 d 42 d
2 2 2 2

note that this variable does not distinguish the regions z — —oo and z — +oo. In this
variable the basic equation takes the form

e+ (L )+ (- g+ (S )

dz? Z " Z-1)dz " \4&y 4 )Z 4 41—z -1
A-b 1 A+Db 1
+ = |Fz)=0. 1.82
Y1 -7 Z—-v &(1+7)Z+y @) (1:82)
This equation has five singular points; four of them are regular Z = —v, +7, 0, 1. Points

Z =0,47, |v|<< 1lie outside the physical range of the variable Z : Z = ch?z € [1, +00).
The character of the singularity in the point Z = oo will be investigated below.
Note that the summing of the simple fractions in eq. (1.82) leads to

b e—1\1 e—1 by — A 1
(H_ 4 )E+( 4 +4(1f72))zf1
A-b 1 A+b 1 1= (22 =) (e-1)+AZ by

+87(1—'v)'2—7787(1+7)'Z+7:74 (Z-1)Z (2% -~?%)

In short form, eq. (1.82) is written as follows

d? 1/2 1/2\d A B C D
iz (T )z E*z_ﬁz_ﬁZﬂ]F(Z)*Ov (1.83)
where ) . . , A
_b €= _ €~ Y —
“n o BEr tinoey
__A-b 5 A4D
8y(1—7)’ 8y(1+7)

Since the equation does not contain complex quantities, we conclude that each complex-
valued solution will be accompanied by its counterpart, the complex-conjugate one.

Now let us investigate the type of the singular point co. To do this, we transform the
above equation to the variable y = Z~1:

{dQ (; 11£2y> d A B C D

— —+ =+ + + F(y) =0.
dy? dy v¥ y»P(-y) v¥*(I-vy) (1 +y) )

After decomposing all fractions into elementary ones:

B _B+B+B+ B
vl-y) v oy oy 1-y
C C C C~2 C~3
37:*3+*Z+i+ L
v(l-yy) ¥ vy Yy 1—yy



Particle in the Lobachevsky space 23

D D Dy D~? D~?

vA+yr) oy y 1+
we arrive at the most symmetrical form

)

{dQ (1 1/2)d+A+B+C+D

dy? " \y  1—y/dy y?
2 2 3 3
+B+C’72—D7+B+Cv + D~ . B Cy* Dy }F(y)zo.
Y Y -y 1-yy 1+4yy
An important identity is proved:
A+B+C+D
b € € by — A A-b A+b

Th 4 A Al —) -y &1+

_b—va—l—b’yZ—)\v A+ —=b—by— A+ Ay —b+by

A1 —9?) 8v(1 —~?)
b=+ Ay b+ Ay
a 4y(1—~?) a

0.

Therefore, the equation simplifies

d? 1 1/2 . d B—|—C”y—D’y+B+C”}/2—|—D72

— (== —
dy? (y 1—y)dy y? Yy
B C~? D~?
n S - 7_1}F(y):0, (1.84)
-y y—v y+

the structure of eq. (1.84) indicates that Z = oo is the regular singular point.
We turn to eq. (1.84) and find behaviour of its solutions in the neighbourhood of the
point y = 0O:
d 1d B+Cy-Dy
(72 - 72)}7(9) =0,
dy*  ydy Y
f=v" a>+B+(C—-D)y=0, a=+\/-B—(C—-D)y.

Hence, taking into account the explicit form of the coefficients, we get

+ive—1 —ive—1
ap = T, a9 = T (185)

Thus, we obtain

2 p—2\ Five I
y—0, F(y)=y*=2Z""=(coshz) 2" = (%) . (1.86)
We have two possibilities:
Z — —00, F ~etivelz. z — +00, F ~eFiveslz (1.87)
Let us find approximate solutions near the point y = 1:
d? 1/2 d B
(i 3 ordy yoq) PO =0,
L by Yy . (1.88)
F:(y_l)b7 b(b_1)+§: ) b1:0, b2:§
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Similarly, we find the possible behaviour of solutions near singular points +1/v and —1/7:
y— +1/7,

F_(y_l/’%)p7 p1,2:051;
y — —1/7,

1.89
F—(y+1/7,)", 0'1’2:0,].. ( )

The physical domain for the variable is the interval Z € (1,00) or y € (0,1).
Let us construct local Frobenius solutions of eq. (1.84)

[d2 +(1_ 1/2 )i+B+077D7

dy? 'y 1-yldy y?
B+ C~? + Dy? B C D~?
+ T - T [F(y) =0 (1.90)
y l-y y—1/y y+1/y

near the point Z = oo (y = 0). Taking into account the established asymptotics these
solutions are built in the form

F=y*(y—1)"fy);

; (1.91)
we obtain the equation for f(y):
2a+1  2b+1/2 +B+(C-D b(b—1)+b/2
f/,+(a n /)f,+{a g v, b )2/
y y—1 y (y—1)
—2ab—a/2—b+ B+ (C+D)y* 2ab+a/2+b—B  Cy? D3
+ + - }f:
Y y—1 IL—yy T+yy
Now apply already known restrictions
2+ B -D
@ +§C )7:0 = a=ai,a,
Y
b(b—1)+b/2 1
oz 0 T Ty
so we arrive at

Pyl -0, e (P 22

+ )f’
Y y—1
+(—2ab—a/2—b+B+(C+D)72 N 2ab+a/2+b—B
Y y—1
C 2 D 2
L )f:O. (1.92)
y—1/v y+1/y
There arises possibility to construct four solutions (remind that Z = cosh? z)
+i\/ € — ]. —ive— ]-
1. a] = ?, bl = 0, F(l) = (COShZ) ! f(l)(?) ; ( )
1.93
—ive—1 =, 1
1. a=—") b1 =0, F(iy = (cosh 2)* 1f(1/)(2) :
and
+ive—1 1 . _ive—1sinh z 1
2. a; by = =, Fg) = +i(coshz) 17]"(2)(*);
2 2 cosh z Z (1.94)
—ive—1 1 . inh 1
Y ay %,bQ =3 Flay = —i(cosh 2) "V, i
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We note that these solutions are divided into two pairs of conjugate ones

All four functions f;(y) are subject to the equation with the general structure (see eq
(1.92))

f//+<0;1+yﬁ—11>f/+(z+yfl+y—cl/7+y+d1/7>f:0'

D (y—1/7) (y+1/7), we get

(1.95)
Multiplying eq. (1.95) by y (y —

yly—1)—1/v)(y+1/7)f"
+{oqy(yfl) =1/ @+1/7)  Biyly -

Dy—-1/v)y+1/v) I
y y—1
+[ay(y—l)(y—1/“7)(1/+1/7) +By(y—1)(y—1/7)(y+l/v)
Yy y—1
cyly—=D)w—-1/ny+1/7) dyly-D -1/ y+1/7)7,
* y—1/v - y+1/y ]f_o

o+ B o
W' = v = g2/ /L [(en 4 By - aay® - ot ﬁ}f'

d a+ c—d o}
+ (a+6+c+d)y3—(a+c+d——)y2—( 25 ) +—2}f=0
Y Y Y Y
Solutions can be constructed as power series
f:Zanyna f/:Znanynia Znn—l any" 2.
n=0 n=1 n=2

From the equation for f we get

o oo

Zn(n—l)any”“—Zn(n—l)any %i (n—1ay" —&——Z (n—Dapy™!
n=2 n=2 n=2

o0 o0 o0 o0
ay + « _
o+ B1) Y nany™ —ar > napy" T = =5 > nany" + =5 > napy"
n=1 n=1 n=1 v n=1
o0
tlat+Btetd) D any"t?

n=0

—<a+c+d—7) Zany

+ﬁ ~
<a7 ) Za Y+ % ;anyl =

further changing the summation indices we derive

Zk2k3ak2y—2( 1) (k— 2ak1y— Z (k— 1aky—|— Z k+1ak+1y
k=4 k=3 k=

k=

e+ 8) Y (k=2 ax-art —ar Yk = Daeor vt = T ER S ko + 2 S (et Dot
k=3 k=2 k=

k=1
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+(a+ﬂ+0+d)zak—3yk*(

2 d)iak—zyk
(a+ﬂ )Zak 1y +—Zaky =0.

v?

Equate to zero the coefficients of all powers of 1/*:

1+51

1 1
k=3, —2as— ?6(13 + ¥12a4 + (al + 61)@1 — a12a9 — 3ag + —4a4

—d) 1_(M c—d

(0%
+(a+ﬂ+c+d)a0—<a+c+d—— 5+ >a2+—2a3:0
Y v Y Y

12 20 + o
k=4, 2as—6as— e —as+ 2 —as + (a1 + B1)2a2 — a1 3az — 1,y2614a4 + ,7;5%

c—d + —d
+(a+6+c+d)a1—(a+c+d——)2—(¥+C )a3+%a4:0,
v ¥ gl v

1 1
B=5.6.7, 0 (k= 2k = 3a — (k= 1)(k = axs — 5k(k ~ ar+ 55k + Darp

C¥1+/31

+(041 + Bl)(k — 2)0,]@,2 — O[l(k — 1)ak,1 — kay, + 7(/6 + 1)ak+1

c—d o+ c—d «
+(a+b’+c+d)ak_3—(oz+c+d— )ak_g—(TB—F )ak_1+—2ak:0.
Y Y 0 Y
Thus, we arrive at the 5-term recurrence relations for coefficients a.,:

k=5,6,7, .. (a+B+c+d) ag—s

[tk =2k = 3) 4o + 1) (k—2) - (mwd-%)}am

—[(k “D(k—-2)+ar(k—1)+ (O‘jf C;d)]ak,l
041+51

+{—$k(h—1) k+7}

1 a
+ [Wk(k + 1)+ 7—;(k +1)]ar =0, (1.96)
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The Poincaré—Perron approach is used to analyse the convergence radii of the series. To
this end, the recurrence relation is divided by aj_3:

c— d)} k-2

(a+B+c+d)+ [(k—Q)(k—S)-i—(cn+51)(k—2)—(a+c+d—
Y ak—3

[ A e (S

Y Qp—2 Af—3
1 + 1 Qp_
+[——2k(k—1)_ il fﬂw%} B kot Dh=2
Y Y YL Qp—1 Ag—2 Q-3

ar Q-1 Qg—2 0

1 (6751 Ak+41
+ Sk + 1) + S5+ 1)]
72 ( ) 72 ( ) A Qr—1 Ag—2 Qk—3

The radius of convergence is the inverse to the quantity

‘ =

. Akt
r= lim ) Reonw =
k—oo Qg

T

To find an algebraic equation for r, we multiply the above equation by k=2 and tend k to
oo. This result in
S =0 = (= D =) ) =0;
r—r 727“ 727"— r(r r—y)(r+v)=0;

the roots are
r= 07 ]-7 -, +'Y7 (]‘97)

the possible convergence radii are

1
—, 0. (1.98)

Reonw = 17
il

The minimal radius of convergence Ry, = 1 of the series in the variable y covers the entire
physical range of the variable y € (0,1) (which corresponds to Z € (1, 00)).
It is possible to explore the most general substitution

F=y"(y—1"y—1/7y+1/7)7fW); (1.99)

the function f(y) obeys the equation

i [ 20 1/2+2b 2p 1+2a7 df
dy>  ly+~yt 0 y-1  y—o7! y ldy

+[—272 [1/2Dv* + ((a+p/2+1/2) 0+ D/2)y+ 0 (a+ b+ p/2+ 3/4)]
(w+1)(y+1)

1b(2b—1)
2 (y-1)°
+1[(4a+4p—|—4a+2)b—2B+a+p+a]'y2—|—4(p—c7)(b—|—1/4)’y—|—(—4a—2)b+23—a
2 - -DhH+1)

P[CY +(—2a—0-1)p—-C)v+2(a+b+0/2+3/4)p]
(vy—1)(v—1)
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1(2C+2D)y* —4(a+1/2)(p—0)y+ (—4b—1)a+2B - 2b

2 Y
2(p—1 C 2_Dy+B 2(0—1
pv-(p 2)+ vra Dy B oy (o 2) F=o. (1.100)
(vy—1) y (vy+1)
The evident restrictions should be imposed on the parameters
2+B -D
ot +gC )720 = a=aa2,
Yy
b(b—1)+b/2
W—o = b=0,1/2,
1.101)
2 _1 (
P (p 2):O — p=01,
(vy—1)
2
-1
ool _y o oo
(vy+1)

as a result, we have the ability to build 16 solutions. For the function f(y), we get a simple

equation

d27f [1+2a+1/2—|—2b 2p 20 1df
dy? y y—1 y—1/y y+1/yldy
+|:(C+D)")/272(&‘#1/2)(}7*0’)’74’(*2()71/2)a+B*b
y
+[(4a+4p+40+2)b—23+a+p+a]’y2+4(p—a)(b+1/4)'y+(—4a—2)b+2B—a 1
2(y=1D(v+1) y—1
+—7[D72—|—((2a—|—p—|—1)0+D)’y—|—2cr(a+b—|—p/2—|—3/4)] 1
y+1 y+1/v
O+ (20— —1)p-C)y+2p(a+b+a/2+3/4)] 1 F—0
-1 y—1/y17

The equation can be written briefly as follows

@2f A B C, Dy N\df
— 4+ (= + + =
dy? ( y y—1 y—1/y y+1/7>dy
A2 B2 CQ Dg
+( =+ + + =0. 1.102
(y y—1 y—1/y y+1/v)f ( )

We give the explicit form of the coefficients A, By,C1, D1, As, Bo,Co, Dy for all 16
cases. The following method can be used: we select eight options for each case depending
on a = ay, az being complex conjugate by-cases (we give only for a;):

a1 =+ive—1/2,b=0, p=0, c =0,
Fry = (cosh2) ™V fy(y)

1
A =1+1ve—1, 8125, C,=0,D,=0,

Ay =—-(—ivve—1+A—€e—1),

o~ =
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B 1 (V-1 ive—T+(e+ 1)V +8y+A—ec—1
‘T4 (v=D(v+1) ’
1Ly(A+5) 1L y(A-0)
= - D - L @ 7.
C'2 ] 771 3 2 8 ’Y+1 3

ap=+ive—1/2,b=1/2, p=0, 0 =0,

' _ive=T sinhz
F(Q) = 43 (cosh z) ive=T oshz f(2)(y)7

3
Ay =14+1ive—-1, Bl:i, Ci=0,D,=0,

AQ:% (-3ive—1+A—c—3),

B 30— iVe-T+(1/3e+ 1) +1/387+1/30 —1/3¢— 1
T -G+
_1y(AeB) 195
e A e

a1 =+ive—1/2,b=0,p=1,0=1,

. — cosh? h?
Fa) = (cosh z>_zm YTyt E

Yy COSh2 z o COSh2 z f(d) (y) 9

1
A1:1+i\/6—1,3125,01:2,D1:2,

A2:i(—i\/e—l+A—e—1),

1(v2=1)ive—T+(e+5)y*+By+A—-€e—1
32:7 )
4 (=D +1)
O, = [(y—=1)ive—1—-1/8A—5/2+2y—1/88]~
2 — )
v—1
D _ Bi(y+1)ye—1—7y(16y+A—[3420)
2 = )
8v+38

ap=+ive—1/2,b=1/2, p=1,0=1,

. ) )
F(4) = +i (cosh z)*i\/ﬁ sinhz v — cosh®z ~ + cosh” 2

Ty (),

coshz ~cosh®?z  ~cosh?z
3
A1=1+i\/6—1,8125,01227131:2,

Agzi (=3ive—1+A—€-3),

(v —=1)ive—1+(1/3e+5)v*+1/38v+1/3A—1/3e—1

3
Br=q GRS ICES

)

b

29
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[(y=1)ive—T—-1/8A—7/2+2y—1/88]y

)

Cy = 1
D :—Si('y—i—l)'y\/e— —v(16y— B+ A+28)
2 8v+38 '

a1 =+ive—1/,b=0,p=0,0=1,

_sy—1 Y +cosh®z
P feW),

Fi5y = (cosh z
®) ( ) 'ycosh2z

1
A1:1+i\/€—1, 3125, 01=O,D1=2,
1

1 1 1

(V=1)ive—T1+(c+3)¥*+(B-2)y+A—e—1

1
By=- ,
‘T (=D +1)
_ 1A+ 5)
CQ* 8’}/—8 )
D _ Biy(y+ D) Ve—1—v8y—B+A+12)
2 — 87-’-8 )

ap=+ive—1/2,b=1/2, p=0,0=1,

. . — sinhz ~ + cosh? z
1 ) —ive=T Sii
Fig) = +i (cosh z) coshz -~ cosh® 2 fe) (W),

A1:1+i\/6—1, Blzga 01:0,D1:2,

1 1
A2<’73> 7:\/6*1*16724’74’1/\,

4
B _§(72—1)i\/e—1+(1/36+3)72+(—2+1/3B)771+1/3A—1/3e
T4 (=D (+1) ’
_ Y(A+8)
=%, s
D _ Biy(y+1)vVe—1—-7v8y—B+A+20)
2 = )
8v+8

a1 =+ive—1/2,b=0, p=1,0=0,

2
_ive=T ¥ —cosh” z
(cosh 2) ™V ———5—= fip) (y)

F =
™ v cosh? z
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B 1L (V—=1)ive—T4+(e+3)y*+(B+2)7+A—e—1
‘T4 (y-D(+1) ’
02:7[(7—1)i\/e—l—l/SA—3/2+7—1/8ﬂ]
-1 ’
_1(=A+5).
R P

a1 =+ive—1/2,b=1/2, p=1,0=0,

. 2
_iye=t sinhz 7y —cosh”z

D)
coshz ~cosh”z

Fig) = +i (cosh z) fis)(v),

3
A1:1+i\/€—1, B1:§, 01:2,D1:O,

3\ . 1 3 1
AQ——(’Y+4>Z\/€—71—46—4—’}/+4A,
B _3 (V?—1)ive—T1+(1/3¢+3)y*+(2+1/38)y—1+1/3A—1/3¢
‘T4 (v=D(+1) ’
o Cyl(y—1)ive—-1-1/8A—-5/2+~—1/80]
2 — 7_1 )
p, = 1EAEH)
8y +8
We will investigate the power series for the equations of the form (1.102):
d? A B C D d
Ef (A, B G Dy
dy y y—1 y—1/y y+1/y/dy
A2 B2 CQ D2
(y y—1 y-1/y y+1/v>f (1.103)

Equation (1.103) is multiplied by y (y — 1) (y — 1/7) (y + 1/7):

y(y—1)@w—-1/7)y+1/7)f"

Aly(y—l)(y—l/v)(y+1/v)+Bly(y—1)(y—1/v)(y+1/7)
Y y—1
Ciyly—1)(y—1/v)(y+1/y)  Diyly—1)(y—1/7)(+1/9)7 .,
" y—1/y i y+1/y }f
Azy(y—l)(y—l/v)(yﬂLl/v)+Bzy(y—1)(y—1/v)(y+1/7)

Y y—1
+Czy(y—1)(y—1/v)(y+1/v)+Dzy(y—1)(y—1/v)(y+1/v)
y—1/v y+1/y

+

+

=
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or

"

W' =y =/ +y/ S
Ci—-D
+[(A1+B1+01+D1) Y — <A1+C'1+D17¥>y2

_<A1;B1 +01;D1)y+%}f’
+[(A2+B2+02+D2) y3—<A2+C2+D2_M>y2
_(AQ;BQ +CQ;D2>y+%

}f:O. (1.104)

Solutions are built in the form of a power series

o0 o0 o
f= Z any", f/ = Z nanyn717 fH = Z n(n - 1)anyn72 .
n=0 n=1 n=2

From the equation for f we get

o0 oo oo

Z n(n —1)a Y2 - Zn(n —Dapy™* 2 Z n(n —1)a,y" + 712 Zn(n — 1)any"—1

n=2 n=2 n=2

+ (A1 +B1+Ci+ Dy) Z napy™t? — (A1 +Ci1+ D — %) Z na,y" !

n=1 n=1

A1+ B, C—Di\ — A = _
(B CP) Y e + 5 S e
v v n=1 v n=1

+(A2+ By + Co+ Do) > any"t? - (Ag +Cy+ Dy — %) > any"
n=0

n=0

n=0

,y2

The summation indices are changed

Z k—2)(k—3)ar—2y —Z(k—l)(k—Z)akflyk— g Zk(k—l)akyk—i—? Zk(k—‘,—l)akﬂyk
k=4

k=3 k=2 k=1
+ (A1 4+ B1+Ci+ Dn) Z — 2)ak—2y *(A1+C1+D1 )Z — Dag— T
k=3 k=2

oo

_(A1 + B3 n Ci — D1) ikakyk + ’%1 Z(k + l)ak+1yk

2
v v k=1 v k=0

+ (A2 + B2 + C2 + D») Z ak—syk - (Az +Co+ Doy — %) Zak—zyk
k=3 k=2

A + B C2—D
( 2;; 2+ 27 2)2% 1y + Zaky =0.
k=1
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We equate to zero the coefficients of all powers of y*:

Ay Ao

k':O, ?m—&-?aozo,
k=1, 22a2_(A1+QB1+C17D1)a1+2A721a2
v v v
A+ B Cy — D A
_( 2+2 2 G2 2)ao_|_722a1:07

Y Y Y

2 6 Ci—D A B Ci—-D
k=2, ——2a2+—2a3—(A1+01+D1—¥)a1—2( 1+2 L+ 4 1)a2

v v v v Y

A Cy— D A B Cy—D A
+371a3_ 142-5-02—|-D2—g ag — 2t 2+ 2 2 CL1—|-f2£L2:07
72 gl 72 v 72

6 12
k=3, _2a2—?CLS‘F?CM“F(AI"‘BI‘FCI‘FDI)al

Cy—D A B Cy—D
72(A1+C’1+D17¥)a273( 1+2 L4 1)
vy s v
Co— D
+ (A2 + B2+ Ca2 + D7) ao—(A2+C2+D2—%)

A
a3+4—21a4
v

ai

A2+ Bz , Ca—D A
7(22ﬁ—2 ﬂm+%%:&
v v 2

12 20
k=4, 2a276a37¥a4+¥a5+2(A1+Bl+Cl+D1)a2

Ci1—D A B Ci1—D
—3(A1+01+D1—¥)a3—4( 1+2 144 1)
vy Y
Cy— D
+(A2+B2+CQ+D2)CL1_(A2+CQ+D2_%)

A
a4_~_5721 as
v

az

A+ B - D A
_( 2+2 2+Cz 2)(134_722@4:07
Y v

1 1
B=5,6.7 (k= 2)(k=3)ans = (k= 1)k = Daxr = 5 k(k = Do + 5kl + Dars

Cy—D
+ (A1 4+ B1+Ci+ D) (k—2)ak—2 — (A1+01+D1—%)(k—1)ak—1
Ar
72
Cy— D
+ (A2 + B2 + C2 + D2) ak—3—(A2+C'2+D2—%)

_(A1+Bl 01;D1)

p + kar + — (K + L)ak

Ak—2

_(AQ;BQ +CQ—D2)

A
ak—1 + % ar =0.
v
Thus, we arrive at the 5-term recurrence relations for the coefficients:

k:5, 6, 7, (A2+BQ+CQ+D2) ax—3

ap—2

Cy — Do
+[(k—2)(k—3)+(141+31+C1+D1)(l€—2)— (A2+C2+D2—f>]

72 v

+[—7—12k(k—1)— (Al;Bl + Cl;Dl)kﬁ-%}ak

7[(k71)(k72)+ (A1+C1+D1 - @)(kfl)Jr (A2+32 + CQ_DZ)]ak—1

33
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1 Ay
+[? Bk + 1)+ 5t D]arsr =0.

We investigate the convergence of this series by the Poincaré—Perron method. To do
this, we divide the recurrence relation by ax_3:

(A2 + B2 + C2 + D3)

Co— D _
+[(k = 2)(k = 3) + (A1 + By + Cr + D1) (= 2) = (A2 + Ca o+ Dy = 22 )| 2222
Y ak—3
Ci — D As+ B  Cy— Da\7ak—1 ar—2
—[(k =Dk —=2) + (41 +Cr+ D1 - - Jo=1+( Tt ) e
1 Ai+B Ci—D A2 ar ap—1 ap—o
_ = 1) — 22
+[ ~? k(k ) ( 2 + ~ )k + ~2 ] Akp—_1 Ak—2 Qk—3

1 A ak ar Ak—1 Gk—
+[?k(k+1)+721(k+1)] + L2 9.

Ak Gk—1 Qk—2 Gk—3

Further, we multiply this relation by k=2 and tend k — oo, the result is
1 . 1
r—r27f27‘3+*27"4:0 = r(r—1—-7)r+7)=0;
Y v
the roots are
r=20, 1, =, +v
so the convergence radii are possible
1
ik
The minimal R, is enough to cover all physical domain for the variable y : y € (0, 1).
On the basis of the used substitution, two pairs of complex conjugate solutions can be
built. We write down solutions as the power series in the variable (z), and at the same
time, solutions as the power series in the variable (z — 1) (they have a simple asymptotic
behaviour at different singular points):
Two conjugate solutions,

Reonw = 1, oo .

We—1 B_+i\/e—1

A=+

2 2
f = etV (g )Y E(),
f=atVel/2(p 1) FVel2p1 — g); (1.105)
Aiiis/e—l Biii\/e—l
22
[r=am VY2 (g - )TV 2EE (g
fr=a V2 1) TVel2p (1 — ) (1.106)
Two conjugate solutions,
A_+i\/e—1 B__i\/e—l
B 2 2
g = et VTR (g - 1) VTG (),
g= x_imm(az — 1)“‘/:/26?(1 —x); (1.107)
ive—1 ive—1
A=— B =
) + 5

gt = aT V2 (g — ) TVEL2G0 () |
gF =tV 2 (g )TV 2Gr (1 — ). (1.108)
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1.4 Numerical study of the tunnelling effect

We start with solutions with a plane wave asymptotic which propagates from z — +0co on
the left:

z — +00,
1 — tanh ) —1
f(z) = IA — (%)A — (6—22)14 _ e-‘rz\/e—lz’ A= i 62 . (1.109>
In region z — —o0, behaviour of these solutions may be only of the following form
2= —00, f(z)=m-etVETE oy emiVeETz (1.110)

Far on the left (at z — —o0), we should choose any two points z; and zg, so obtaining
two linear equations with respect to the complex amplitudes m and n:

f(z1) = 2l F(z1) =m - eTVerla fp . emiVerlay
{ f(z2) = 2B F(x) =m-etiVerla 4. emiverTa, (1.111)
where
f(z)=2F(z), F=1+dz+doz*+.., z€(0,1). (1.112)
For definiteness we take the values
z1 =—99, 2z =—-100, (1.113)

and start with the values € = 2, A = 1; then calculate the modulus of complex m and n
from (1.111), then find its ratio r = |m|/|n|.

We take the following values for A: A = 1,5,10,20, and in each case we calculate the
quantity

Ale) =1+ (r—1)-10% | (1.114)

the energy values e are taken from 2 to 30 with the step of argument 1 (the multiplier 1035
is omitted), we get the A interval (—10;10) — see Figs. 1.3-1.7.

1.5 Conclusion

Generalised Schrodinger equation for a scalar Cox particle is studied in the presence of a
magnetic field in the background of Lobachevsky space.

The form of the effective potential along z direction curve says that we have a quantum-
mechanical problem of tunnelling type. The derived equation has six regular singular points.
To physical domains z = +00, there correspond the singular points 0 and 1 of the derived
equation. The solutions of the equation are constructed with the help of power series. These
series are convergent in the whole physical domain z € (—o00,400). On the basis of the
analysis of the constructed solutions, we examine tunnelling effect through the potential
barrier numerically.

When considering the ordinary particle in Lobachevsky space, there arises a more simple
and known problem of tunnelling type, which is solvable exactly in terms of hypergeometric
functions.

Visualisation of functions, some analytical transformations, and numerical study were
performed with the use of the graphical, analytical, and numerical facilities of Mathematica
10 system. Also, the results obtained in [11-14] were used.
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1.6 Figures
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FIGURE 1.1
The graph of the potential U(z) at A =1,y = ;b = %
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FIGURE 1.2

Location of the singular points in the complex plane.
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Cox scalar particle in magnetic field,
the spherical space

Generalised Schrodinger equation for a spin zero particle with intrinsic structure
by Darwin—Cox is studied in the presence of a magnetic field on the background
of 3-dimensional spherical Riemann space. The separation of the variables is done.
An equation describing the motion of the particle along the axis z is studied. The
form of the effective potential indicates that we have a quantum-mechanical prob-
lem with the complicated box-type potential. Frobenius solutions of the equation
are constructed, and the convergence of the relevant series is proved by Poincaré-
Perron method. These series are convergent in the all physical domain of the variable
z € [-7/2,+7/2]. Due to the compactness of the spherical space, the existence of
discrete energy levels is assumed; however, any exact quantisation rule is not known.
An approximate method for producing the discrete spectrum of energy is developed;
it is based on the use of polynomials instead of power series involved in exact Frobe-
nius solutions. A numerical study and visualisation of constructed solutions are
performed.

2.1 The Cox equation for a scalar particle

In the frames of the theory of generalised relativistic wave equations, a special model for
a spin-zero particle was proposed by Cox [1]. An updated treatment of this theory can be
seen in recent books [2, 3].

Cox constructed the wave equation for a scalar particle within the model with a larger
set of tensor functions than it exists in the conventional Proca’s approach. Namely, he used
the set of a scalar, 4-vector, antisymmetric, and symmetric tensor, thus starting with the
20-component wave function. We use Proca’s type generalised system [3], obtained after
elimination from the initial Cox’s system of two 2nd-rank tensors:

AP®y=D,®, D@, =pud, AP =us?+\F/, (2.1)

where D, = ihd, — (e¢/¢)A, and p = me; X is a free parameter of the theory related to
an additional structure of the particle, below we use the quantity I' = A\/u. From eq. (2.1)
follows a generalised Klein—Fock—Gordon equation for the scalar function ®:

(uDP(A™") *Do — p?] @ =0. (2.2)
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[0

o s known [3]:

Explicit expression for matrix (A~1)

1
12 (2 — %FPJFJP) _ /\4(iFaﬁFﬁxp)2
2 )\2 o p\ 5B 2 )‘2 ornp B
X{:u(:u’ _EFp Fo‘ )504 _)‘(N’ _?Fp Fa )Fa

(A =

FUNESFP — N3, F;FfFf}. (2.3)
For curved space-time models, we have more complicated form of A~!:

—1 _ 1
(AN = mgr—en—e

(2.4)
X {p(p? = NI) 08 — MNP FP + pN FPFES — N J(z) FXP},
where L
I(z) = 3 (FFs) = (9" E:E'+ B;B"),
J(@) = LEONES) = = (E:B)
4T g ’
0 El E? E3
(F ﬁ) B —gOOE1 0 92233 _g33B2
a ) T —gOOE2 _gllB3 0 g33B1 ’
—gOOEg gllB2 _92231 0
1 1

(F*)*F = 56“ﬁpg($)Fpa, B (x) = e(z), e(z) = et

Cox’s electromagnetic structure may be related to the known Darwin [4] interaction
term in Schrodinger equation; this additional interaction is related to the non-point-like
distribution of the electric charge in the finite volume of the sphere.

In recent papers [5-7], it was studied behaviour of such a particle in external magnetic
and electric fields, in Minkowski space, and in spaces with simple non-Euclidean geometries:
hyperbolic and spherical ones.

Also it was performed the non-relativistic approximation in eq. (2.2). The Schrédinger
equation for the Cox particle has the form

1 o . 1 .
DW= — Dy (—g™)(K ) Dy + meK )W — 5[(1(00* Dmc®+ K eD;]V, (2.5)

where the notations are used:

dS? = 2dt* + gy (x) da*dat Ky = mc(Afl)po‘ = u(Afl)pa ,
ich 0 o
———/—g— el = . 2.6
J=5 0z Y 79 T eAv = Dk (26)
Solutions of this non-relativistic equation in the presence of the uniform magnetic and
electric fields have been found [3]. In particular, for the Cox particle in a magnetic field, we
have [3] a modified energy spectrum

zh&t - 6A() = Dt 5 zch&k — €Ak = CDk 5

2
D wh m+ | m|+1 wh I'B
E=-+_ - - 2.
o Fio et > ) Ti-TBE 2 27)
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For Cox particle, the frequency of a quantum oscillator changes as follows:

w eB
w — a) = =5, w = —". 2.8
1-12B2 Mec (28)
It turns out that the intrinsic structure of the particle rather specifically interacts with
the curved geometry of the space-time. Let us shortly discuss the problem of a particle in
magnetic field on the background of the Lobachevsky space [3]. In cylindrical coordinates,
the analogue of the uniform magnetic field is determined by the relations:

dS? = *dt? — cosh® z(dr? + sinh? r d¢?) 4 d2?,
Ay = —Bp*(coshr — 1), F,4 = —Bpsinh 7,
B

B3 = —Bpsinhr, B> = ————
3 P psinh rcosh? z

(2.9)

the curvature radius is noted as p. After separating the variables in the Schrodinger equation,
we get the radial equation

( d*>  cosh rd  [m—b(coshr— 1)]?

— A = 2.1
dr?2 = sinh rdr sinh? r * )R(T) 0, (2.10)

and the equation for F'(z)

d? sinh z d by — A cosh? z
—_— 22— —) Z(z)=0 2.11
<d22 coshzdz ' © cosh? z — 2 (2) ’ (2.11)
note the notations B2
€ hp =b, T'Bcosh ?z=r~ycosh™?z.
c

For the radial equation, a detailed study shows [3] that here we deal with a finite series
of bound states, which is described by the relations

m < 2B, wﬂwmgfa n=0,1,...,Ng,
1
A—1/4:ZB(M+71+1/2)—(w+n+§)2. (2.12)
In usual units, the last formulas read
1 1 oM P2
A—Z=p*Ag— =, lim Ag= -~ (E — —
7= o=y Jim Ao =5 (B -opp)

B
m < 2B, m+n+l/2§eh—cp2,

1 eB
—p(

DA — Lo mt | m|
+n+1/2)% n=0,1,...,Np. (2.13)

5 +n+1/2)

4 hc
_(mElm]
2
At the limit of vanishing curvature, we obtain the known result for the flat space
P eBh(er\m\
2M  Me 2
Moreover, we have A —1/4 = 2BN — N2, n=0,1,..., N, where

+n+1/2).

1<N:M

5 < +n+1/2<|B|=b,



44 Cox scalar particle in magnetic field, the spherical space

and therefore A obeys the restriction

1
b§A§b2+Z. (2.14)

Eq. (2.11) may be considered as a Schrédinger equation

2
(L e 1-U() ] f(2) =0,

dz?
by — A cosh®

U(z)z—w, U(z — +o00) = 10, (2.15)
cosh™ z — ~2

with effective potential U(z). We find the points of local extremum for this potential, they
are z = 0 and the roots of a quadratic equation

b b2
(cosh®2) |12 = 1V (G -0 (2.16)

While considering the bound states for the radial equations, we noted inequality A2 > b2.
This means that the square root in eq. (2.16) is an imaginary number. Therefore, there
exist no other points of zero force except z = 0. The form of the effective potential U(z)
says that we have a quantum-mechanical problem of a tunnelling type.

Equation (2.16) reduces [3] to a differential equation with six regular singular points.
To physical infinities z = —o0, 400, there correspond the singular points 0 and 1. Frobe-
nius solutions of this equation were constructed, and the convergence of the relevant series
is proved by Poincaré—Perron method. These series are convergent in the whole physical
domain z € (—00,+00). A numerical study of the tunnelling effect was performed in [7].

In the present chapter, we will study the problem of the Cox particle in an external
magnetic field, but now on the background of the spherical Riemann space. In cylindric
coordinates, we have

dS? = dt* — cos? z (dr? +sin® r d¢?) — d2?, 2 € [-7/2,+7/2],
B

Ay = Bp(cos — 1), Fry = By = Bpsinr, B3 = ————
é P (COST )a ro 3 pSImT, pSinTCOS4Z

(2.17)

After separating the variables in the Schrédinger equation, we derive equations in r, z-
variables:

d*> cosrd  [m+b(cosr—1)]?
- _ A = 2.1
(dr2 sin r dr sin? r * )R(T) 0, (2.18)

2 : 2
(d—ffm’zi _ byt Acosz Z)F(z)zo. (2.19)

dz? coszdz | costz— 2
Analysis of the radial equation gives a completely discrete energy spectrum:
1
m >0, A+Z =n+1/24+m)(n+1/24+m+ 2b);
1
m < —2b, A+Z =Mn+1/2—m)(n+1/2—m—2b);

1
—2b<m <0, A+ =(n+1/2)(n+1/2-2b). (2.20)
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In usual measure units, these formulas read

1 b
m>0, p*Ao+ - =422 p(n+m+1/2) + (n+m+1/2)%;

4 he

eb 1 eb
<—2—p* pPAo+-=-2—
mn hel o PR + 4 he

b 1
22 2 <cm<0, Phot+ =2
he 4

p2(n—m+1/2)+ (n—m+1/2)%;

eb

hch(n-l-l/Q) +(n+1/2)2. (2.21)

Transition to the case of the flat Minkowski space is achieved by p — oc0; in this way we
obtain the known result:

oM P2 b
(E )=+2€—C(n—|—m+1/2).

eb
Ag=2— 1/2); > - —
m <0, Ag C(n—|— /2); m>0, oYVi -

h 2

The goal of the present chapter is to study (analytically and numerically) solutions of

the equation in z-variable (2.19). In fact, here we have a quantum mechanical problem

for a particle in a box with a complicated potential, a mathematical task is reduced to a
differential equation with six regular singularities.

I
2.2 Separation of the variables

In cylindric coordinates of the Riemann spherical model of spherical Riemann space we have

dS? = dt* — cos® z (dr? + sin® r dp?) — dz?, /—g =sin r cos® z;

) 5 ) (2.22)
gap = (1, —cos” z, —sin“rcos® z,—1), rel0,n], ze€[-n/2,+7/2].
An analogue of the uniform magnetic field is determined by the relations [7]:
Ay = Bp?(cosr —1), F,y=Bpsinr,
B . B2 (2.23)

Bs=DBpsinr, B*= ———— BB =

psinr costz’ cost z

We start with the generalised Schrédinger equation in the form

1 o ki *
Dt\I’:—W kgj(x)Dj‘I’»
or,
DW= — [P —— Di+D ! Do+ D3Ds | @
T T oMpt T cos2z ® sin?r cos2z S
where

Dy = ihd,, Dy =ihdy— ngQ(cos r—1), Dj=ihd,,

10)1: ih(0y + o T) ; lo)zz ihdy — EBpQ(cos r—1), 1093: ih(0, — P Z) ,
sin 7 c p—
* 1
= D, — T'B3D?
D=3 +12B2 cos—4z( ! s D)
1

— . . 2 . . E 2 B
= 71282 cos—4z[mar +I'B sinr cos” z (lh(‘3¢ ch (cos r 1)) |,
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* 1
Da2= 14+T12B2%2cos 4z

(Dy +T'BsD')

1
T 141I2?R2 cos*4z[
B _ 1
3 14 T2B2cos 42

I'Bsinr
cos? z

ihdy — ZB/)Q(COS r—1)—ih o],

(D3 +T2B? B3Ds3) = ihd, .
We further get

1 o

1 x h? cos T
T D19 Di=

Or
2Mp? cos? z (1 4+ T'2B2cos™ z) (0 +

sin r

I'B Bp?
(8¢+iehp (cosr—1))],
c

x[ 0 +

sinr cos? z
or with the notations

eBp? I'B
p— b —_—
he " cos?z 7(2),
we obtain
K2 cos T

2M p? cos? z (1 4+ +2(2)) (0 +
7(2)
si

71 51 gll ]51:
2M p?

><[87.+W (0p +ib(cos r—1))]

B h? 5 COST ) cosr — 1 v(z) )
© 2Mp2cos? z (1 +~2(z)) Lo + sinr Or +iy(2)b O + 0r0p —iv(2)b].

. T .
sinr sinr
Similarly, we derive

1 10)2 e 1’52: n
2 2Mp? sin? r cos? z (1 +72(2))

2Mp

X [0p + ib(cos 7 — 1)] [0y + ib(cos 7 — 1) — y(z) sinr d,];
2 sin z

2M p? 2M p? (9: - cos 2

By using the substitution for the wave function

o

D3 933 Ds=

)0, .

E

_ —iEt/h_im¢ _
U=c /LemF(Z>R(T)7 €—W,

we reduce the Schrodinger equation to the form

1 5 COST [m+b(cosr—1)]*
{ cos?2z(1+~2(z))L " sinr O sin’r i(z)b

sin z

Fet (9, — 22 %9, } R(r)F(z) =0.

For physical reasons, the function y(z) must be imaginary, so the change iy(z) ~ v(z)
should be done; we obtain

COSs 2z

1 o cosr . [m+blcosr—1)*
cos? z (1 — ’}/2(2)) ( r + sin r ar Sin2 r b’Y(Z))
sin z
et (0. = 2200 R F(2) = 0.
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Then by separating the variables, we get

1 ( d?>  cos rd [m+ b(COZ r— 1)]2)R(r)

R(ry\dr? " sin r dr sin” r
1 9 9 by(z) sin z
1-— — ), — 2 . | F(2) =0.
+F(z) cos”z (1= (Z))< cos? z (1 —~2(2)) te+ (@ cos z)a> (2) =0
Hence we infer
d*> cosrd [m+b(cosr—1)>
and
d? sin z d by(2) A
-— —2 — +e— — F(z)=0.
(d22 coszdz ¢ o2z (1—12(z)) cos?2z(1— 72(2))) () =0

The last relation explicitly looks like!

(d2 QSinzd+ by + A cos? z
& & T ate <
dz? cos z dz cost z — 2

)F(z) ~0. (2.25)

From eq. (2.25), by excluding the term with the first derivative (let Z(z) = cos™! zf(2)),
we obtain the quantum-mechanical equation with the effective potential

d? b A 2
[ +e+1-Uz)] f(z) =0, U(z):77+4 >z,
dz cos*z — (2.26)
by + A T b '
= = —F ::I:f = ——,
U(z=0) [ U(z 2) 5

The magnetic field is directed along the axis z; quantisation of the parameter A > 0 is
known from the analysis of the equation in the transversal coordinate r. The parameter ~y
is associated with an additional intrinsic structure of the Cox particle; it is assumed to be
sufficiently small.
The local extremum may be attended at the points
du A costz4+2by coszz—l—’yQA.

F,=——=—-2cos zsin z
? dz (cost z — v2)2 ’

(2.27)

i.e., at the point z = 0 and at the roots of the quadratic equation

b b2
Acos® z 4+ 2,bycos? z + 72N =0 = (0082 z) l12 = 27 + (F -
The value under the square root is negative because of the known inequality A2 > b2, so
there exist only one extremum point z = 0 in the real domain of the variable.
Here we face a much different problem than in the case of Lobachevsky space. Indeed,

the potential U(z) becomes infinite at two physical points

)42, (2.28)

costz—72=0 cos’z=+y, cosPz=—7;
it is assumed that the parameter v can be arbitrarily small.

Accordingly, the graph of the potential function U(z),z € (—[i/2, 47 /2] has two sym-
metric vertical asymptotes defined by the equation cos* zy = +?; with the decrease of pa-
rameter 72, these asymptotes tend to the endpoints of the interval (—7 /2, +7/2); see Figs.
2.1, 2.2, and 2.3. The potential that enters eq. (2.26) is singular only at two points, namely
—zo and +zg.

ILet it be v = BI.
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2.3 Ordinary particle in Riemann space

Before examining the rather complicated eq. (2.26), let us consider a simpler problem that
occurs for the usual scalar particle in the external magnetic field

[ C et 1-UE] f2) =0, U= -2
Z e _ - -
dz2 ’ cos? z’ (2.29)
Ulz=0)=A, Ulz= ig) = +o0
We introduce the variable
d d d? d? d
=t — =1+, — =0+ +2y(1 +9*)—
y=tanz, — =( +y)dy7 72 = (1+y) azt y( +y)dy,
then (2.29) takes the form
[(1_,_ 2)d72+2 i_‘_i_/\ f=
g Ty T )
To reduce the equation to the hypergeometric type, we use the variable x:
1
p= 1Y ) =1 (-2 = a1 )
so that
d? d e—1
l—-2z)—+(1-22)— — ——+A =0. 2.30
o x)dxz + x)da: 4x(1 — x) + } ! (2.30)

The singular points of the last equation are 0,1, co. The physical features are located at
the imaginary infinities:

1 —itanz s )
z:#, z—>ZF§, r — +i00 .

We find behaviour of the solutions near the (non-physical) singular points:

-1 —1
$—>07 xfl/+f/_€ f:0 J(.:.’I',‘A7 A:i € ;
4o 2
-1 e—1
1— "n_ /_67 — _ _ B — )
I e T R L e
The general solution is constructed in the form f(z) = 24(1 — z)BF(x):
z(1—2)F" +[(2A+1) — (2A+ 2B + 2)x] F’'
1—4A%>+e—1 14B° —e+1
[(A+B)(A+B+1)— A+~ oy ‘T F=0.

4 T 4 r—1

The known restrictions are imposed on the parameters A and B, and the equation simplifies
to hypergeometric type

z(l—z)F"+[2A+1)— (2A+2B+2)z]F' — [(A+ B)(A+ B+1)—AJF =0
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with the parameters

c=2A+1,a:%+A+B+7vl2+4A,b:%+A+B—7”"2W\. (2.31)

To choose the necessary solutions — they need to be finite and continuous — we recall
the meaning of the variable x:

T
z—=+-

. 7T .
5 r — —100 , z—>—§, T — 100 ;

therefore, the most interesting are Kummer solutions of the following types:
—a 1 b 1
us(z) = (—z) *F(a,a+1—ca+1—-b;—=), ws(x)=(—2)"Fb,b+1—c,b+1—a;—).
x x

To investigate the possibility of obtaining solutions in the form of polynomials, we con-
sider the explicit form of the parameters a and b for four different variants depending on A
and B:

g Vil g Ve T 1 g VARRT 1 o VARST
2 2 2 2 2 2
A= 62—1732_’_ 62—1’a:%+ /76_1_’_7\/4/;"'1’1)_%4_1/_1_7%4—1’
_ e—1 _ e—1 1 V4A+1 1 VAA+1
A=t BTy empt Ty by T
A— 6—17B:+ 6_1,a=1+\/4A+1,b—l—\/4A+1.
2 2 2 2 2 2
Obviously, only the first choice allows us to impose the quantisation rules a = —n,
leading to reasonable (from the physical point of view) energy spectrum:
1 V4N + 1 1 V4A+1
5—\/6—1+T+=—n:> 6—1:§+T++n. (2.32)

We are to follow the behaviour of solutions related to uz and u4 at the points z+7/2, x —
+i00. First, we examine the solution on the basis of us:

flx = 00) =21 —2)B(—2) *F(a,a+1—c,a+1—b; é)

~ gAtB=a _ o —VeT+n _ . —1/2-VIRFT/2 _, ) (2.33)
Here we have finite wave functions in the whole physical region.
Similarly, we examine the functions related to wuy:

1
f(z = o00) =21 — 2)B(—2) P F(b,b+1—¢c,b+1—a; =)
x
o gATBb Ve T2 THVARFT/2 _ = 1/24VARFT/2 (2.34)

such solutions are divergent at the points z — 47 /2, and they are not of interest for physical
reasons.

Another variable cos?

z = Z may be used to study eq. (2.29):

(20— -zt T iz =0 (2.35)
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the singular points Z = 0,1 are physical. Let f = Z% (1 — Z)® F(Z); for F(Z) we get the
equation
d*F 1 dF

1 1b(2b—1) 1 —4a?+2a+A
Z 1) — 2,z _Z
+[4(e+ )—(a+0b) ts 17 1 7

By imposing the following restrictions on the parameters a and b:

]F:O.

a=- =+

VI+4A, b=0, -,

| =
QI

the above equation simplifies

d*F

1 dF 11 ,
Z(1-2) "5+ 2a+§—(2a+2b+1)2}d—z+[Z(e+1)—(a+b) F=0.

This is an equation of hypergeometric type, with parameters

1 1 1
a:a—l—b—i\/e—i—l, ﬁ:a+b+§\/e+17 722@—&—5.

Without loss of generality, the parameters a, b are fixed as follows
1 1 1
azz-y1 1+4A, b=0, 7=1+§ 1+4A,

1 1 11 1 (2.36)
+Z\/1+4A—§\/6+1, 5:1+1\/1+4A+§\/e+1.

1
4

o =

The following Kummer functions can be selected as the two linearly independent solu-
tions:

u1(Z) =F(a, 8,7, 72), u5(Z):Zl_"’F(a—i—l—77ﬁ+1—7,2—%Z).

These hypergeometric functions are transformed into polynomials if one of the first two pa-
rameters is either zero or negative integer. From the physical point of view, the quantisation
condition on the admissible energy levels is possible only for the function u;(Z):

1 1 1
a=-n, 14‘1@—5@:_” =

14+V1I+4A
\/e+1:f+2n; n=20,1,2,.. (2.37)
the first term describes the contribution to total energy due to the motion along the trans-
verse coordinate?. The term determined by the quantum number n is due to the motion
along the z-axis.

The expressions for the other three combinations of parameters are®:
1 1 1
=-+4+-V14+4A+ = 1=—
B=1+7 V1I+4A+ 5 Ve+ n,
1 1+ 4A 1
a+1—7=*—\/+ —\/€+ =-n,

4 4 2

2The quantisation of this term was derived from the analysis of the radial equation.
3We note that these do not lead to physical spectra.
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1 V144N Ve+1
lomy==— =
frl-v=73 T

To the bound states must correspond everywhere finite solutions. At the point Z =
0 (z = £7/2), the total wave function vanishes:

fi(2) = 2%y (Z) = ZzO0HVIFAN/A (2.38)

To find the behaviour of the solutions at the point Z = 1 (2 = 0), we use the Kummer
formulas. They make it possible to decompose the above solutions in terms of other solutions
depending on the argument (1 — Z). There exist two such solutions:

u(Z)=F(a,B,a+p+1—¢c,1-2),
U’G(Z) = (1 _Z)’Y—@—ﬁF(,}/_a),y_ﬁ’,y_i_ 1 —04—671 - Z)a
and the needed Kummer formula is

L(Y)T(y —a—f) L(y)I(a+ 8 —7)
P(y —a)I'(8 - B) [(a)l'(B)

At the point (Z — 1), this decomposition takes the form

F(’Y)F(’Y — o= B) F(’Y)F(O‘ + 6 — rY) (1 _ Z)’y—(x—[i )
L(y—a)l(B - B) L(a)I(B)

In view of v — a — 8 = 1/2, the previous formula is simplified to

PG —a )
I(y—a)l(B-5)

Thus, the correct complete wave function referring to the bound states with the energy
levels

ul(Z) =

Ul(Z—) 1) =

1++V1+4A
\k+1:4i—5i——+mz (2.40)
is given by the expression
V1I+4A 1 v1+4A
f1(2) = Z(UVIFEA) /4 _ F(—n, + + 3 +n,1+ +’ Z) . (2.41)
The energy levels related to formula (2.40) are illustrated by Fig. 2.4.
2.4 Cox particle, analysis in the variable x = tan z
We start with the equation
d? B4 Acos? z
— —-1—-—% } =0. 2.42
dz? Te cost z — 2 / (2:42)
With the use of the new variable
d drd 1 d d
TEMRS T & dr cozdw (142 )d:c’ (2:43)
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we transform the above equation to the form

d? d e—1 BA+z*)+A
L4a%) - + 20 - ~0. 2.4
[( +x>d9ﬁ2+ & Ty 1—~2(1 + a2)? f=0 (244)

Further we introduce the variable y:

1—4
y= 2%7 ot =—(1-2y)?  1+a?=4y(1-y); (2.45)
the equation takes the form
d? 1 1 d e—11 e—11 e—1 1 e—1 1
R e R B e - ;
dy? y  l-y’dy 4y 2y 2 1-y 4 (1-y)
A+ 1 1 A— 1 1
LA LAZP F=0. (2.46)
2y 1-4yy(1-y)y(l—y) 2y 1+4yv(1-y)y(1—y)
With the use of the notation, y(1 —y) = f, we obtain the identity
1 11 1 1—dyf+4yf1 1 Ary
L—dyy(l-y) y(d—y)  4vf f L—dyf f f 1-—4yf’
that is
1 1 11 4y
= -+ + ;
l—dyy(l-y) yA-y) y 1-y 1-dyw(l-y)
similarly derive
1 L1, 1 4y
L+dyy(l-y) y(I-y) y 1l-y 1+dyy(l-y)
Let us write down the expressions for the singular points:
1 1+4/1—~71
1—dyy(l—19) =0, P —y+—=0 = yo=-—"Y "
4y 2
1 1 1 1 1 1
l—dyy(l—y) dy-y)y—v2) Y-y y-—y y—y2
1 14+4/1+~71
L+dyy(l-y)=0, P —y——=0 = ysa=— V"
4ry 2
1 1 1 1 1 1 1

L+dyy(l—y) 4y (y—ys)(y —ya) S T hn—wny—wn y-un

Thus, the above equation may be presented as follow

ﬁﬂl_ 1)i {_e—li_e—@_e—l I e—1 1
dy> 'y 1-y'dy 4 y? 2y 2 1-y 4 (1-yp?
YA+ 8.1 1 1 1 1
+ 2 [7 1 — + _ — - )}
2 Y Yy N1—Y%2 Y-y Y—y2
A—pBrl 1 1 1 1
+7 5[7+ + ( - )| }r=o0; (2.47)
2v ly 1-y y—vay—ys Y—t
the singular points
07 1a Y1, Y2, Y3, Ya (248)

are regular.
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Let us study the character of the point y = co. To do this, we recalculate the equation

to the variable Y =y~

1 —
Y=yt =—, l-y=-—— Y
v Y=y y=—~v - ¥y, ¥=0,
d 1 d d d? d d
T A T
dy y2 dY ay ' dy? av ay’
o0 eq. (2.47) takes the form
d? 1 d

a2ty _1ay
{ e—li e—li e—li 1 e—li 1
4 Y2 2 ¥y3 2 Y3Y—1 4 Y2(Y-—1)?

JRTES:7 8 WS W S W P R W)
2y Y3 Y3V -1 y1—1pY3'1—yY 1-—13Y
'yA—ﬂ[l 1 1 1 1 1 1 }}
=t = =z - =0. 2.49
* 27y Y3+Y3Y71+y37y4Y3(17y3Y 1fy4Y) / (2:49)

In the neighbourhood of the point y — oo (Y — 0), eq. (2.49) becomes simpler

ﬁ_ﬁ _e—li_e—li_’_e—li_e—li F=0
dy? dYy 4 Y2 2 Y3 2 Y3 4 Y2 o

or differently,
f A,

dy2 dy

which means that the point y = oo (Y = 0) is not singular.

2.5 Analysis in the variable cos?z = Z

Let us apply the more convenient variable cos? z = Z; then eq. (2.42) takes the form

d2 1 1 1 _d e+ 1
[@+(ﬁ+§Z—1)d7Z74Z(Z—1)
by+AZ _

The equation (2.50) can be written more symmetrically as

gl%i+11)i+eﬁvﬂp

dzz " \27z "27-1)dz " \4y " 4 )z

<7e+1 b7+A) 1

4 a1 -2))z -1

A+b 1 A-b 1
- +

8Y1=7)Z—v 81 +7)Z+y

}f =0, (2.51)
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We have four regular singularities: Z = —v, +7, 0, 1; the physical region of the variable is
the interval Z € [0,41]. Equation (2.51) can be written in short form

d? /2  1/2 . d A B C D
FR S R bR z_ﬁz_ﬁzH]f(Z)—O’ (2.52)
where
a= bttt el A s, A%b o, ATD
4y 4 4 4(1—~2) 8y(1—7) 8y(1+7)

Since the equation does not contain complex values, we conclude that each complex-valued
solution will be accompanied by a conjugate one.

Let us investigate the point z = oco. To this end, we transform the equation to the
variable y = Z~1:

[d2+(1 1/2>d+A+ B N C N D ]f() 0
—_ L JR— JR— y = ,
dy> vy 1-ydy vy yP(l-y) v (A-vy) (1 +y)
or
> (1_ 1/2 )i A+B+C+D
dy> 'y 1—y’dy y3
B+Cy—-D B+ Cy? + Dv? B C~3 D~3
n 72 vy v R v Dy }f:().
Yy Yy l—y 1-yy 1l4yy

Since we have the identity A+ B+ C+ D = 0, the equation in the variable y gets simplified

[i2+(l 1/2 )i B+ Cy— D~y
dy> 'y 1-y'dy y?
B+ C~* + Dy? B Cr? D~?
Yy l—y y—v1t y+y? ) (2:53)

whence we conclude that the singularity at Z = oo is also regular.
Among the five singular points

1 1
Z:(]a 17 =7, +7, 00 or Yy =00, 17 -, +-, 07 (254)
v v
only two points are physical:
20, Z—+1, y— +1; z—>:|:g,Z—>O,y—>oo. (2.55)

Now we turn to studying solutions of eq. (2.53). There is no difference which variable
byTis used: Z = cos®z or y = Z~! = cos™2 z. For definiteness we consider the variable y.
Near the physical singular point y = co, Z =0 (z = +7/2), we have
d? 1/2d A 1

Near the physical singular point y =1, Z =1 (2 = 0) we get

(L 12 d B
dy* y-ldy y-1 (2.57)
1-7

f:(y—l)b:(?)b:(l—z)ba b1 =0, b=,

the solutions tend to zero f = \/y — 1, or tend to a constant value f = (y —1)° = 1.
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Near the (non-physical) singular point y = 0, Z = oo we have the equation

& 1d B+Cy-Dy
(72 - 72>f(y) =0;
dy>  ydy Yy
its solutions are constructed in the form
f=vy" @®+B+(C-D)y=0, ap=%y-B—(C—-D)y;

taking into account the expressions for B, C, D, we obtain

u 7+\/e+1 u 7—\/e+1_
11— 5 > 2 — T 5
2 2
. ) 2.58
N Cu o €% 4 o2 VerT ( )
fly)=y* = 27" = (cos2)™™ = (———)7V"".

The possible behaviour of the solutions near the points +1/+, —1/ is given by relations:

y—>+1/’73 F_(y_l/’Y)p7 P1,2:0a1§

2.59
y— —1/v, F—(y+1/v,)7, 012=0,1. (2:59)

At these points the solutions vanish or tend to a constant value, and it does not matter
from which side to approach the point zg.

When constructing solutions corresponding to bound states, we are primarily interested
in finite functions. In view of the behaviour of solutions near the points +zg, the potential
discontinuity at the points +zy does not lead to any serious consequences.

Taking into account the established asymptotics, we will construct the solutions of eq.
(2.53) of the form f = y*(y — 1)*F(y); we obtain the equation

2a+1  2b+1/2 +B+(C-D b(b—1)+b/2
F,,+(a N /)F,+[a g v, B )2/
y y—1 y (y—1)
+—2ab—a/2—b+B+(C’+D)'yQ+2ab+a/2+be Cy* Dy ]F*
Y y—1 L—yy T+yy
We apply now the already known restrictions
1
a>+B+(C—-D)y=0 = a=aj,az, bb—1)+b/2=0 = b=0,§,
further we obtain
F,,+(2a+1+2b+1/2>F,
Y y—1
—2ab—a/2—b+ B+ (C+D)y* 2ab+a/24+b— B CH? D~?
+| + = - |F=0
y y—1 y—1/v y+1/y
The functions F;(y) are subjected to the equation which is the same
d
F”+(E+A>F’+<g+ CAR S— )P =o. 2.60
y y-1 y y—1 y—-1/y y+1/y (2.60)

We multiply eq. (2.60) by
y(y—1@—1/7)@+1/7),

so we get
yy-1Dy—1/7)(y+1/7)F"
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+{ozly(y— D=1/ @+1/7  Aryly-1y—1/7) (y+1/v)}F,
Yy y—1
+[ozy(yfl) =1/ @+1/7)  Byly-D =1/ +1/7)
Yy y—1
Loyl =Dy -1/ +1/7)  dyly—Dy—1/7) (y+1/v)}F: 0
y—1/v y+1/y ’
or
ay + B a1
' —y° = /7 +u/IF + (a4 By’ — aay® - vt ?}F’
c—d a+ c—d Q@
+[(a+ﬁ+c+d)y3—(a+c+d— Yy? — ( 26—1- )y—l——Q}F:O.
Y Y Y
Solutions can be built as power series
F= Z any”, F' = Znanynfl, F" = Zn(n — Dany™ 2.
n=0 n=1 n=2
Further we obtain
S w2\ n IS n, 1x n
Z n(n — 1)any" " — Zn(n —Day™ - - Zn(n —Dany" + — Zn(n — Dany
n=2 n=2 v n=2 v n=2
- n+2 = el o1+ B S S
+(a1 + f1) z nany" " — a1 z nany" " — —E z nany” Z nany" "
n=1 n=1 n=1 n=1
+(a+ﬁ+c+d)Zany"+3— <a+c+d—cg—d) Zany"+2
n=0 n=0
+ o
_(a ’8 )Zany %Zany =0.
7 n=0

After changing the summation 1nd1ces, we get

[eS)

Z k 3 CLk 2Y —Z(ks—l)(k’—Z)ak,lyk

k=4 k=3

)

1 1 &
7?216(]6 —Dary® + ?Zk(kJr Dagsry®
k=2 k=1

CM1+,31Z —2)ar_2y *0612 —Dar-1y"

k=3 k=2

ai + a1 —
7172/&Zkakyk+%z(k+l)ak+lyk
= 7" =0
o0 _d oo
+(a+ﬂ+c+d)2ak—3yk*(a+c+ < )Zak—QZlk
k=3 =

()T w5

7’ St

Equating to zero the coefficients at all powers y*:

i

kJZO, —al—l— ao—O
2
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2 a1+ f1 o a+p  c—d @
k:1, —a— ——a1+2—5as — + —)ap+ —< a1 =0,
v? v? v? ( v? v ) v?
k=2, _vizaﬁ 6as — o1 ar — 1“L’312 2+—3 as
c—d a+pB  c—d «
—(a—}—c—l—d—T)ao—( e +?)a1+¥a220,
1 1
l{?:3, —2a2—¥6a3+¥12a4+(a1+ﬂ1)a1—oz12a2 a1+513 3—|— 4
—d —d
+(a+6+c+d)ao—(a+c+d—c )al_(a—i;ﬁ+c )a2+—2a3:0,
Y Y Y Y
12 20
k=4, 2a2—6a3—$a4+¥a5+(a1+,31)2a2—a13a3—a1+614 4+ 5 as
—d —d
+a+B+ctdar—(a+et+d—° )az—(atﬁ—kc )a3+7a4=0,
Y Y Y Y
1 1
k=5,6,7, .. (k—2)(k—3)ak—2 — (k—1)(k —2)ap—1 — —Qk(k —1)ax + —Zk(k—k 1) ag+1
041+51

+(ar 4+ B1)(k—2)ak—2 —ai(k — 1) ag—1 — ka k+7(k+ 1) art1

d o+ c—d
) ak—2 — ( 2'B+ )ar-1+ —=a, =0,
v v 72

Ha+Bretrdars—(atetd— =

we derive the 5-term recurrence relation for the coefficients

k=5,6,7, .. (a+B+c+d)ak_s

(k= 2)(k=3)+ a1+ B)(k—2) — (a+c+d— —

)ak—2

« c—d
(k= 1)(k—2) +on(k — 1)+ ( ;ﬂ+ — s
—&-[—%k(lﬂ—l) 0‘1+ﬂlk+ Day [%k(lﬂ—i-l)—i—%(k—f—l)]akﬂzo.

The Poincaré—Perron method is used to analyse the convergence radii of the series. We
divide the recurrence relation by aj_3:

(a+B+c+d)

c—d ap_o
v ag—3

a+p . c—d  ax_1 ax—2
72 Y Ap—2 Ak—3

+[(k = 2)(k —3) + (1 + 1) (k —2) — (@ +c+

k-1 —-2)+a1(k—1)+(

A Qg—1 Q-2

art+fi, | a
2 Y2 ap—1 ag—2 ar—3

1
+[—?k(k— 1) —

1 « a ap Qp_1 Qf—
+[—2k(k+1)+—;(k5—|—1)] k+1 Ak Qk—1 Qk—2 —0.
Y Y ap Qg—1 Q-2 Gk—3

The convergence radius of the power series is the inverse of |r|:
A1 1

r= lim , Reono = — .
k—oo Qf |7"
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In order to find an algebraic equation for r, the resulting equation is multiplied by k2, and
we let k tend to k — oco. In this way we obtain

1 1
rerte gt grt=0 = =D =) +) =0,

The following roots are r =0, 1, —v, +7 , so for convergence radii we get
1

—, 0. (2.61)

Reonw = 1,
v

We recall that the physical domain for the variable y is y = cos™2 z,y € (1,00).

2.6 Analysis in the variable sin’?z =«

In the equation

2 12 1/2.d A B c D
2R A Ul e el i ] LA Rl

we make the change of the variable to*
Z=1-x z=1-Z=sin?z, —=——10. (2.62)

The equation takes the form

a2 1/2 1/2.d A B C
— St - 7) =
{de (x—l x )dx x—1 z 2x—(1-—7) x—(l—i—fy)]f( )=0
Let 1 — v = 5,1+ v =t; then the above equation can be written as
d? 1/2 1/2.d A B C D
-— — )= — - Z)=0. 2.
(de (x—l x )da: xr—1 = x-—s x—t)f( )=0 (2.63)

Its solutions are built in the form
1
f(:c):x“(:r—l)bG(x), a:0,§, b=0,

For the function G, we have the equation

2G 14b+1 1+4a dG 14ab—2A+a+b
9 )74_(5 r—1

1
dx2+(2 r—1 2 dx

1b(2b—£) 1a(2a—1)+1—4ab—23—a—b_ ¢ D )GzO.
2 (z-1) 2

x? 2 x xr—8 x—1
We apply now the already known restrictions a = 0,1/2, b= 0,1/2. The choice a = 0 gives
symmetrical under the replacement z ~» —z solutions, with the property f(z — 0) = const;

4This new variable is more convenient, because the physical domain is Z € (0,1).
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the choice a = 1/2 gives anti-symmetric under the replacement z ~ —z solutions, with the
property f(z — 0) =sinz — 0. In this way, we obtain the equation

inG (11+4a+14b+1)ﬁ
dx? 2 =z 2 x—1/dzx
1—4ab—2B—a—b 14ab—2A+a+b C D
+(* + =

— — G=0.
2 T 2 r—1 r— S x—t)

We shall follow all four possibilities of the last equation. The functions G;(x) are subject to
the equation with the general structure

G”+(%+%)G’+(%+xﬁ TR ) =o,

-1 z—s x-—t (2:64)
where 1 1
@ 5(1+4a), Bi=3 (1+4b),
1
azi(—llab—QB—a—b), B=- (4ab 2A4+a+b), ¢c=-C, d=-D.

We multiply the equation by x (x — 1) (9: —s)(x —t), so we get

[2* — (1 +s+t)2° + (st +s+1t)a® — stx] G”
+{(a1 +61)x3—[(1+s+t)a1+(s+t)61]x2+[(st+s+t)a1—i—stﬁl]x—alst}G'

+{(a+B+c+d)z®—[(1+s+t)a+(s+t) B+ (1+t)c+ (1 +s)d]2?

+[(st+s+t)a+stB+ct+dsjz—ast}G=0.
The solutions can be built as power series

oo oo oo
G= Z apz”, G' = Z na,z"t, G"= Z n(n —1a,z™ 2.
n=0 n=1 n=2
Further we get
Z n(n—1)anz™ " — (14 s+1) Z n(n —1anz™ + (st +s+1) Z n(n —1)anx"
n=2 n=2 n=2
—st Z n(n — Danz™ " + (a1 + 1) Z nanz" ™ = [(1+s+t) a1+ (s +t) £ Z nanz"t
n=2 n=1 n=1
+[(st+s+t)ar + stp] Z nanx" — oy st Z nanz™ '+ (a+B+c+4d) Z anz"t?
n=1 n=1 n=0

—[(1—|—5+t)a+(s+t)ﬁ+(1+t)c+(1+5)d]iana:”+2

n=0

+[(st+s+t)a+stﬁ+ct+ds]Zanx”H —ast Zanx”

n=0
By changing the summation indices, we get

k=4

i )k — 3)ak— 2x71+s+ti
k=3

)k —2)ak— 1x + (st +s+1t) Zk‘ flak:v
k=2



60 Cox scalar particle in magnetic field, the spherical space

(oo}

—stZk k—|—1)ak+1x + (a1 + B1) Z — 2)ak— oz
k=1 k=3

o0
—[14+s+t)ar+ (s+1) B] Zk—lak 1z”
k=2

+[(st+s+t) a1 + stfi] Z karz® — oy st Z(k + Dagz" + (a+ B+ c+d) Z ay_zz®
k=1 k=0 k=3

—[(1+s+t)a+(s+t)5+(1+t)c+(1+s)d]§:ak_2xk
k=2

+[(st+s—l—t)oz—i—stﬁ—i—ct—i—ds]z:ak,lmk —ast Zak:ﬂk =0.
k=1 k=0

We equate to zero the coefficients at the powers of y*, and we get a system of recurrence
relations:
k=0, —aq sta; —astag =0,

k=1, —2stag + [(st+ s +t) a1 + stf1] a1 — 2aq st ag
+(st+s+t)a+stB+ct+dslag —asta; =0,
k=2, 2(st+s+t)ag—6stas—[(1+s+t)ar+(s+1) f1] a1
+2 [(st+s+1t)as + stby] ag — 3aq stag
—[A+s+t)a+(s+t)f+(1+t)c+(1+s)d]ao
+(st+s+t)a+stb+ct+dslag —astas =0,
k=3, —2(1+s+t)az+6 (st+s+t)azg—12stas + (a1 + f1) a1
—2[(14+s4+t)ar+(s+1t) f1] az+3 [(st+s+1t)ar + stp1] as
—daystag+ (a+ B+c+d) ag—
—A+s+t)a+(s+t)+(1+t)c+(1+s)d] ay
+(st+s+t)a+stf+ct+dslas —astaz =0,

k=4, 200 —6 (1+s+t)az+12 (st+s+t) ag—20stas +2 (o + P1) as

“3[(1+s+t)ar+(s+1t) f1]as+4 [(st+s+1t)as + stfi] a
—5aystas+ (a+B+c+d) ay
—[I4+s+t)a+(s+t)B+Q+t)c+(1+s)d]a
+(st+s+t)a+stB+ct+dslaz —astas =0,

k=567, ..

(k—2)(k—3)ag—o— (1+s+t) (k—1)(k—2)ar_1+ (st +s+1t) k(k—1)ay
—stk(k+ 1ags1 + (a1 + 51) (k—2)ag—2 — [(1+s+t)as + (s + 1) B1] (k — Dag—1
+[(st+s+t)as +stb] kap —arst(k+1)agr1 + (a+F+c+d) ak—s
—A+s+t)a+(s+t)+(1+t)c+ (1 +s)d]ar—2
+[(st+s+t)a+stf+ct+dslag—1 —astap=0.
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Thus, we get the 5-term recurrence relations for the coefficients
k=567 .. (a+B8+c+d) ap—s+{(k—2)(k—3)+ (a1 +p1)(k—2)

—[I+s+t)a+(s+t)+Q+t)c+ (1+s)d}ar—2
+{-Q+s+t) (k—1)k=-2)—[1+s+t)ar+ (s+1t) B1] (k—1)
+(st+s+t)a+stB+ct+ds} ag_1+
H(st+s+t)k(k—1)+ [(st+s+1t)ar+ stfi] k —asthax
+{—stk(k+1)—ayst(k+1)}ar1 =0.

The Poincaré—Perron approach is used to analyse the question of the convergence radius
of the series. The recurrence relation is divided by aj_3:

(a+B+c+d) +{(k—2)(k—3)+ (a1 + B1) (k—2)
a2
ag—3
+{-Q+s+t) (k—1D(k—-2)—[1+s+t)ar + (s+1) 1] (k—1)

—[A4+s+ta+(s+t)B+ 1A +t)c+ (1+s)d]}

Q-1 Af—2

+(st+s+t)a+stf+ct+ds}

ap—2 Qk—3

H{(st+s+1t) k(k—1)+ [(st+5+1) o1 + stBy] k — a st} —b Lol Th=3

Q-1 Ag—2 QK3

F{osth(k+1) — ay st(k + 1)) 2L Dk Oko1 k2
g Gg—1 Qg—2 Ax—3

The convergence radius of power series is the inverse to |r|:

. Qg 1
r = lim ,  Reono = — .
k—oo ag | r ‘

To find an algebraic equation for r, the resulting equation is multiplied by k~2, and we let
k tend to k — oo. The result is

1 1 1
r—(1+s+t)r?+(st+s+t)r’ —strt=0 = (—st)r(r— —t)(r— z)(r— -)=0;
s s
that is, the roots are
1 1
r=0, r=1, r=—-, r=-.
t t
Accordingly, the following radii of convergence are possible:
Reons = 00, 1, [t = [141], [s| = [1 = ~]. (2.65)

Thus, the power series near the point x = 0 is guaranteed to converge in a circle of radius
Reony = 1—|7]; this is the most interesting area from the physical standpoint. We note that
the convergence may be further extended due to the non-singular behaviour of the solutions
near the points |z| = |1 £ |
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2.7 Figures

—
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FIGURE 2.1
Potential U(z) at v = 0.
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FIGURE 2.2

Potential U(z) at v = 7,b = 1i5; two cases: A =1 and A = 10.
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FIGURE 2.3
Potential U(z) at v =2,b= %0, A =10.
€A,n)
500,
FIGURE 2.4

Three series of energy levels at A = 1,5, 10.
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3
Cox particle in the Coulomb field

Generalised Klein-Fock-Gordon equation for a scalar particle with the Darwin-
Cox structure, which takes into account the distribution of the electric charge of
the particle inside a finite spherical region is studied in the presence of the external
Coulomb field. There are constructed exact Frobenius type solutions of the derived
equations, convergence of the relevant power series with 8-term recurrent relations is
studied. As analytical quantisation rule is taken so-called transcendency conditions.
It provides us with a 4th-order algebraic equation with respect to energy values,
which has four sets of roots. One set of roots, 0 < E, ; < 1, depending on the
angular momentum n = 0,1, 2, ... and the main quantum number n = 0,1, 2, ..., may
be interpreted as corresponding to some bound states of the particle in the Coulomb
field. In the same manner, a generalised nonrelativistic Schrodinger equation for such
a particle is studied, the final results are similar.

3.1 Setting the problem

We start with the tensor system of equations for scalar Cox particle which charge is dis-
tributed in finite volume (see [1-8])
A mc
e (50 —F, )q’ - D,®, D@, ="Lo¢, 3.1
where D, =iV, + (e/hic)A,. Nonzero parameter A corresponds to an additional Darwin—
Cox structure of the particle. In short form, eq. (3.1) reads

%A(ﬁ% —D,®, D°®, = %@. (3.2)

Multiplying the first equation by the inverse matrix (A~"),*, we get

me _ me

?(I)P = (A l)paDoc(by Daq)a = ?q)> (33)
whence after eliminating the vector component we obtain a generalised Klein—Fock—Gordon
equation for scalar ®(x)

m2c?

72
In arbitrary curvilinear coordinates with metrics gos(x), the above equation is written as
follows

(DP(A‘l)”“Da@ - )@ =0. (3.4)

0 e m2c?

V=gt A)(A e (laxa‘LEAa) R

KW@” }@:0. (3.5)
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3.2 Separating the variables

Consider the Cox particle in the presence of external Coulomb field

€

Ay = ; e>0 Fo=——,  dS?=cd’ —dr? —1?d6? —r*sin®0dg” . (36)

In this case, the above matrix A_? takes the form

1 4 0 0
L 1 00 Ae
— By — r2 - _ .
0 0 0 1
its inverse matrix equals
2
e A 000
2
A=K = (K =| —#5 e 0 0, (3.8)
0 0 1 0
0 0 0 1
or differently (note the location of indices)
2
ﬁ N rfj/ﬁ 0 0
7'2 7’4
(Kﬂ/’) = +7T4FLH2 e 0 0 . (3.9)
0 0 —1/r? 0
0 0 0  —1/r%sin®
Let us apply notations
D, = — /= + Dg :ii+3Aa,
V- 8xﬂ x>  ch
then eq. (3.5) takes the form
[DOKOODO + DyK* D, + D, K™Dy + D, K"" D,
_ _ m2c?
+DyK"" Dy + DyK** Dy — 3 Jo=o. (3.10)
Further, we obtain (let a = e2/hc)
{00+ 2™ (@00 + Z) + (100 + 2) K730,
+r—28Tr2KTO(i80 + ;) + —3TT2K”2'8T
1 m202
S S P }q) .
T2 Sind (99 Sin 39 T2 sin2 98¢8¢ h2 0 5
or
. a2 ot . ay  our?
{ (180 + 7) T (lao + ?) rd— u? 0,
2 : 4
2B _ a i g T )
ﬁa i (180 +2) - ot a0
1 m2c?
1 B ) —}fb ~0. 3.11
+r2 (sm ¢ h2 ( )
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If 4 = 0, then from eq. (3.11) follows an expected equation

{ (20 + %)2 + %a,ﬂar + %(569 sin 00y + Sm%ea(z,a(z,) - T e —o.

H2
After separating the variables with the use of the substitution
D = i@ ch Yim(06) R(r), e=E'/ch, [e]=meter *

from eq. (3.10) we get the radial equation
4 2
oy T a, T d
e T it DA
{(EJrr) r4 + T2 (€+r)r4+f‘2dr
d 2. r? e d 2 7 d 1(1+1)
o e T N Gt ey T e

+T( - M2}R ~0, (3.12)

oty
in the following we will apply the notations

mc 1
M=— ée=a=—, L=I(+1 =0, T*"=T. 3.13
L @ma=— L=ll+1), =T, (313)
Equation (3.12) can be transformed to the form
4 2
o, T o, T d
e T i D
{<€+r) rd 412 (€+r)r4+F2dr
« r2 d r? a\’ 2 7 «
T —)— (1"7 —) r-— —
+ (6+1")7'4+F2dr+ r4+F2(6+r) + 1"7"4+F2(6+7")
rt 2 r*oN'd 2 ot d I(1+1)
+ﬁﬁ+(ﬁ)*+* iTTe g 2
rd 4+ 12 dr r +12/) dr  rri4+12%dr T

- MR =0,

that is
{ r d2+[( rd )’+2 r d+(+0¢)2 r
- “ L e 2
rd + T2 dr2 rd 412 rré 4+ 121 dr R
2

T
rd 412

2

a1/ 2 r (e} l(l+1) 2 o
(+ )+l DT - R=0. (319

+ {r
Allowing for identities
2 gt N [ rd ]’ B rd (2 N 412 )
T rd4T2] 4 4T2\r  p(rd+T2))°
r? a N\’ 74 2¢' o' 4d(ecar +Ta
(F4 2(6"'7)) = 2(7 P (4 2 ))’
rd 4+ T r rd T2\ 3 r rd 4+ T
we reduce eq. (3.14) to the form

{Liﬂ r! (2+ 4r* )i
rd4+T2dr2 4 4+T2\r  r@t+T2)/dr
« r4 rt 2¢' o' 4(el'r+Ta
+(e+ —)? + (7 al _ ¥>
r’ rd T2 T2\ 93 rd rd 4 T2
o r? a, I(1+1) 5
r737“4+1"2(6+;)7 72 7M}R70’
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2 2
{fw(fﬂﬁm)Z

« 2¢' ol

or

+(e+ ;)2 ts T~ m(GFT +la)
T ) V)
Finally, we arrive at the equation

Equation (3.15) has four regular and two irregular points

R T R (ST I
r =0, Rank = 3, r =00, Rank = 2;

note identities
o= (-4 o2 =/-T2=il, of=-T?

1 1 1 1 7 7
_— = — — . 3.17
rd + 12 403(7"—0 r+a+r—io r—i—io) ( )

Solutions near regular points behave as follows
r—+4o,R~(r—-0),p=0,2 r——0, R~(r+o),p=0,2;
(3.18)
r— +ioc,R~ (r—ic)’,p=0,2; r— —ioc,R~ (r+io)’,p=0,2.

Because the point 7 = 0 has the rank 3, Frobenius type solutions (in vicinity of the point
r = 0) are searched in the form

R(r) = rCeATeB/”eD/Tzf(T) . (3.19)

3.3 States with zero angular momentum, [ =0
If 1 =0, eq. (3.15) simplifies
d’R 6 473 dR
et (, _ 7) a
dr? r r*+T2/ dr

9 5 20e  a? 4le  3al —T2M?  Al(er +a)
FlE-MP+ Tt . -
r r r3 r rd+T

}R —0, (3.20)

it has the same four regular points, and two irregular, » = 0,7 = oo, both of the rank 2.
Allowing for identities (recall that v/ —I'2 = o):

4r3 1 1 1 1
T - S - (3.21)
(rt+172) r—o r—ic r+o r+io




States with zero angular momentum, [ =0 69

—4Ter —4al
rd 412
:%{—Feg—ar+i(—’irea-—ar)7]:‘60'—@].—‘72'(1'1—‘60'—-0[1—‘)}, (3.22)
o r—o T — 10 r+o r 40
we transform eq. (3.20) to the form
d2R+[6 1 1 1 1 }dR
dr? r r—oc r—ic r+o r+icldr
2 241
+[52—M2+ Qe a2+73€
r T
3al —I?M? Te/ 1 1 1 1
Bl et - )
T o“\r—oc r—w Tr+o 1r+10
r 1 1
LR N S S | P
c°\r—oc r+oc r—10 Tr-+1i0
or
d2R+(§ 1 1 1 1 )dj
dr? r r—oc r—ic r+4+o r+ic/dr
+[62_M2+2ae+a722 471;))\5+3OLF74F2M2
r T r
7F(ea+a)+F(eol+ia)JrF(feaJra) F(feq+ia)]R:O' (3.23)
(r—o)od  (r+io)o? (r+o)o3 (r—io)o3
Let us specify eq. (3.23) near the point r = 0:
6 3l — T2 M2
Ry Sp g Gla— M (3.24)
T r

We can see that the region in the vicinity of » = 0 is forbidden for the classical motion of
the particle only if parameter I is negative. Indeed, inequality (3Ta — '2M?) < 0 yields

3900 — o T<o0 b I'>2 3.95
M2

r(r i

The variant b) seems to be nonphysical because we assume that parameter I' may be as
small as we wish, including the value I" = 0. The inverse of eq. (3.25) restriction 0 < T' < %
implies the existence of the above boundary.

In accordance with the structure of singularity in r = 0, the Frobenius type solutions of
eq. (3.23) are searched in the form

R(r) = reAmeB/m f(r), (3.26)

this results in the following equation for f(r):

d*f 20+6 2B 1 1 1 1 \df
— - 24— - - =
d7"2+( T )dr

r r2 r+ic r+o0c r—o r—ic

20e+6A4+2AC o2 —-2AB+5C 4+ C?
+[ +

r r2
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4Te—4B—-2BC 3al —T?2M?+ B2
+ +

3 A
I I - Ao® + B 21
S M e+ a 0°+ Bo +Co
o3 (r+o)
—Teo —al' — Ao® + Bo — Co? 1
+ 3
o (r—o)
l'eo+ila — Ao® — Bo —iCo? 1
+ -
o3 (r+io)
+Feo—iFaan3fBo+iC’02 1. }sz. (3.27)
o3 (r—io)
Impose restrictions on A, B, C:
A-M*+=0 = A=+V/M2-¢, (3.28)
3al —T?M?+B*=0 = B=0/I'(TM2-3aq),
Te 2Te
C=2(—=—1)= 24— 3.29
(B ) VI(M? -3a) (3.29)

here arise four possibilities: +1, = +1.
For describing the bound states, of interest are solutions tending to zero in infinity, so
parameter A should be negative

A=—VM?—¢e. (3.30)
Solutions tend to zero at the point » = 0, only at negative B,
B=—-yI'(l’'M?-3a), T'<0 (R>0). (3.31)

Let us study the possibility of imaginary B:

. 3
D(TM?—3a) <0, eB/m=¢*R/" R>0, Tel(0, VO;), r>o0. (3.32)

This implies the following behaviour in vicinity of r = O:

1 _.ore ;
r—0, R~ —263“21F2 Inretilt/r, (3.33)
T
which is hardly consistent with any bound states. For this reason, in the following, we
assume that I' < 0.
Taking in mind restrictions (3.29), we simplify eq. (3.27) to the form

d>f 2C+6 2B 1 1 1 1 \df
e J _ 22 i 9A— _ _ _ 4
dr2+( r r2+ r+0c r—o r+ic r—io)dr
20e+6A+2AC o> —2AB+5C + C?
-l-[ + 5
T T
—Teo+al —Ao®+Bo+Co? —Teo—al —Ac®+ Bo — Co?>
o3(r+o) o3(r—o)
S P 2 P R .~ 2
+Fea—|—zFa Ac ' Bo —iCo Teo —il'a — Ao : Bo +iCo }f:(). (3.34)
o3(r +io) o3(r —io)
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Further, we will apply its short form

1 ap | az 1 _ 1 _ 1 _ 1 ),
/ +( +r+r2 r+0c r—o r+ic r—io !
by b

Jr(71+7zjL b | P B Pa

=0.
 r+0 r—o T+i0’+7"—’i0')f

Multiplying it by r*(r + o)(r — o)(r +io)(r —io) = r*(r* — o*), we obtain

d? d
<r6 U4T2) TJ; + [ar6 + (a1 —4)7° + agr* — otar? — otayr — otay 4
r

+[(b1+51+52+53+ﬂ4)7“5+((—ﬂ1 + B2 — i3 + iBs) o + by) 1t
o (B1+ B2 — B3 — Ba) 1

+(=B1 + Ba +iB3 —iBa) 0°r? — by a4r—b204}f =0.

Solutions can be searched as a power series

f= chr", Z—J; = chnr" , % = Zn(n —1en n-2
n=0 n=1

oo [eS) oo [eS)
n+3 4 n+1 4 n 4 n
+as2 NncnT — 0 a NncnT — 0 al Nncp,”T — 0 a2 NnenT
n=1 n=1 n=1 n=1

+ (b1 + 1+ B2+ B3+ Ba) Z Cnr™ T8 4 ((=B1+ B2 — B3 +iBa) o + b2) Z car™tt

n=0 n=0
+0? (B1+ B2 — B3 — Pa) Z enr™ T 4 (=B1 4 B2 +ifs —iB4) o® Z enr™ T2
n=0 n=0

oo oo
1
—by ot E enr™t — by ot E et =0.
n=0 n=0
After changing the summation indices, we obtain

oo

ik 4)(k — 5ck4r —04Zk S
k=6 k=2

k=6

o0
Pt 4 (a1 —4) E neart
n=1 n=1

71

(3.35)

(3.36)

—1)ckr +aZ(k—5)ck s + (a1 —4) Zk 4)ep— urF
k=5

e}

+ao Z(k — 3)ck_3rk —o*a Z(k — l)ck_lrlc — oty Z kewr® — otas Z(k + 1)ck+1rk
k=4 k=2 k=1 =

(oo}

(b1 + B1 + B2 + B3 + Ba) chfwk + [(=B1 + B2 — ifs + iB4) o + b2] ch art
k=5 k—4

+0° (Br+ B2 — Bs — Ba) Y ks’ + (=B1 + B2 +iBs —iBa) o ch or”

oo oo
4 k 4 k
—b1o E Ch_1T —bao E cer =0.
k=1 k=0
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Thus, we get the recurrent formulas

k=0, azc1 + baco =0,

k:L 2a202—|—a101+b100—|—b201:0,

k=2, —20cy—ocaci —20aica—30ascs+ (—P1+ B2+ iBs —ifa)co — brocy — baoea =0,
k=3, —602c3 — 20%acs — 302aics — 4olascy + (B4 B2 — B3 — Ba)co
+(=B1 + B2 +1iBs —ifa) oc1 — bio’ca — baocz = 0,
k=4,

—120"cs + azer — 30tacs — ot ardes — 50 azes + [(—f1 4 B2 — ifs + ifa) o 4 b2] co
+0° (Br+B2—PB3—Pa)cr+ (=P1+ B2+ 183 —ifa) o3co — biotes — baotcs =0,
k=5, —200% cs5 + (a1 —4) c1 + 2a2¢2 — 4ctacs — o*a15cs — 60 aacs
+ (b1 + B+ B2+ Bs+ Ba)co+ [(—P1 + P2 —iBs +iPs) o + b2] 1
+0° (Br+B2— B3 —Ba)ca+ (—P1+ B2+ 183 — iB4) olcs —biotcs —brotes = 0,
k=6, 2c— 300t cs + acy + 2 (a1 — 4) c2 + 3azcs — 50tacs — otai6es
—To"azer + (b1 +B1+ P2+ Bs+ Ba)cr + [(=F1 + B2 — i3 +iBa) 0 + ba] 2

+0? (Br+B2— B3 —Ba)cs+ (—P1+ P2+ 183 — ifB4) o%cs —bio'es — baotes =0,
the basic 7-term recurrent formula reads

k=5,6,17,.., [a(k —5) + (b1 + B1 + B2 + B3 + Ba)] ci—s

+[(k=4)(k—=5)+ (a1 —4) (k —4) + {(—=B1 + B2 — i3 +ifa) 0 + b2} ck—s
+ [ag(k = 3) + 0 (B1 + B2 — B3 — Ba)] ck—s + (—B1 + B2+ ifs — ifa) 0 ch 2

+ [—U4a(k —-1) - b104] Cr—1+ [—U4k(k —1) —otark — b204] cx — otag(k + 1)eppr = 0.
Let us divide the last relation by k2cy_s:

S la (k= 5) & (b1 4 1+ B+ B + Ba)]

+% [(k—4)(k—5)+ (a1 —4) (k—4) +{(~=B1 + Bo — iB3 +iB4) 0 + ba}] Z::;;

1 — —
=4 ey 2

1 . . Cr—2 Ck—3 Ci—
iz (Bt Ba+iBs — ifa) o® 2 =
Ck—3 Ck—4 Ck—5

1 Ck—1 Ck—2 Ck—3 Ck—4
+—= [—a4a (k—1)—b 04]
k Ck—2 Ck—3 Ck—4 Ck—5

1 - - - -
+— [—U4k(k—1)—04a1k—b204] Ck  Ck—1 Ck—2 Ck—3 Ck—4

k2 Ck—1 Ck—2 Ck—3 Ck—4 Ck—5

1 Ck+1 Ck Ck—1 Ck—2 Ck—3 Ck—4
——204a2 (k+1)=2E
k Ck Ck—1 Ck—2 Ck—3 Ck—4 Ck—5

and tend k£ — oo. This results in an algebraic equation which determines possible conver-
gence radii

=0

1 . Ck_4
Reony = — lim

, =r, r—o*r®=0.
|7‘| k—oo Ci_5
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Whence it follows

1
Reony = o= VT, . (3.37)
Because on the boundary of the circle of radius |T'|, behaviour of solutions is quite regular,
we can assume that the series converges for any finite r.
To get some quantisation rules, we will apply restriction which determines so called
transcendental Frobenius solutions [8,9]. To this end, let us turn to recurrent formula

P._sci—5+ Pr_scr—g + ... + Prcy, + P;chkﬂ =0, k=6,7,8,.. (338)

and impose restriction of vanishing the coefficient Py_s5 at cg_s5. It should be noted that if
in addition to constraint P_5 = 0, we require six coefficients be vanished

Ck—q4 = 0, Cp—_3 — 0, Cp—_2 = 0, Cp—1 — 0, Cp = O, Ck+1 = O, (3.39)

then due to the recurrent formula, the series terminates as a polynomial. Of course, it is
assumed that equations (3.38) and (3.39) permit consistent solutions. The study below will
show that for the problem under consideration such consistent solutions do not exist.

3.4 Studying the states with [ =1,2,3, ...

Now we turn to a more complex case when [ = 1,2,3,... . Equation (3.15) has the form
(two additional terms arise in comparison with the case I = 0)

2R (6 1 1 1 1 )dR
dr? r r—o r—ic r+o r+ic/dr
feoappBo @ L Al saD-TM_ DL
T rz 2 r3 ré 76
_F(ea+a3)+I‘(ea'+io¢)+F(—ea+a)_F(—Gf'i‘ig)}R:O_ (3.40)
(r—o)o (r +io) o3 (r+o)o3 (r —io)o?

In the vicinity of the point r = 0, the form of the equation differs substantially from that

when [ = 0,

2
ot My
r 76

whence we conclude that the region near the point r = 0 is forbidden for classical motion
of the particle, and no constraint for parameter I' arises. Now, Frobenius-type solutions are
searched in the form

R(’l") _ ’I’CCATGB/TGD/TZf(T) , (341)
for function f(r) we get equation

f
dr?

2C+6 2B 4D 1 1 1 1 ]ﬂ
r

+pa+ =2 -2 -2 - - - - o

r? r3 r—oc r—tic r+oc r+ioc

200e+6A+2AC o2+5C+C?—2AB—L 4T'e—4B—-2CB—4AD
+[ + 3 + 3
r r r
B>—-6D—-4CD+3al’ —=1?M? 4BD -T?L+4D?
+ + +

2 2 2
r4 5 r6 +A +e - M
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+—FEU+O¢F—A03+BU+CO’2—2D

n l'eo —il'a — Bo +iCo? +2iD — Ac®
(r+o)od

(r—io)o®
—Teo—al' —Ao® + Bo—Co® +2D  Teo+il'a—2iD —iCo®> — Bo — Ao®
+ + : Jr=o0.
(r—o)o3 (r+io)o3
Imposing four restrictions, we find possible values for parameters A, B,C, D:

A2 M2+ =0 = A=+/M2-¢,

1 1
& LD =0 = D==+3VI|r,

6 (3.42)
L uBD=0 — B=0 Lot (6D —3al +1?M?)
r5’ B Y rd’ 4D @ '
To bound states there correspond the values
1
A=—\/M?2—-¢, B=0, D:—§ﬁ|m,
1 (3.43)

C=——-—(-3VLIl|-3al +I?M?).
2\/Z|F|( Tl =3a )

According to this, the previous equation simplifies

2
ﬂ+[2A+2C+67§—£— 1 1' 1 1]ﬁ
dr? T r2 73 r—oc r—1i0 r+4+oc r+iocldr
20e+6A+2AC o> +5C+C?*—-2AB—-L 4Te—4B—-2CB—4AD
+[ + 5 + 3
r r T
+—F60’+O¢F—A03+BU+CO’2—2D leo — il'a — Bo +iCo? + 2iD — Ac®

(r+o)od (r —io)o?
+7F€O’*CEF7AO'3+BO'700'2+2D + Teo + iTa — 2iD — iCo? 7BO'*AO'3i|f:0.
(r—o)o3 (r +ic)o? ’
below we apply its short form

a a a 1 1 1 1
f”+(a+—1+—§+—§— - - .)’
T T T r+c r—oc r+4+1w0 r—10

b b b
+(2+2+3+ by B B | B )i =o. (3.44)
T T T r+oc r—o T+ Tr—10
Multiplying this equation by 73(r + o)(r — o)(r + io)(r —io) = r3(r* — o%), we get
(,],,7 _ 0’4’1”3) f//
+ {a?“7 + (a1 — D)8 + agr® + azr* — otar® — otay r? — otagr — as 04} f
+{ b1+ B1 + By + By + B0)1® + b + (=B + B2 — By + i) o] r°
+ [bs + (B + B2 — B3 — Ba) 2] 1
403 (=B + Bo + B3 — iBs) > — by o*r? — by otr — b3 04}f =0. (3.45)
Solutions are constructed as power series,
_ G n df G n—1 d2f _ G _ n—2
f= T;)cnr , P chnr , Iz = Zn(n )enr ;
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oo o0
41
E n(n —1) cnr E n(n —1) cnr
n=2 n=2
oo oo oo
6 5 4 3
+a E near™ o + (a1 —4) E "5 4y E near™ ™+ as E near™"
n=1 n=1 n=1 n=1

[eS) oo =)
4 n+2 4 n+1 4 n 4 n—1
—0 a NncenT — 0 a1 NncnT — 0 a2 ncp,”T —aszo ncnpr
n=1 n=1 n=1 n=1

+ (b1 + B1+ B2+ B3 + Ba) Z et 4 {ba+ (=B1+B2—iB3+iBs)c} Z Car" TP

n=0 n=0

+{bs+ (Br1+B2—Ps—Pa)o ch (=B1 + B2 +if3 —if4) ch

n=0
oo o0 oo
—b, o Z cnr™ T2 — by ot Z enr" Tt — by ot Z cnr” =0
n=0 n=0 n=0

Changing the summation indices, we get

Z —5)(k —6)ci_sr —042 —-1) k—2)ck,1rk
k=7 k=3

NgE

+a Z(k —6)cr_6r" + (a1 — 4) (k — 5)cr—sr" + as Z(k —4)cp—ar* + a3 Z (k — 3)cp—_sr®
k=7 k=4

k=5 =

bl

Mg &

oo o0 oo
—o'a Z(k — Q)Ckfz”r‘k —otm (k— l)ck,ﬂ“IC —otay Z kewr® —az ot Z (k+1) ck+1r

k=3 k=2 k=1 k=0

+ (b1 4+ 81+ B2+ B3+ Ba) Z cr_er® + [b2 + (=1 + B2 — ifs + ifB4) o] chfsT
k=6

k=5

+[bs+ (BL+B2—B3—Ba)o Z choar® + 0% (—B1 + B2 + B3 — iBa) ch—s?“k
k=3

7b10' ch 21” 71)20’ ch 17‘ 71)50’ i :0.
k=0

Thus, we obtain the recurrent relations
k=0, azcy + bzcg =0,
k=1, ascy + 2azco + bacg + bzer =0,
k=2, ayc;+ 2asce 4+ 3aszes + bicg + bacy + bzes =0,
k=3, 20cy+oaci +20a1cy + 30ascs + 4dazocy
+ (81 — B2 —iff3 +iP4) co + biocy + baocy + bgocz =0,
k=4, 60’463 —asgcy + 20tacy + 304a103 + otasdey + 5a30405
—[bs+ (B1+ Ba— Bs — B1) %] co
—0% (=B + B2 +iBs — ifa) c1 + brot ey + baoes + bzotes = 0,
k=5, —120%4+ ager + 2ascy — 30tacs — 40tarcq — 5otages
—6azo’ce + [b2 + (—B1 + B2 — iBs +iBa) o] co + [bs + (B1 + B2 — B3 — Ba) %] &1

03 (=B1 4 Ba +ifs — ifs) ca — biotes — byotey — bgotes =0,
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k=6, —200%cs+ (a1 —4) ¢1 + 2a2¢s + 3ascs — do*acy — 50taics — 60tascs — Tasoer
+ (b1 + B1+ B2 + By + Ba) co + [ba + (=1 + B2 — i3 + iBs) o] &1
+[bs + (BL+ B2 — Bs — Ba) 0] co + 0° (—B1 + B2 + B3 — iBs) c3
—blai — bootes — byoteg =0,
k=7 2cy—300%cs+ acs + 2 (a1 —4) ca + 3ages + dascy — 50tacs
—60*arcg — Totazer — 8agotcs + (b1 + B+ B2 + B3 + Ba) &1
+ o+ (—B1+ B2 —iBs +ifa) ol ca + [bs + (B1 + B2 — B3 — Ba) 0°] ¢3
+03 (=B1 4 Bo +if3 — iB4) ca — biotes — byotcg — bsoter = 0.

So the basic 8-term recurrent formula reads
k=6,7,8,.., la(k—6) + (b1 + f1 + P2+ B3 + B4)] ci—6
+{(k=5)(k = 6) + (a1 —4) (k= 5) + [b2 + (=P1 + B2 — ifis + ifs) 0]} cr—s
+{az (k—4)+ [bs+ (B1 + B2 — B3 — Ba) %] } cr—a
+ [ag (k = 3) + 0® (=B1 + B2 +iBs — iB1)] ch—3
—otfa(k—=2)+b1]cko—0t[(k—=1)(k—2)+ay (k—1)+bs] cp_1

—otlagk 4+ bs] cx —as ot (k4 1)cpy1 =0, (3.46)
or shortly
k=6,7,8,.., Py _gcp—6 + Pr_scp—5 + Py_4ck—g + Pp_3c3
+Py_ock—o+ Pr_1ck—1 + Prcg + Pryick+1 = 0. (3.47)

In accordance with the Poincaré-Perron method, we divide the last relation by k2cj_g:

L la(k—6)+ (b + B+ ot B+ B)

+% (k—5)(k —6) + (a1 — 4) (k —5) + [bo + (=B1 + Bo — iBs +iBa) 0]} 2:7:2

1 — —
i (o (k=) [+ 31+ o = 5y = ) ]} 2t 2

1 , o7 Ck—3 Ch—4 Ch—5
= ag (k—3) + 0% (— - k=5
T2 [as ( )+ 0% (—B1 + B2+ iBs — if4)] PP —
o’ Ck—2 Ck—3 Ck—4 Ck—5
——lJla(k—2)+b 2
k2 la ) +h] Ch—3 Ch—a Ck—5 Ck—6

o Ch—1 Ck—2 Ck—3 Ck—4 Ck—5
—— (k-1 k—2)+a1(k—1)+b
w2 |l ) )t )+ b Ck—2 Ck—3 Ck—4 Ck—5 Ck—6
4

ag
_72 [ag k =+ bg]
k Ck—1Ck—2 Ck—3 Ck—4 Ck—5 Ck—6

4
o Ck+1 Ck Ck—1Ck—2Ck—3 Ck—4 Ck—5
as (k’ —+ 1)

Ck Ck—1Ck—2 Ck—3 Ck—4 Ck—5

k2 Ck Clk—1 Ck—2 Ck—3 Ck—4 Ck—5 Ck—6

=0,
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and tend k — oco. This results in an algebraic equation

lim $E=8 — r, r—otr®=0.
k—oo Cl_g
So two possible convergence radii are
1
Reony = ol = VT, . (3.48)

Because on the boundary of the circle of radius |T'|, behaviour of solutions is quite regular,
we can assume that the series converge for any finite r. In fact, this result coincides with that
found for the case of [ = 0. The deference consists in more complicated recurrent formula,
8-term instead of 6-term. For states with of [ = 1,2,..., the transcendency condition has
the form

Pk‘—ﬁ:a(k_6)+(b1+ﬁ1+ﬁ2+ﬁ3+ﬁ4):Oa k:6a75877 (349)

we will need this relationship in the following.

3.5 Qualitative study

Let us examine behaviour of the effective squared momentum for the problem. First consider
the case of [ = 0:

d’R (6 4r3 )dR

dr? ro i+ T2/ dr
20 a? 4Te  3al —T2M?  Al(er + «)
2 2
B Y = |r=0. 3.50
Tl +r+r2+r3+ rd rd 412 (3:50)
Eliminating the first derivative term by simple substitution
R(r)=¢(r) f(r), R'=¢f+of, R'=¢"f+20f +of",
we get
6 493 4 o' Y6 493
11 !
! +<7“ Arre T ga)f +{ © i <p<7“ 7“4—|—F2)
2 a?  4Te  3al —T2M?  AT(er +a)
2 2
M+ — + =+ — — } =0.
+e R R — e g
The needed function ¢(r) is
6 4r3 o' 4 T2
ha 4+ ) =0 = ) 3.51
(7’ rd + T2 + © ) — ¥ r6 (3:51)
Thus, we reduce the above equation to the form
&Pf
W + P (T)f = 0,
where the squared momentum is determined by the formula
2 2-6
P2(r)262—M2+ﬁ+a 5
r r
4Te T (3o —TM? 672 — 4Ter — 4al 121272
+ o+ ( ) (3.52)

73 ré + rd + 12 + (rt + 1'*2)2 ’
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Near the point » = 0, this quantity behaves

I (3 — T M?
I'< 0, P2(7')7«_)0 ~ +¥ — —0Q, (353)
3a I (3 — T M?
0<TI'< W7 PQ(T)T_>0N+%%+OO. (354)
In infinity, it behaves as follows:
r — 00, P%(r) ~ € — M2, (3.55)
For states with [ = 1,2, 3, ..., the main equation is
d’R <§ R )@
dr? r rt4T2/ dr
20 a? L 4Te  3al —T2M2 T2L  Al(er + «)
oMPy =y o o= - 7 22 2 "V IR=0
e Tt E T e s A 6 T2
after eliminating the first derivative term, it takes the form
frd +12 d*f
R(r):go(r)f(r), Y= 6 ) F+P2( )f_07
r r
where
2 2-6-L 4Te T (-3a+TM?
Pir) =t —ppy 20C @8 ATe T(Z8a 4 T
r r r r
I'’L  6r2—4Ter —4al 12122
—— + T + 5 - (3.56)
r réa+ T (r* 4+T2)
It behaves near the singular points as follows
I(i+1
P2(r), o ~ fFZ% — —00, PXr)pse~€ed—M?<0. (3.57)
|
3.6 Dimensionless quantities, qualitative study
Let us take the Compton wave length A of the particle as a unit length
mec 1
M=—=— 3.58
L3 (359)
then there arise a number of dimensionless quantities
Mr=z, %:E, M2 —T. (3.59)
Then equation at [ = 0 (see eq. (3.20)) is re-written as follows
d’R (§ 4 >@
dzx? x x*+T12/ dx
20K 2 4AT'E  3al' —I? 4I(E
+E2—1+0‘7+a +2 Bzt a)y (3.60)

xr2 3 x4 x4 + 12
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In fact, such a transition is reached through formal changes
r=ux, M=—=1 e¢e=FE TI'=T. (3.61)

After eliminating the first derivative term in eq. (3.60) we obtain the expression for squared
momentum (see eq. (3.52))

2aF 2 -
Pay=p? 14 200 76
x
AaTE T (3a-T) 62%2—4IEx —4al 121222
. 3.62
+ xr3 + x4 + rd + T2 + (1'4 + F2)2 ( )
The above noticed possibilities for the Cox parameter are now read

I, T'<O0, I, 0<TI<3a. (3.63)

The substitution for Frobenius solutions is
1=0, R(z)=z%"%P/" f(z), A=+\1-E2,
TE
B=+4y/-TBa-T1), C:2(§ -1). (3.64)

For two possibilities in (3.63), we have corresponding expressions for parameters (assuming
the description of the bound states)

I, T<o0,
—2I'FE
A=-/1-E2, B=-\/TBa-1), C=—' 2 (3.65)
—TI'(3a —T)
II, 0<TI<3a,
/ . 2I'E
(3 o —

Let us study the function P?(z) numerically. We fix the basic parameters as

1
1 E=099, a=-—, I'=-0.001.

137°

)

The roots of equation P?(z) = 0 are
1 = +0.0319933, 2 = +7.299278,

—0.0313352, —0.2118184,
0.1690023 4+ 0.1267129 - ¢,  0.0003370 % 0.0315803 - 7,
—0.0003330 4+ 0.0019250 - 4, —0.0652559 £ 0.1981235 - 1,
—0.0652559 4+ 0.1981235 - 4, —0.0003330 £ 0.0019250 - 1,
0.0003370 4+ 0.0315803 - 7, 0.1690023 4+ 0.1267129 - 7.
The existence of the positive roots 1, 2 means that the classical motion of the particle is

possible in the region x € (1, x3).
Let us find the roots of equation P?(x) = 0 at positive I':

11 E=099, a= I'=+0.001.

)

137"
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1 = 0.00222882, x5 =0.03125030, x3 = 7.2992596,
4 = —0.00156276, x5 = —0.03192458, xz¢ = —0.20709844,
x7 = 0.17076664 + 0.122378717, g = 0.170766640 — 0.12237871 ¢,
9 = —0.06870490 + 0.200663787, x19 = —0.06870490 — 0.20066378 7,
11 = —0.00032889 — 0.03165733%, w12 = —0.00032889 4 0.03165733¢ .

We may note the existence of three positive roots, and the region near the point r = 0 is
permitted for classical motion. This means that the whole region for variable x is divided
into parts, permitted (+) and forbidden (—) for classical motion:

(+) S (Ovml)v (_) T e (1'1,552), (+) T e (anx3)a <_) VS (.’E37—|—OO).

This implies a completely different physical system than in the case when I'" < 0.
For the remaining values of the orbital momentum [ = 1,2, 3, ..., the main equation after
performing the formal changes

r=az M=1 e¢=E T'=T, =% T?=-%% (3.67)

takes on the form

d®R g 7 1 B 1 _ 1 _ 1 @
dx? r - zx—iX z+Y¥ z+1iX) dr
9 20E o2 L ATE 3ol -T2 TI?L
D R b
x T x T x x
[(ES+a) [(EX+ia) [(—EX+a) T (—ES+ia)
— — R=0. 3.68
@) T @i | (a D) (r—in) 5P (3.68)

After eliminating the first derivative term, we get an equation with the effective squared
momentum

20 F 2-6-1L
Pa)=FE2—14+-22 42
X

22
+4FE+F(3(1—F) I'?L 622 —4TEx —4al 12222
1'3 x4 .’E6 .’E4 + ]_"2 (1‘4 + F2)2 .

(3.69)

Let us study behaviour of the function P?(z) numerically. Let it be

1
., E=099999, a=-—, I=-0001, L=2 (I=1).

1
137

The roots of the equation P%(z) = 0 are
r1 = +182.75523, 1z = +547.16813,

0.03675161 £ 0.01494842 -4, 0.01418804 £+ 0.01428520 - ¢,
0.01486661 £ 0.03657386 -7, —0.01480131 +£ 0.03678462 - 1,
—0.01432517 £ 0.01428510 - 7, —0.03667977 +0.01473772 - 4,
—0.03667977 £ 0.01473772 -4, —0.01432517 £+ 0.01428510 - %,
—0.01480131 £ 0.03678462 - 7, 0.01486661 £ 0.0365739 - ¢,
0.01418804 £ 0.01428520 -4, 0.03675161 £ 0.01494842 - 5.

There exists the region = € (x1, z2) permissible for classical motion.



Quantisation of energy, the case of minimal I =0 81

3.7 Quantisation of energy, the case of minimal [ =0

Frobenius solutions are searched in the form

R(r) = mCeAweB/””eD/"”2f(m) ) (3.70)
we will follow both possibilities (assuming description of bound states)
I, T <0,
VL 3 3a-T
A= \1-FE?,B=0,D=+""T,C=->— : 3.71
5 Wi (3.711)
II, 0<T<3a,
VL 3 3a-T
A=-\1-F?, B=0,D=-Y"T,C=-°>4+22"~- | 3.72
5 RN (3.72)

The bound states are possible only at negative I'. We have the following expressions for
parameters

—2I'E

A=-\1-E2, B=—/-T(B3a-1), C=—' 2 (3.73)
—I'(3a —T)
and the equation for f(x),
d2
J+<QC+67§+2A7 1 1- B 1. )ﬁ
dx? x x2 r+Y =Y z4+i¥X zx—iX/dx
20E4+6A+2AC o?—-2AB+5C +(C?
+[ + L
x x
+—FEZ+aF—AE3+BE+CZ‘2 1
33 (z+Y)
—TEY —al' — AY? + BY — CX2 1
3 (z—X)
+FEZ+iFa—AE3—BE—iCZQ 1
B (z +i%)
TEY —iTa — AX? — BY. +iCX? 1
+ ~|r=0,
3 (x —iX)
or shortly (recall that ['? = —%4)
/ ap | ay 1 _ 1 _ 1 _ 1 ),
f —|—(a—|— x +z2 r+Y r—-Y z+iX x—1iX !
by by B1 B2 B3 B4 )
2, 2 =0. .74
+( +m2+x+2+x—2+x+i2+x—i2f 0 (3.74)

Let us consider the transcendency condition (3.38):

k=5,6,7,..., Pis=ak—5)+b1+B81+P2+085+84)=0. (3.75)
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Taking into account identities

a=2A=-21-E2, bj=2aFE+6A+2AC,

B1+ B2 + P3 + B4
—TEX4+al' —AX3+ BY +C¥2 -—TEY —al'— AY? 4+ BY — (X2
= +
3 3
TEY +il'a — AY? — BY —iCX2 TEY —iT'a — AY? — BY, +iCY2
+ = + = — 44,

we find analytical form of the above condition

a(k—5)+ (b1 + B1+ B2+ B3+ Ba)
=2Ak—10A4+20FE+6A+2AC —4A=2Ak —-8A+2aE+2AC =0,

whence it follows equation for energy

OTE
k=6,7,8910,., 2aF—2 17E2(k767ﬁ):0 (3.76)
=T

or differently

ATE* 12 AT'(k—6)E® 4I'(k—6)FE
- +E2(a2— “ +(k—12)k+32)— (k—6) k=6E o _g2_g
3a—T —3a VI =3a) /T - 3a)
The roots at k =5, ...,28 are: one positive, one negative, and two complex.
TABLE 3.1
The energy roots, positive, negative, and complex
k E

5 -0.99998675, 0.99992138, 2.3926155 £+ 0.0192232 ¢

6 0, 0, -0.99984749, 0.99984749

7 | -0.99992138, 0.99998675, -2.3926155 £ 0.0192232 4
8 | -0.99998936, 0.99999544, -4.7851687 £+ 0.0178584 7
9 | -0.99999600, 0.99999772, -7.1777493 £+ 0.0176361 %
10 | -0.99999792, 0.99999864, -9.5703316 £ 0.0175602 ¢
11 | -0.99999873, 0.99999909, -11.9629143 + 0.0175254 ¢
121 -0.99999915, 0.99999935, -14.355497 £+ 0.017507 %

13| -0.99999939, 0.99999952, -16.748080 + 0.017495 %

14| -0.99999954, 0.99999962, -19.140663 £+ 0.017488 %

15| -0.99999964, 0.99999970, -21.533245 £ 0.017483 7

16 | -0.99999971, 0.99999975, -23.925828 + 0.017479 %

17| -0.99999976, 0.99999980, -26.318411 £ 0.017477 %

18 |1 -0.99999980, 0.99999983, -28.710994 £ 0.017475 %

19| -0.99999983, 0.99999985, -31.103577 £+ 0.017473 %

20 | -0.99999986, 0.99999987, -33.496160 £ 0.017472 ¢

21 | -0.99999987, 0.99999989, -35.888742 £ 0.017471 ¢

22 | -0.99999989, 0.99999990, -38.281325 £ 0.017470 ¢

23 | -0.99999990, 0.99999991, -40.673908 £ 0.017469 ¢

24 | -0.99999991, 0.99999992, -43.066491 £ 0.017469 ¢

25 | -0.99999992, 0.99999993, -45.459074 £ 0.017468 ¢

26 | -0.99999993, 0.99999994, -47.851656 £ 0.017468 ¢

27 | -0.99999994, 0.99999994, -50.244239 £ 0.017468 ¢

28 | -0.99999994, 0.99999995, -52.636822 £ 0.017467 ¢
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Retain only positive roots

TABLE 3.2
The positive energy roots
k E k E

5 10.99992138 | 6 | 0.99984749
7 10.99998675 | 8 | 0.99999544
9 10.99999772 | 10 | 0.99999864
111 0.99999909 | 12 | 0.99999935
131 0.99999952 | 14 | 0.99999962
151 0.99999970 | 16 | 0.99999975
171 0.99999980 | 18 | 0.99999983
191 0.99999985 | 20 | 0.99999987
21 1 0.99999989 | 22 | 0.99999990
23 1 0.99999991 | 24 | 0.99999992
251 0.99999993 | 26 | 0.99999994
27 1 0.99999994 | 28 | 0.99999995

All these roots belong to interval 0 < F; < 1.

3.8 Quantisation of energy at [ =1,2,3, ...

Now let [ =1,2,3, ... . The transcendency condition P;_g = 0 takes the form

(2k — 13)\/1 — B2 = 2aF + ”1_E\2/(E3a+r).

Taking the values parameters

1
=— I'=-103%1=1(L=2), k=6,....2 .
@=13 073, ( ), 6,...,29, (3.77)

we get the following the energy levels

TABLE 3.3
The positive energy roots,
parameters (3.77)

k E k E

6 | 0.99989654 | 7 | 0.99989024
8 10.99998804 | 9 | 0.99999571
101 0.99999782 | 11 | 0.99999868
121 0.99999912 | 13 | 0.99999937
14 1 0.99999953 | 15 | 0.99999963
16 | 0.99999970 | 17 | 0.99999976
181 0.99999980 | 19 | 0.99999983
20 | 0.99999985 | 21 | 0.99999987
221 0.99999989 | 23 | 0.99999990
24 1 0.99999991 | 25 | 0.99999992
26 | 0.99999993 | 27 | 0.99999994
28 1 0.99999994 | 29 | 0.99999995
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At other set of parameters
a=—,T=-10%1=2(L=6), k=6,...,29, (3.78)

we get the energy levels.

TABLE 3.4
The positive energy roots,
parameters (3.78)

k E k E

6 | 0.99989525 | 7 | 0.99989162
8 10.99998809 | 9 | 0.99999572,
10 | 0.99999782 | 11 | 0.99999868
121 0.99999912 | 13 | 0.99999937
141 0.99999953 | 15 | 0.99999963
16 | 0.99999970 | 17 | 0.99999976
181 0.99999980 | 19 | 0.99999983
20 | 0.99999985 | 21 | 0.99999987
221 0.99999989 | 23 | 0.99999990
24 1 0.99999991 | 25 | 0.99999992
26 | 0.99999993 | 27 | 0.99999994
28 | 0.99999994 | 29 | 0.99999995

At other set of parameters

1

—  I'=-10"31=5(L=30), k=6,....29 3.79
1377 b ( )7 b b b ( )

o =

we get the energy levels.

TABLE 3.5
The positive energy roots,
parameters (3.79)

k E k E

6 |0.99989427 | 7 | 0.99989264
8 10.99998813 | 9 | 0.99999573
10| 0.99999782 | 11 | 0.99999868
121 0.99999912 | 13 | 0.99999937
141 0.99999953 | 15 | 0.99999963
16 | 0.99999970 | 17 | 0.99999976
181 0.99999980 | 19 | 0.99999983
20 | 0.99999985 | 21 | 0.99999987
22 1 0.99999989 | 23 | 0.99999990
24 1 0.99999991 | 25 | 0.99999992
26 | 0.99999993 | 27 | 0.99999994
28 1 0.99999994 | 29 | 0.99999995

For comparison of the different series of energy levels we use the quantity k —5 =n =
0,1,2, ...,
A=E,(1=2)-E,(l=5).



Nonrelativistic approximation

TABLE 3.6

Differences between the energy values
n A n A
0 9.864-10~7 |1 —1.024-107°
2 | —3.745-107% |3 —8.070 - 107?
4 | —2.938-107° |5 | —1.382-107°
6 | —7.564-10710 [ 7 | —4.5813 10719
8 | —2982-1071° |9 | —2.048-1071°

10 | —1.467-10710 | 11 | —1.086-10~10
12 | —8.267-10~11 | 13 | —6.437-10~11
14 | =5.110-1071 | 15 | —4.124- 10712
16 | —3.376-10~ | 17 | —2.798 - 10~ 1!
18 | —2.345-107 | 19 | —1.985-10~11
20 | —1.695-10~1 | 21 | —1.459-10~ 1!
23| —1.265-10"11 [ 24 | —1.103-10" !¢
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3.9 Nonrelativistic approximation

Nonrelativistic equation for Darwin—Cox particle has the form [4]
1 .
[Dt + 51K = Hme? + KOJCDJ” v

1 _ .
=[5 Drg™ (@) (K, ' Dy + mek, )| w,

2m
where
2
ﬁ rrﬁ;ﬁ 0 0
ur? 4
(K" )=| —wimzr w0 0|, [u] = meter”
0 0 1 0
0 0 0 1
and
. e . e . L1 e
Dy = ih0y + —Ag, Dy =1ihOx + —Ai, Dy =1h O/ —g + —Ag,
c c V=g c
1 0 0 0
0 —1 0 0
af _ 2
g% (z) = 0 0 —1/r? 0 , /—g=r"sinf .
0 0 0 —1/r%sin®6
Taking into account the presence of the Coulomb field Ay = £, we can obtain
0 2 j MQ 2 #7"2
(KO — ].)mc + KOJCDJ' = m mcT — thm&, 5
whence allowing for ip =1T", I'* =T" we get
; I? I'r?
0 2 _ 2
(KO — 1)mC + KOJCDJ' = *7‘4—’_71_‘2 mcT — hCm@r .

(3.80)

(3.81)

(3.82)

(3.83)
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Then, we find expression for operator from the right

1 - .
—{—Dkgkj(x) (KjZDl + mcKjO)}

2m

:—h—z{iaﬂ(Kﬁ%—i”}chro)Jrl ) 19 o 1 a}

e s A T

000" 290 T 96 25 6 00
W10 rt 0 me  ur? 1,1 0 0 1 02

= —— < — — _ —— ——— — ([ —— — i 9— _ .
2m{r287"r (r4—,u2 6T+Z h r4—u2)+r2 (sin986‘sm 89+sin298¢2>}

Thus, the Schrodinger-like equation takes the form

L0 e? 1 r? 9 rr?
{ngs + )+ 5|~ e e — e o

3.84
h2{132( rt 8+mc Fr2> 152}\1] ( )
===t - = )
2m \r2 9r \rt 412 90r h rt+12 72
Using the usual substitution for the wave function
U =e "y, (00) R(r) ,
we get the radial equation
e? 1 2 9 rr? d
)
e+ D+ 5 (= s e — e ) |RO) (3.85)
h2{1d 2( rd d+mc Ir? ) l(l+1)}R() '
=——=—r|———+— — r
2m Lr2dr \rt*4+T12dr h rt 412 r2
Divide the equation by mc?:
1 e? 1 I? R Tr?2 d
= il e S A B ) -3
{ch(€+ r)+2( r4 4+ I? mcr4+I’2d7“)} (r)
1 R? 11 d r* d  me TI'r? l(l+1
= e R e Lt )}R(T)v
2m?2c? Lr? dr rd + T2 dr h r44T r
and transform it to dimensionless variables
€ mce 1 e « e? 1 m2c?
=— r—=x, ——=—,da=—=—,I'— =T, 3.86
m2 ' h P mer o™ T he 1B R (3.86)
Then, we obtain the following equation
« I? I'z? d
i
[( +a:)+ 4 4+T2 24 +T12%dx
1 d o/ 2t d [z (l+1)
+x2£$ (x4+F2£+ a:4+F2> a2 }R(T) =0, (3.87)
or
d’R [_ 423 +§}@
dz? 24 +T2 gz ldx
2a  I(I+1) 4T T?2E-1) 2aT? T2(I+1)  4al
28+ — — — — — } =0. (3.
+ T 2 T m T 4 t x0 x4+ T2 R=0.(388)
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Here, we have an equation with regular four singularities

T2 = (r — eI (r + eV (r— e TAVT) (5 4 eV,

, | , , (3.89)
{ 1, T2, T3, T4 } = { e+Z7T/4\/f, _e+171'/4\/f7 e_lﬂ/4\/f7 _6_“(/4\/f }a

and two irregular
xz =0, Rank = 3, r =00, Rank=2.

Behaviour of solutions near the regular points is

r—+0, R~((r—o0)f, p=0,2; r——0, R~(r+o), p=0,2;
(3.90)
r— +ioc, R~ (r—io)’, p=0,2; r— —ic, R~ (r+i0), p=0,2.

In the case [ = 0, the above equation simplifies

PR [ as 6]
dx? 4 +T2 2z | dx

n 2E+2704+£+F2(2E—1)+2QF27 420
T 3 4 5 x4 + 12

. } R=0; (3.91)

here we have an equation with four regular points and two irregular,

5
r =0, Rank:§, r =00, Rank =2.

3.10 Frobenius solutions at [ =1,2, ...

Let us construct the Frobenius solutions of eq. (3.88) in the form
R(r) = eAmeeB/zeD/zzf(r) . (3.92)

For f(x) we get equation

& f 4 6+2C 2B 4D df
et _ 22 opl Y
dx? * (% +T7?) * x R + dx

20A+6A+2a —2AB+C?+5C —1(l+1) —2CB—4AD — 4B+ 4T’
+[ + +
T x2 3
n —422C — 423 A + 42 B + 8D — 42T
(a1 +T2)

+—4CD +B%2—-6D -T2+ 2I2F
4

+ (2F + A?)

x
ABD +2al%  —T2|(l +1) + 4D?
+——s + —

|r=o0. (3.93)
Let us fix parameters C, A, B, D:

QF+A?=0 = A=+V—-2E, E<O0; (3.94)
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r L
T2 +1)+4D*=0 = D:i'—;w(z“) :i%; (3.95)
I a|T
ABD + 2al? = B _9 _ 2l _
+2aI%=0 = 55 =F 7 (3.96)
—4CD - 6D +B? -T?(1-2E)=0 =
3 B2-T2(1-2E) 3 o?/L? —1+2F
=-= e ey .
¢ 2 + 4D 2 IT| 2L (3.97)
To describe bound states, we are to use the following parameters
A=—V=2E, e V2" 50, r—+o00;
'L
Dz—%, Pl 0, r—0; (3.98)
a|T)| 3 o?/L*—1+2F
2 Tl B I ) /e e e
+ L’ ¢ 2 T 2L

The 2indeX C might be positive or negative, but near the point £ = 0, the main factor
eP/*” 5 0 if D < 0. Further, we follow both positive and negative values for T':
I'>0,

T'L ol 3 a?/L? - 1+2FE
A=-V2ED=--—B="—C=--_72 /1= -T2 3.99
’ 2’ L’ 2 2L ' ( )
I' <0,
'L r 2/L? —1+2E
Ae V3B D—4 L p_ ol o 3 /L7 -1428 (3.100)
L 2 2L
Equation (3.93) simplifies
d? 6+2C 2B 4D 423 d,
7f+[2A+ + _7_7_L}7f
dx? x z?2 oz (22 4T2)lde
20A+6A+2a —2AB+C?+5C ~L*> —20B—4AD —4B +4T
+[ + - - -
T T T
—4A2® — 42°C + 42(B —T) + 8D
=0 3.101
G T |7=o. (3.101)
or in short form
" a ez as  4a? )
f +(a0+ x +x2+x3 ot + 12 /
b1 b2 b3 633?3 + 62.132 +ci1x + Co)
2,228 =0. 3.102
+(x+x2+ 3 4 4+ 172 ! ( )
Let us write down the coefficients for both cases:
I'>0,
2/[? —1+2E 2aT
ao = —vV/—8E, a1:3—Fa/—+, 4y = — 2% 4y = OT'L,

L
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142E a2
by :—3\/—2E+2a+I‘\/—2E< tebh @ )

L 3
21, T(@2V-2Ea—2E+1) T?*(1/4—E+E?)
by =—— —L° + +
4 L L2
7Fa2 N I2a?(-1/2+ E) n 1F2a4
L3 Lt 4 L6
al'  T?a(2E—-1) TI?%3
by = —2y/—2ETL + 4T — —
8 + Lt L2 T
40T
co = —ATL,c; = —4T + %
or(a?/L? —1+2E
co =6+ G 7 i ),63 =4V —-2F; (3.103)
r<o,
2/L? —142F 2al
aw= VBB, a=3pr /LT 2T orp
L L
1-2E o2
by = —3vV—2E + 20+ T'V—2E ( - 2‘3) ,
21, ID(-2v—2Fa+2E-1) T%*(1/4—-FE+E?
by =—— —L° + +
4 L L2
+I‘a2 2a%(-1/2+ E) 1F2a4
L3 L1 4 L5
al' T?a(2E—-1) TI?%a?
by = 2V/—2ETL + 4T + —
3 + + 7 + 72 + i
40T
co=4TL,¢; = —AT — -2
L
or(a?/L? —1+2E
e = 6 27/ +28) .~ 4/3E. (3.104)

L
Multiply eq. (3.102) by 23(z* + I'?), we obtain

2T+ 2372+ (27ao + 281 — 425 + 25ay + 2tas + 23aeT? + 2201 T2 + za T2 + asT?)
+(x6b1 + 28¢5 + 2%by + 2Py + atbs + ter + 22020y + 23 + 2T%by + F2b3)f =0.
Solutions are searched as power series:
flz) = Z dpx™, fl(z)= nz doz ™', f(x) =n(n—1) Z dnz" %,
n=0 n=2

in this way we get

o0 oo oo oo o0
n(n —1) Z doz" T+ an(n -1) Z dpz™ T + agn Z dpz" T + an z dpz™t® — 4n Z dpz™
n=2 n=2 n=1 n=1 n=1

+asn i": dpz" T + asn i dpz™ 3 4+ aol?n i dpz" 2+ a1 T%n io: dpz" T+ a0 i dpx"

n=1 n=1 n=1 n=1 n=1
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+asn i dpz™ 1+ by i dpz" 6+ i dpz™ T+ by i dpz" 0 4+ e i dpx™ 5 4 by i dpx"

n=1

+a i dna"™ 4 biT? i ™ + co i dna"™*? 4 boT? i dna"™ 4 bgT? i dna™ =0,

n=0 n=0 n=0 n=0
which after changing summation indices leads to

(n—5)(n Zd” 5T +F2(n71)n72 Zdn 12" +ag(n — 6 Zdn ex"

n="7 n=3

+ai(n -5 Zd" s’ —4(n—->5 Zd” s + 4az(n—4 Zd" az”

n=6

+as(n —3 Zd _az" +aoF (n—2) Zd _oz" +a1F (n—1 Zd 1z +aD nZdnx

n=4 n=3 n=2 n=1
—|—a3F2(n +1) Z dpt12™ + by Z dn—sx" + C3 Z dp—6x" + b2 Z dp—sx"
n=0 n=6 n=6 n=>5

oo oo o0
+c2 Z dp—sx" + b3 Z dp—ax" + 1 Z dp—ax"
n=>5 n=4 n=4

—I—blFQ i dn_zl’n + co i dn_gxn =+ b2F2 i dn_ll‘n + b3F2 i dnl’n =0.

n=2 n=3 n=1 n=0

So, we get the recurrent relations
n =0, asT?d; + b3IMdy = 0,

n=1, 2a3T%dy + bsT%d; + a1 T%dy + boT2%dy = 0,
n=2, a1T2dy + 2a1T%dy + 3asT?ds + b1T2dy + boI'2dy + b3I2dy = 0,
n =3, 2T%dy + apT?dy + 2a,T2dy + 3a,T2d3 + 4asT?dy
+b11%dy + codo + ol ?dy + bsId3 = 0,
n =4, (6I'* +3a1T? + boT?)d3 + (a3 + co)d1 + (2aoT? + b11?)d>
+4a1T% + b3T?)dy + 5a3T%ds + (b3 + ¢1)dy = 0,

n =5, 6a3T?dg + (5a1T? + b3T?)ds + (122 + da T2 + byT?)dy
—|—(3a0F2 + b1F2)d3 + (2&3 + Co)dg + (G,Q + b3 + C1)d1 + —|—(b2 + 62)d0 =0,
n =6, TazT?d; + (6a1T% + b3T?)ds + (2072 + 50112 + boT?)d5

+(4CLQF2 =+ b1F2)d4 =+ (3@3 =+ Co)dg + (2@2 + b3 + Cl)dg + (a1 —4+by+ Cg)dl + (bl + Cg)d() =0,
n="7 8as%ds + (Ta1T? + b3T'?)dy + (3002 + 60112 + boT?)dg + (5aol? + b T?)d5
+(4a3 + co)dy + (3a2 + b3+ c1)ds + (2 +2a1 — 84 by + Cg)dz + (ao + b1 + 03)d1 =0,

the main 8-term recurrent formula has the form
n==6,7,8,9,10...

[ap(n —6) + by + c3]ldn—6 + [(n —5)(n—6) + a1(n —5) —4(n —5) + by + ca]dn—5
—|—[a2(n — 4) + bs + Cl]dn_4 + [ag(n — 3) + Co]dn_g
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+laol?(n —2) + b1 T%)d, o + [[2(n — 1)(n — 2) + a1 T3 (n — 1) + boT%]d,, 1
+[a1T?n + b3T?]d,, + asT?(n + 1)d, 11 =0,

in symbolical form it reads
P, _¢dpn—¢+ Pr—s5dp—5... + Pody + Pry1dyp1 = 0. (3.105)

In accordance with the Poincaré—Perron method, we transform the recurrent relation to
the form
[ao(n — 6) + by + c3]

+[(n = 5)(n — 6) + as(n — 5) — 4(n — 5) + by + cQ]gn_s

n—6
dn—4 dn—5
—4
+[a2(n ) * b3 * CI] dn—5 dn—G
dn73 dn74 dn75
+[a3(n 3) M CO] dn—4 dn—5 dn—6

dn—2 dn—3 dn—4 dn—5

dn73 dn74 dn75 dnfﬁ

dnfl dn72 dn73 dn74 dn75
dn—2 dn—3 dn—4 dn—5 dn—G
dn dn—l dn—2 dn—S dn—4 dn—5

dnfl dn72 dn73 dn74 dn75 dn76
dn+1 dn dnfl dn72 dn73 dn74 dn75

+[aol%(n — 2) + b T?]

+[%(n —1)(n —2) + a1T%(n — 1) + byI'?]

+[a1T%n + b3T?]

2 1 =0. 3.106
as (n * ) dn dn—l dn—2 dn—S dn—4 dTL—5 d’ﬂ—ﬁ ( )
Let it be d 1
n—1 _ . _ | — 1.
gy foer R =R B =l

for R it follows a simple algebraic equation

1 1

R+T?R°=0 = R=0, ! ,— ! ;= ; ;
Vil Vil /=il /=i

so the possible convergence radii are
Rconv = +00, |F| (3107)

We may assume convergence of the series for all values of the variable x.

3.11 Qualitative study of the differential equation
Let us turn again to eq. (3.88)

d’R 43 6\ dR 200 1(1+1)
- — T 4 )= 28+~ _
dx? ( x4 + T2 :c) dx +{ + x 2
AT T?2(2E—-1) 2al? T2 (+1) 42T
_ — = 1
3 + x4 + x5 26 $4+F2]R 07 (3 08)
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and eliminate the first derivative term

R=¢R, R =¢'R+¢R, R'=¢"R+20'R + pR".
The above equation takes the form

"o ;o N 4 3 6 ! _
£R+2£R/+RH+(— z ¥
12

———+ - )(=R+ R
7 x4+F2+x)<g0 + )
20 I(I+1) 4T T?(2E-1) 2al'* T2(I1+1) 4aT 7 -
2E+ — — — — — R=0
+[ + x x2 + 3 + x4 + x5 x xt + 12 ’
or differently
_ / 41, g0// 41[’3 6 s0/
R+ (25 - )R’ [ - HE
+ © 4+F2 SD+( $4+F2+$)(‘0
2 I(I+1) 4T T2?2(2E-1) 2al* T2(I+1) 4aT 7 -
24+ — — . — _ } —0.
reb x x? + x3 + x4 + xb x0 x4+ T2 =0
We readily find the needed function ¢:
/ 4 3 6 N 1"2
R e 3
so the last equation takes the form
_ ! 423 6 2«
e 2B+ 22
+ ‘p+( porras i )(p+ +
I(1+1) E+F2(2E—1)+2af2 2 (1 +1) 42T .
72 23 24 s 26 Ayt
explicitly it reads
d? 20 l(l+1)+6 4T T?2(2E-1)  2al? T2(1+1
£ gy g 20 WEDEO AT FPRE-D) el TG+
dx x x x x x x
4aT — 1822 1226 _
_ — = A1
T4 T2 (x4+r2)2}R 0, (3.110)
or shortly
d? 9 _
s+ PAa)| R =0,
[daﬂ +
Near two physical singularities, the function P?(z) behaves as follows:
T4
r—0, P*z)~ (6+ )—>—oo;
L (3.111)

P
z— o0, PYz)~2E+ 2 +.. 52E.
X



Energy quantisation, non-relativistic case 93

3.12 Energy quantisation, non-relativistic case
Let 1 =1,2,3,.... The transcendency condition takes the form

V2/=E(—2TE+T — (2k —13)I(l+ 1)) _ V2a’TV—F

2 _
@t 0+1) B+ 1)

(3.112)

Atl=1,T=-10"32 and k =6, ...,29 we have

TABLE 3.7
The energy values at [ =1, I' = —1073,
non-relativistic case

L E k E

6 | —0.000106665347 | 7 | —0.00010645219
8 | —0.000011835908 | 9 | —4.2614952 - 106
10 | —2.1743565- 1076 | 11 | —1.3153932 - 10~
12 | —8.8057025- 107 | 13 | —6.3047628 - 107
14 | —4.7356259 - 10~7 | 15 | —3.6869349 - 107
16 | —2.9516088-10~7 | 17 | —2.4161817-10~"
18 | —2.0142543 - 107 | 19 | —1.7048708 - 107
20 | —1.4616563-10~7 | 21 | —1.2670037 - 10~ 7
22 | —1.1087955- 1077 | 23 | —9.7847069 - 10~8
24 | —8.6984198 - 1078 | 25 | —7.7834775 - 108
26 | —7.0056512- 1078 | 27 | —6.3388512 - 108
28 | —5.7629102 - 1078 | 29 | —5.2620405 - 108

Atl=2and k =6,...,29 we have

TABLE 3.8
The energy values at | =2, I' = —1073,
non-relativistic case

k E k E

6 | —0.000106594223 | 7 —0.00010652317
8 | —0.000011838539 | 9 | —4.2620633 - 106
10 | —2.1745635 - 1076 | 11 | —1.3154906 - 10~
12 | —8.8062362-10~7 | 13 | —6.3050861 - 10—~
14 | —4.7358364 - 107 | 15 | —3.6870795 - 10~ "
16 | —2.9517124-10~7 | 17 | —2.4162584 - 107
18 | —2.0143127-10~7 | 19 | —1.7049163 - 107
20 | —1.4616923-10"7 | 21 | —1.2670328 - 107
22 | —1.1088194 - 10~7 | 23 | —9.7849046 - 10~8
24 | —8.6985855 - 1078 | 25 | —7.7836178 - 108
26 | —7.0057710- 1078 | 27 | —6.3389542 - 10~8
28 | —5.7629995 - 10~8 | 29 | —5.2621184 - 10~8

For [ =5 and k =6, ...,29 we have (Fig. 3.1)
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TABLE 3.9
The energy values at [ =5, I' = —1073,
non-relativistic case

k E k E

6 | —0.000106565793 | 7 | —0.00010655158
8 | —0.000011839591 | 9 | —4.2622907 - 10~6
10 | —2.1746464 - 1076 | 11 | —1.3155296 - 106
12 | —8.8064497-10~7 | 13 | —6.3052154 - 10—~
14 | —4.7359206 - 10~7 | 15 | —3.6871373 - 10"
16 | —2.9517538-10~7 | 17 | —2.4162891 - 10—~
18 | —2.0143361-10~7 | 19 | —1.7049344 - 107
20 | —1.4617068 - 10~7 | 21 | —1.2670445 - 10~7
22 | —1.1088289 - 10~ 7 | 23 | —9.7849836 - 10~8
24 | —8.6986518 - 1078 | 25 | —7.7836739 - 10~8
26 | —7.0058189 - 10~8 | 27 | —6.3389955 - 10—8
28 | —5.7630353 - 1078 | 29 | —5.2621496 - 10~8

Comparison of the energy series

A=E,(1=2)—E, (I=5), n=0,1,2,... (3.113)

TABLE 3.10
The differences between energy values,
non-relativistic case

n A n
0 2.8430186- 1078 |1 | —2.8413125-1078
2 | —1.0523492-107° |3 | —2.2731308 - 10~10
4 | —8.2841118 10~ | 5 | —3.8977675- 10~ 1!
6 7
8 9

A

—2.1348515 - 10— 1! —1.2933536 - 10~
—8.4192760 - 10~ 12 —5.7836591 - 10~ 12
10 | —4.1427564 - 10712 | 11 | —3.0682656 - 10~12
12 | —2.3354351-10712 | 13 | —1.8185771 - 10~ 12
14 | —1.4436463 - 10712 | 15 | —1.1650872 - 10—12
16 | —9.5382260 - 10713 | 17 | —7.9069886 - 10~ 13
18 | —6.6274890 - 10713 | 19 | —5.6098102 - 10~ 13
20 | —4.7902667 - 10~13 | 21 | —4.1228934 - 10~13
22 | —3.5739498 - 1013 | 29 | —3.1182893 - 1013

At 1 = 0, the first energy level is (let T' = —1073) E = 0.9999213823. We can con-
struct any finite number of terms in the series; for definiteness, let us restrict ourselves by
polynomials of 10th-order

f(@) = g(x)Pro(z), glx) =aeteP/".
where the coefficient of the series equal
do =1, di = 565.0253196, dy = 75914.6222, d3 = —5.9869325 - 105,
dy =1.423294 - 10°, ds = —5.33496 - 10, dg = 2.67316 - 10'4, (3.114)
d7 = —1.66026 - 1017, dg = 1.22398 - 10%°, dg = —1.0413 - 10?3, dyo = 1.0023 - 10%°.

The plot of g is given in Fig. 3.2. The plot of the complete function f(x) is given in Fig.
3.3. Similarly, examine behaviour of the functions g(x) and f(z) with I' = —1073 for the
second energy level E = 0.9998474908. See Figs. 3.4 and 3.5.
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3.13 Relativistic problem: polynomial solutions?

Let us examine the possibility to get exact solutions in polynomials. Recall the structure of
the recurrent formula

Py_¢cr—6 + Pr_sCr—s5 + Pr—aCr—a + Pr_3ci_3
+Pp_ock—2+ Pr_1ck—1 + Prey + Pegpicryr = 0. (3.115)

To this end, we equate the coefficients of the power series Pio(z) = 14+ciz+coz?+... (k =

1,10), obtaining equations with respect to energies E. In this way, we consequently obtain

the following sets of energies':

o= E = —7.17766 £ 0.03255047, 4.78508 + 0.021433;
co =0,
E = -9.57069 £+ 0.0871618¢, —7.17729 £ 0.00001471993,
2.3923 4 0.01990444, 4.78535 + 3.18263 - 10~ %;
c3 =0,

E = —-0.0138482,0.0136254, —11.9655 + 0.16361%, —9.56799 % 0.0001654491,

—7.17755 + 3.62678 - 10~%,2.3928 + 3.0992 - 1075, 4.78514 + 1.02337 - 10~ %i;
Cqy = O,
E = —0.000198405, —0.000197379, —14.364 £+ —0.2614474, —11.9562 £ 0.000825818:,

—9.56864 £ 0.0000803654%, —7.17839 £ 0.00003792287, —2.39173 £ 0.0398022¢,
2.39266 & 4.10168 - 10~ 74, 4.78514;

C5 = 0,
E = —0.000139544, —0.000139344, —16.7682 4= 0.3797634,

—14.3411 £ 0.00272001%, —11.9557 & 0.0006338831,
—9.57531 £ 0.000507849z, —7.17506 £ 0.000282867¢, —4.78491 + 0.107225¢,
—2.39205 + 7.19976 - 105, 2.39266, 4.78514;
cg =0,

E = —0.000139444, —19.1804 £ 0.5170213, —16.7221 4= 0.00690396¢,

—14.3345 + 0.002910357, —11.9805 & 0.002860584, —9.5589 + 0.002253261,
—7.18462 + 0.1963331, —7.17507 & 0.0002306034, —4.78201 = 0.000212772i,
—2.39251 4 2.05079 - 10~%4, 2.39266, 4.78514;

C7=O7

E = —0.000139444, —21.6027 £ 0.6710487, —19.0996 + 0.01456413,

n calculations we use the command Chops with default tolerance of 1019, so we ignore imaginary
additions which are smaller than 1010 in modules.
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—16.6995 £ 0.009798567, —14.4002 £ 0.0106758i, —11.9325 + 0.009724761,
—9.59771 — 0.3106317, —9.55899 — 0.0019359:, —7.1766 — 0.00009283714,
—7.16875 £ 0.00146393¢, —4.78519 £ 0.00003581967, —2.39251,
2.39266,4.78514;
cg =0,

E = —-0.000139444, —24.0367 £ 0.8391917, —21.4744 + 0.02665217, —19.0442 + 0.02711541,

—16.8411 4 0.0311392i, —14.2926 + 0.03033647, —12.0306 & 0.456284i,
—11.9332 + 0.00820475i, —9.56708 + 0.000531903i, —9.54983 + 0.005762884,
—7.18192 + 0.000166772i, —7.17358 4 0.0000347737i, —4.78519,
—2.39251,2.39266, 4.78514;

Cg = 0,
FE = —-0.000139444, —0.000139444, —26.4832 4+ 1.018581,

—23.847840.04350674, —21.3617+0.06598237, —19.30994-0.0773246i, —16.6408+0.0761181,
—14.4848+0.642902i, —14.29544-0.02388014, —11.958540.000974102i, —11.9214-0.0158331,
—9.58514 = 0.000664145i, —9.5556 + 0.00007008137, —7.18193 =+ 5.31255 - 10754,
—7.17359 + 9.49047 - 10787, —4.78519 + 7.98381 - 107193, —2.39251, 2.39266, 4.78514.

Evidently, we can see that among the roots know physically interpretable energy levels
arise, so we conclude that the polynomial solutions do not exist in the problem under
consideration.

3.14 Figures
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FIGURE 3.1
Energy levels at 1 =5, T = —1073, and k = 6, 29.
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Plot of f(x) for1 =0, T'= —1073, the second energy level.
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4

Tunnelling Dirac particles through
Schwarzschild barrier

For massless Dirac particles, the general mathematical and numerical study of the
tunnelling process through the effective potential barrier generated by Schwarzschild
black hole geometry is done. The study will be based on the use of eight Frobenius
solutions of related 2nd-order differential equations with nonregular singularities
of the rank 2. We construct these solutions in explicit form and prove that power
series involved in them are converged in all physical regions of the physical region
of the variable r € (1,+00). Results for tunnelling effect significantly differ for two
situations: one when the particle falls on the barrier from within and another when
the particle falls from outside. The mathematical structure of the derived asymptotic
relations is exact; however, analytical expressions for involved convergent power
series are not known, and further study is based on numerical summing the series.
The calculations are implemented using Mathematica system.

4.1 Basic facts

Starting idea on which the present chapter is based appeared many years ago in Regge and
Wheeler’s work [1], where the stability of the Schwarzschild metric [2] was studied. In [1], a
linearised wave equation for the spin 2 field on the background of the Schwarzschild metric
was derived. It was established that a corresponding radial equation is of Schrédinger form
with potential of barrier type. Similar results have been obtained for particles with different
spins [3-12].

For Schwarzschild metric in the static coordinates z® = (¢,0, ¢, 1)

1 1
dS? = ®dt? — r?dh* — r*sin® 0dp* — —(I)drz, d=1-~,r¢€(l,+00), (4.1)
T

the generally covariant Dirac equation [13] takes the form (we separate a special factor in
the wave function, ¥ = 7~ 1®~1/4(1)y))

5104 + i0'? cos 0
sin 0

0
B . 3 L.
0, + VO30, + ~(iv' O
[\/6 4 Y Or + T( Y Op + v

Solutions with spherical symmetry are constructed within the following substitution
(instead of commonly used formalisms of spinor spherical harmonics [14] and spin-weigh
harmonics [15], we apply a more simple formalism based on the use of the Wigner

) — M|y(z) = 0. (4.2)
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D-functions [16,17])
(r)
D(@)ejms = et f2Er§ D2 ) (4.3)
(r)

This substitution corresponds to diagonalisation of the total angular momentum J 2. Js,
and spatial reflection operator. The parity eigenvalues are Il = §(—1)7*!, § = £1. Wigner
D-functions are designated as follows: D, = _ma(gb,ﬂ 0); in this notation, the fixed
parameters j = 1/2,3/2,... and m € {—j, ..., +j} are omitted for brevity.

After needed calculation we produce the system of two equations

(@d— + ”‘F) —(e+MVD) g, (@d% - ”\:6)9 = (e~ MVT) f,  (4.4)

where
f:(f1+f2)7 g:_l(fl_fZ)a V:]+1/27 V:172737”"
Let us transform eq. (4.4) to the new variable

VO =4+\1-1/r=2z, r—1,2—0, r—+4oco, z— +1; (4.5)

the physical region for the variable is the interval z € (0, 1). Equation (4.4) take the form

1—2%)?% d
(gj(%)df—kl/m(l—xZ))f:—(e—Mx)g
I (4.6)
(Mi vzl - 12)) = +(e+ Mz)
2 dx 9= g
Whence it follows a 2nd-order equation for f(x):
{ﬁ+(1+ 2 2 1 )i
dx? z z+1 z-1 z+c/dx
2(1 — 322 412 1 2 4(e? — M?x?
v ( gg_ 1/22"_ V2 (62 2x4)}f:0 (4.7)
z(1—22) (1—2a?) x+cl—zx x2(1 — z2)

an equation for the function g(z) follows from eq. (4.7) by the formal changes f — ¢, v =
—v, c = —c.

Note that ¢ = ¢/M > 1; to the massless case, there corresponds the limit ¢ — oo, so
such a singular point vanishes and we have a simpler equation

{di+(l+ 2 +L)i
dxz? z z+1 z—-1/dx
2(1 — 32?) 42 4¢? B
=2 -2 T2 —x2)4}f =0.

(4.8)

The problem under consideration becomes clearer from a physical standpoint if one
transforms equations to other radial variables r,:

d d

d— = ,

dr  dr,

re =r+In(r—1), 7. € (—o0,+00); (4.9)

to points = +1, +00 there correspond the following values of r,:

r—+1, r, = —00; r — 400, 1y = +00. (4.10)
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In this variable, the system (4.4) reads

d
r

[ ()] £ = —(e+ MVB)g, [ = vp(r)] g = e - MYV,

where the function ¢(r,) is determined as follows

Vo

o(ry) = = T — +00, @(ry) = 0.
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(4.11)

(4.12)

Several typical graphs for potential o(r.) are given in Fig. 4.1. Below we show the

location of maximum values of the potentials ¢(r) and ¢(r.):

1, r=0.186736, r, = —0.349256;
= 2, r=0.633808, 7, =0.134404;
= 3, r=137398, r,=0.351799;
= 4, r=241039, 7, = 0.466459;
= 5, r=374324, 7, = 0.535869;
= 6, r=>537252, r,=0.582072;
= 7, r=729817, r,=0.614938;
= 8, r=0952018, r,=0.639478;
9, r=12.0385 r, =0.658483;
= 10, r=14.8532, 7, = 0.673629;
= 11, r=17.9642, 7, =0.685979;
= 12, r=21.3715, 7. =0.696239;
= 13, r=25.0751, 7, =0.704898;
= 14, 7r=29.0751, 7, =0.712303;
= 15, r=233.3713, r,=0.718706;
= 16, r=237.9638, r.=0.724298;
17, r=42.8527, 7, = 0.729225;
= 18, r=48.0378, 7, =0.733597;
= 19, r=535192, 7, =0.737503;

20, r=159.297, r,=0.741014.

The corresponding 2nd-order equations may be presented as follows

d 1 d s e
{(E—M@)(R‘FV‘P)W}(TN—V@)g‘f'(f —M"®)g=0,

d 1 d s el
{(€+M\/5) (R—Vw)m}(dT**‘V@)f*‘@ - M"®)f =0.

Equations (4.13)—-(4.14) can be reduced to the form

(e oo, |

2
drz

d2
dr?

+ QQ(T*))Q =0;

near the points r — 1, +00 they become simpler
r— +1,

+)g=0, fg~e

(4.13)

(4.14)

(4.15)

(4.16)
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T — 00,

2 2

(GatE@-M)[=0, (G5+E-M)g=0, [g~etVam, (4.17)

The quantities P?(r.) and Q?(r.) represent squared effective linear momentums. Here we
have a problem where the quantum-mechanical tunnelling effect is possible.

4.2 Analytical study of Frobenius solutions

Let us turn to consideration of possible solutions for eq. (4.7). It is convenient to apply the
following form of this equation

x x+1+x—1iﬂc+c !

+{ Ql-i-ﬁ D + A + A
x 22 z+c (z4+1) (z-1)
B B e~ M2/2 & — M2/2

ter 2 T T Tar ) @1y

—M> &M

T iy

}f =0, (4.18)

where the notations are used

- —812 + 3562 +8v — 5M? +8v/(c— 1)

8
e +812 — 3562 + 8v + 5M?2 — 8v/(c+ 1)
- < 7
B —8v2 4+ 192 — 8y — 5M?
- < 7
8,278u2+1962+81/75M2 De_ 2v

8 ’ -1
Recall that restriction to massless case is straightforward: M — 0, ¢ — oo.
In (4.18) we have an equation with three regular singular points © = 0, —¢, 0o and two
irregular singular points —1, +1 of rank 2. Let us detail the asymptotics near singular points.
Most interesting are the physical points x = 0, +1:

x—0, f~az7, ~v=22e; (4.19)

v 41, f:(a:—l)aexp(%),

2 _ M2 2_M2 M22
veE-M e ) £ M7/

-, = (4.20)
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/

-1, f= e
r— -1, f=(x+1) exp($+1),
2 2 2 2 2
;L e - M ;. (e —M)+M/2.
6 _i272 , o = Fi- Ve ; (421)
x——c, f=(@+c", p=0,2; (4.22)
d’f  2df 1
—1
r—oo(y=x""), (din_Qdiy)fZO’ f(y)“’m770=073- (4.23)

Let us construct Frobenius solutions for eq. (4.18). It is convenient to introduce short-
ening notations

(€ -M*)/A=E, &—-M?)2=F,
then eq. (4.18) is written as

a2f 1 2 2 1 . df
@ Gttt i aw
+{ 2V+462+ D n A . A n B N B’
xz 22 zxz+4+c (z+1) (z-1) (z+1)2 (x—1)2
E' E E E
— =0. 4.24
MCESE (x—1)3+(x+1)4+(x—1)4}f (4.24)
We construct solutions using the substitution
fx)=2x"(z —1)%exp (i)(x +1)* exp ( g VF(x) . (4.25)
z—1 z+1
We get an equation for F(x):
d2F+ 142y 2424 2420 1 25 2§ dF
dx? x z+1 z—1 z+ec (z+1)?2 (z—1)72] dz
L 138-p +4a+2d - +2ad’ +4y+4ya+4y8—af +Ba" +24
2 z—1
B Jé] 3 a E+pB8?> —E —-2ap
1+e?@-1) (Q+)@-1) @-1' " (z-1)°
E' -2d'8 | 12B' +20”>—4B+2a—4y8—28d +Bf B E+p"?
(@+1)* 2 (- 1) (@-1)*(1+¢)  (z+1)*

+72B — 20— 28 — 2% + 4cB — 208" — 4vB + 2Bc + 2a'¢c — BB + 2ca + 4yB'c + 2a8'c + B¢

(z+1)22(c—1)

—ca+2vd'c—2v8 c—cf—2vc—v—27yBc—2vac+ca —cB  4e: 447

+ + 5

cr x

1 —4a' —2ad =4y =B’ + BB +38 +apf +498 —B -4y —2a+24A

2 z+1

/8/ a/

(-1+¢)?(z+1) (l+o)(z+1)

1 1
+c(c—1)2(c+1)2w+c
+(—04—27—&—26'—25—0/)02—&—(oz—i—ﬂ'—i—D—o/—i—ﬁ)c—i—’y]}FZO.

D+ (v+a+a)c* + (2D +a' + B+ 5 —a)c



104 Tunnelling Dirac particles through Schwarzschild barrier

Imposing needed constraints

V2 4 4e? =0 = v = +2ic ;
!/

E
—208—-FE' =0, 8’4+ E=0= 8=+iVE, a =+i——;

WE '’ (4.26)
E/
20/ +E =0,8*+E=0= 8 =+iVE, o = Fi——
’ g g WE
(here we have eight variants), we arrive at the equation
d%l%€7+1+2d+2 2042 28 23 1 )Qﬁ
dz? x z+1 x—1 (z+1)?2 (z-12 =x+4+c/dx

+{2'yo/—2704—276'—276—1—0/—a—ﬁ'—ﬂ—QV—%
x
day + 4By +2ad’ +o/B—af — BB +4a+38+4y+2a — B +24" — 22 —%
n :

c+1
2(x—1)
—4yB +20° — 208+ BB — 4B + 20+ 2B’ + 2
+ 2 — 1)
N —4a/y + 48"y — 200 —'B+af’ + BB —4a’ + 38 — 4y —2a— B+ 24 — ffll - (ciﬁl/)Q
2(x+1)
+475/+2o/2+2a6’+ﬂﬁ/+45/+2o/+2B+%
2@ 112
! !
Y o a B B 1
- D)——F =0. 4.27
+(c+c—l+c+1+(c—1)2+(c+1)2+ )x—i—c} ( )

For theoretical consideration, it is enough to use its shortened form

B (ﬁ ni N2 n3 U2 s )F’

+ x+x—1+(x—1)2+x+1+($+1)2+x+c

m my Mo mg My m5>

— F=0. 4.28
+<x+m—1+(w—1)2+x+1+(x+1)2+x+c (4.28)

Multiplying this by z(z + ¢)(z — 1)?(z + 1)?, we get
[2° 4+ ca® — 22" —2¢c2® + 2° + x| F”

+ [(n+n1+n3+ns)2° + (n+n1+n3)c+ny +ny —ng +nyg)a?

+ ((nq —|—n2—n3+n4)c—2n—n1—|—2n2—n3—2n4—2n5)x3
+((—2n—n1+2n9 —ng —2ny4)c—ny +n2+n3+n4)x2
+ ((=n1 +ng +n3 +ng)c+n+ns)x+ nc F’
—l—[(m—i—ml +mg +ms) x° + ((m +mq +ms) c+my +mg —msg +my) z*

+((mq +mg —mz +my)c—2m —my +2my —mz —2my — 2ms) x>

+((—2m—m1+2m2—m3—2m4)c—m1+m2+m3+m4)x2
+((=mi+ma+mg+my)c+m+ms)z+mc F=0.

Solutions of the last equation may be searched in the form of power series

F=Y ba*,  F'=) kbt~ P’ = k(k— bt
k=0 k=1 k=2
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further, we produce 7-term recurrent relations:
1 =0, nby +mby =0,

1=1, 2¢by + 2nceby + [(—n1 + n2 + ng + ng) ¢+ n + ng| by + meby
+[(=my1 +m2+ms+my)c+m—+mslbg =0,
1=2, +3ncbs + 6.¢cbs + 2ba + 2 [(—n1 + ng + n3 + nyg) ¢ + n + ns) b + mcbs
+[(—2n—n1+2n9 —ng —2ny4)c—n1 +ng +nzg + nyg| by
+[(—=m1 +ma + m3 + my) c+m +ms| by
+[(=2m —mq +2mgy —m3z —2my) c—mq + mg +ms +my]by =0,
1=3, 12 ¢cby + 4 ncby + 6b3 + 3 [(—n1 + ng + n3 + nyg) ¢ + n + ns) by + mcbs
—4cby +2[(—2n—n1 +2n2 —n3 —2n4) ¢ —ng + no + N3 + 14l bo
+[(—=m1 + ma + m3 + my) ¢+ m + ms| ba
+(ni+ne—ng+ng)c—2n—ng+2ny —n3 —2n4 —2n5] by
+[(=2m —my 4+ 2mg —m3 — 2my) c — m1 + ma + m3z + my| by

+[(mi+ma—mg+myg)c—2m—my +2ms —m3 —2my —2ms]by =0,

1=26,7,8... (m+mq +mg+ ms) b5
+(@E—4)(E—5)+ (n+n1+ng+ns) (i —4)

+ (m+my +m3)c+my +me —ms+ mylbi_y
+{c(i—=3)(i —4) + [(n+ n1 +n3g) c+n1 +ng — nz +n4] (1 — 3)
+[(m1+ma—mg+mg)c—2m—my +2me —m3 —2my —2ms]} b3
+{-20-2)(i=3)+[(n1+n2—ng+na)c—2n—n1 +2n2 —ng —2n4 — 2ns) (i — 2)
+[(—=2m —m1 +2my —m3 — 2my) c —mq +ma +ms +my|} b2
+{2ci-1)(GE—-2)+[(-2n—n1+2n2—n3 —2n4)c—n1 +na+n3+nq](: — 1)
+[(=mq +ma2 +m3 +my)c+m+ms]} b1
+{i(i = 1)+ [(—n1 + na+n3 +ng) c+n+nsli+mec} b;
+lci(i+1) +nc(i+1)]bir1 =0.

In accordance with Poincaré—Perron method, we divide the main recurrent relation by
bi752
(m 4+ my +mg + ms)

+[(GE—-4)(E =5+ (n+n1+nsg+mns)(i—4)

bi_

+(m+m1+m3)c+m1+mgfm3+m4]b 1

i—5
+{c(i—3)(i—4)+[(n+n1+n3)c+ny+n2—ng+n4) (i —3)

bi—3 bi_4
bi—s bi_s

+{-2(1—-2)(i—3)+[(n1+na—ng+n4)c—2n—ny+2ns —nzg —2n4 —2ns] (i — 2)

+[(my+ma—mz+my)c—2m —mq +2mg —mg —2my — 2ms|}
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bi—2 bi—3 bi—4

bi—3 bi—4 bi_s
+{2cG-1)0GE—-2)+[(-2n—n1+2n2—n3 —2n4)c—n1 +na+n3+n4] (2 — 1)
bi—1 bi—2 bi—3 bi—4

bi—2 bi—3 bi—4 b5

b bi—1 bi_2 bi_3 bi_4

bi—1 bi—2 bi—3 bi—a bi—s

biv1 bi bi—1 bi—2 bi_3 bi_y
bi bi—1 bi—2 bi—3 bi—q bi—5

+[(—2m —my +2my —mg — 2my) c — my + ma + mg + myl}

+ [(—mq + m2 + m3 + my) c + m + ms]}

+{i(i — 1)+ [(—n1 + na + n3 + ng) c + n+ ns] i + mc}

+[ci(i + 1) + nc(i+1)] =0.

After that we multiply the last relation by i~2 and tend i — 00, so deriving an algebraic

equation for R, which determines possible convergence radii

b; 1

R = lim , R‘nvzia
i—o0 bj_1 0 |R)| (4.29)
R+cR* - Rr®—2cR*+ R +cR° =0 = (1+cR)R(R*-1)*=0;
the roots are R = 0, R = 41, and R = —1/c. Therefore, possible convergence radii
are 1,¢ > 1,00. Note that the convergence radius R.,n, = 1 covers all physical region

for the variable € (0,1). In accordance with the above-mentioned symmetry, solutions
for function g(z) are constructed in a similar way, it is enough to make formal changes
vV = —V, ¢ = —C.

4.3 Numerical study

Let us list the above eight solutions (note the change (zr — 1) < 0 to (1 — ) > 0, it makes
the involved functions single-valued in physical region x € (0, 1))

/

F(@) =271 — )% exp () (w + 1) exp (—o—)F(z) | (4.30)

1—x r+1
where
B=+il, a=+ix, p =i, o =+i%,

2 _ N2 2 M2/9 4.31
eri, Ezg, v = +2i€ . ( )
2 2 _ M2

In order to get the massless particle, it suffices to make the formal changes in parameters:
1
¢ — 00, ine, Y=e. (4.32)

In the following we study the most simple massless case. Correspondingly, we use the fol-
lowing substitutions

91(z) = h(z)eT= D HET (1 — )i (z + 1),

L , (4.33)
ga(x) = h(x)e @D 260 (1 — 2) o2 (x + 1)%;
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93(z) = h(z)e” T TIE (1 — g) i (g + 1),

e —2i , (4.34)
94(z) = h(z)eT= DT (1 — z)r—2(z 4 1) 7',
x %hxeﬁ*ﬁ 1 — i€ 2ie 41 ie’

95(0) > ()T (1) 1) .
96(z) = h(z)eT=T0 I (1 — o)~ (g 4 1) 7€,
x) = h(z eﬁ_ﬁ 1 — ) "iep2ie(p 41 _k’

g7(x) = h(z) (1-2) (@+1) (4.36)

gs(z) = h(z)e oD T (1 — z)ier 2 (g 4 1),

We need an explicit form of 2nd-order equations for all h;(z); it suffices to write down
only four cases, h1, hs, hs, and h7, because all equations and solutions are divided into pairs
of conjugated ones:

[ 35¢2 n 12€2 13€2 + 11€2 5e2 + 11ze
4(x —1) x dz+1) 4xz-1)2 4(z+1)2 2xz-1)

3ie 5ie V2 V2 V2 V2

x 2(9:+1)+x—1 z4+1 (z—12 (z+1)?

n v 214_ v n v v }h( )
x—1 =z z+1 (z2-12 (z+1)2 1
21€ 4die 2i€ i€ i€ 2 1 2
o _ _ - h/ hl/ :0
[xfl—i— z z+1 (x—1)2 (m+1)2+x71+x+x+1} (@) + b () ’
[ 13¢2 _12€2+ 3562 _ 5e? n 11€2 n 5ie %_ 11ie
4(x —1) x 4(z+1) 4(z-1)2 4(x+1)?2 2x-1) =z 2xz+1)
n V2 V2 v? V2 n v 21+ v n v v h( )
z—1 z+4+1 (z—-1)2 (z4+1)2 z—-1 2z z+1 (z—-1)2 (z+1)2 A
i€ 4ie i€ i€ i€ 2 1 2
— — — h hi =0
+[ —1 +m+1+(z—1)2+(x—|—1)2+x—1+x+m+1} 3(@) + b3 (@) =0,
[ 12€2 N 12¢2 N 4€? N 4¢2 N 8ie Sie
x—1 z4+41 (z—-12 (z4+1)2 2z2z-1 z+1
+ V2 _ V2 B V2 _ V2 n v _21+ v n v _ v }h (@)
x—1 2x24+1 (x2—-1)2 (z4+1)2 z-1 2z z+1 (z-1)2 (z+1)2 5
2i€ 4die 2ie i€ i€ 2 1 2
2e - - B W () = 0
{x—1+ x +:L‘—|—1 (x—1)2+(33+1)2+m—1+sc+33+1 5(@) + h5 () ’
[ V2 7 V2 B V2 B V2 n v 7271/+ v " v B 1% }h (2)
x—1 z4+1 (z-12 (z4+1)2 2z2—-1 =2 z+1 (x—-1)2 (z+1)2 ’

2ie 4ie 2ie 1€ 1€ 2 1 2
_ = _ - ~ 4+ —— A h7(z) =0.
+[ 1:—1+x m+1+(x—1)2 (x+1)2+x—1+x+z+1} 7(@) +ha (@)

Below symbols R;(x) and I;(z) (i = 1,3,5,7) will designate real and imaginary parts of
four converging series (they depend on quantum numbers €,v = j + 1/2). Several typical
graphs of series are given in Figs. 4.2-4.5.
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Numerical study shows that real and imaginary parts of the series sums R;(ry) + I;(r«)
demonstrate evident asymptotical behaviour at r, — 4o0:

B (500) ha(750) h1(1000)
Re hy = 1.0133, = 1.0043, 7R 0021
" 71(250) 71(500) " Thy(750) ’
h1(1250) ha(1500)
SR 1.0012 = 1.0008, £y (1500) = 12092.5427
h1(1000) " hy(1250) 1(1500) ’
(4.37)
YUhi(250) T T Ry(500) T Thy(750) T
h1(1250) h1(1500)
MR . ST 10021, hy(1500) = 279.9890;
nio00) ~ MO0 a0y = L0021, Au(1500) = 2799590
hs(500) hs(750) h3(1000)

Re hy: 2222 10138, 220 _q 0045, 20 — 100224
e 5 (250) " h3(500) " hs(750) ’
hy(1250) hs(1500)

= 1.0013, 207 _ h3(1500) = 22583.1144
T000) = MO013: 32 iasg) = 10008, h(1500) = 225831144,
(4.38)
hs(500) h(750) h3(1000)
kg s ooy = 09290, pREEE = 09744, Sh o = 0.9868,
h3(1250) h3(1500)
2800 09920, 27— 0.9946,  hs(1500) = 284.8543;
noion0) =990 a0y = 09946 ha(1500) = 2848545
hs(500) hs(750) h5(1000)
Re hs : = 1.0170, = 1.0055, 22— — 1.0027
N5 (250) " 15 (500) " hs(750) ’
hs(1250) hs(1500)
250N 10016, 222  — 10011, hs(1500) = 1206.
hei000) ~ “0016: 5 1mg) = 1H00TL B (1500) = 1206.6537.
(4.39)
hs(500) hs(750) h5(1000)
Im Ay 0 20 ) = 1.0132, 220 = 1,0043, 22— = 1.0021
mhs g as0) — MO g w00y = O3 T ey = 1002
hs(1250) h(1500)
250N 10012, 22 hs(1500) = —11203.6223;
hetioon) ~ 10012 a5g) = 10000, hs(1500) 03.6223;
hr(500) h7(750) h7(1000)
Rehp: GEocsy = 1OIT0, Lo = L0055, GE s = 10027,
h7(1250) h7(1500)
hoas = L0016, oo = LOOLL,  hy(1500) = 1206.
heio00) = MO016 G iiamg) = LOOIL he(1500) = 12066537,
(4.40)
hz(500) h(750) h7(1000)
Im Ay o) = 1.0182, 2] 10043, ) = 1.0021
mh sy os0) — PO fo0) T M0 sy T 002
h7(1250) h7(1500)

2ER) 10012, ST 10009, e (1500) = —11203.62231.

h7(1000) " hr(1250) . hr(1500)

4.4 Tunnelling process

Let us examine tunnelling effect for the particle, which moves from the right of the barrier.
To this end, we start with the solution gs(x), its asymptotic behaviour at x — 0 (r, — —o0)
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is given by the formula
ga(x) = e~ Zienwemic — pmicomier. (4.41)
Let us use notation
Go(z) = e go(x), Go(r — —00) = e "=, (4.42)

We may formulate the following Cauchy problem:
d -5
Go(x), %Gz(a}) ;2o =107", (14), = —22. (4.43)
The tunnelling process is described by the general formula
— €T — €T “+ier 1 — €T — €T B +ier
e " = Ae™ "™ + Be™*"™, or 1€ * < Ae *—|—Ze 5 (4.44)

reflection and transmission coefficients are defined as

B 1
R=|51% D=|4P. (4.45)

Let us take in the region 7, — 400 two close points, s; = €ry., So = €ra,. They give two
linear equations

e A+ eI B =N, e A+ et B =N,. (4.46)

The values N7 and Ny are known from results of solving the Cauchy problem, so this linear
system may be resolved with respect to variables A and B. Numerical study yields

s1 =100, sy = 101,
|D| = 2.5871172808253399483182956090916 x 102
|R| = 0.999999999999330

s1 = 200, sy = 201,
|D| = 2.5877017935952845053539711845416 x 10~
|R| = 0.999999999999330

s1 = 300, so = 301,
ID| = 2.5880854478636695997420096062116 x 10~°
|R| = 0.999999999999330

S1 = 4007 So = 401,
|D| = 2.5882480599386513075141952768516 x 10~°
|R| = 0.999999999999330

S1 = 5007 So = 501,
|D| = 2.5882683602272274835321197825816 x 10~
0.999999999999330

S1 = 6007 So = 601,
|D| = 2.5882297117443874845102673598216 x 10~
|R| = 0.999999999999330

(4.47)



110 Tunnelling Dirac particles through Schwarzschild barrier
We have calculated coefficients D and R at different values of energy:

€= D = R =

1 2.58797810456648907512855372994 x 10~* 0.999999999999330
3/2  1.7582387448296178946869483542314 x 107 0.999999996908314
2 6.56453757573836720679166237235681 x 106 0.999995690201453
5/2  9.89428770502314826328280079367695 x 10-6  0.999990208695562
3 9.99753889216766613205611530112792 x 10~6  0.999989999254247
7/2  0.00001000098762059780 0.999989999540272
4 9.99989634576822762177881423838663 x 106  0.999990000509748

(4.48)

In a similar manner, we could examine tunnelling effect for the particle, which moves
from the left on the barrier.

4.5 Conclusions

For the Dirac particle, the general mathematical and numerical study of the tunnelling
process through the potential barrier generated by the Schwarzschild black hole metric
has been done. We construct solutions in explicit form and prove that the power series
involved in them are converged in all physical regions of the physical region of the variable
r € (1,400). Results for tunnelling effect significantly differ for two situations: one when the
particle falls on the barrier from within and another when the particle falls from outside.
The mathematical structure of the derived asymptotic relations is exact; however, analytical
expressions for involved convergent power series are not known, and further study is based
on numerical summing of the series. The calculations are implemented using Mathematica
system.
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4.6 Figures
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FIGURE 4.1
Potential function ¢(ry).
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FIGURE 4.2
The graph of the series hi(ry), e =1, v = 5.
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Re(ha), |m(h3)

L | L |
100 150 " Refhy)
""" Im(hs)
FIGURE 4.3
The graph of the series h3(ry), e =1, v = 5.
Re(hs), Im(hs)
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2000f 5
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00~ N
~10000]

FIGURE 4.4

The graph of the series hs(ry), e =1, v = 5.
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Figures
Refhy), Im(h7)
15000
10000 ¢ Re(f)
L e in(f)
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R
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FIGURE 4.5

The graph of the series hy(ry), e =1, v = 5.
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5

On Maxwell equations in
Schwarzschild space-time

It is shown that the generally covariant extended method of Riemann-—
Silberstein—-Majorana—Oppenheimer in electrodynamics, specified in Schwarzschild
metrics, after separating the variables, provides us with the possibility of reducing
the problem to a differential equation similar to that arising in the case of a scalar
field in the Schwarzschild space-time. This differential equation is recognised as a
confluent Hein equation.

We have considered the electromagnetic field on the basis of the 10-dimensional
Duffin—-Kemmer approach, when in addition to six components of the strength tensor,
one uses four components of an electromagnetic potential. After separation of the
variable, we have arrived at a system of ten radial equations, which were simplified
by the use of additional constraints followed by an eigenvalue equation for the spatial
parity operator v = PVU:; the radial system has been divided into two subsystems
of four and six equations, respectively. In this second approach, the problem of
electromagnetic field has been reduced to the confluent Hein differential equation as
well.

In particular, we have shown explicitly how solutions found in complex form
are embedded in matrix 10-dimensional formalism; besides, we determine radial
functions that are responsible for gauge degrees of freedom.

The chapter is based on [1]-[24].

5.1 Introduction

Usually, when treating electromagnetic field in a curved space-time background [1, 2], for
instance, in Schwarzschild space-time geometry [3], they use a real vector description of an
electromagnetic tensor [4]. In the frames of Newman—Penrose formalism [5] for description
of components of the electromagnetic tensor a spinor technique is used.

In [6], a general covariant approach to the Maxwell theory based on the use of the
Riemann-Silberstein-Majorana-Oppenheimer complex representation was elaborated. Here
it is used to treat Maxwell field in the background of Schwarzschild black hole. It is shown
that this technique provides us with possibilities after separating the variables to reduce the
problem of the Maxwell field to a differential equation similar to that arising in the case of
a scalar field in the Schwarzschild space-time. This differential equation is recognised as a
confluent Hein equation.

After that we turn to consideration of the electromagnetic field on the basis of a 10-
dimensional description, when in addition to six components of the strength tensor, one uses
four components of electromagnetic potential. Such a description of the electromagnetic field

DOI: 10.1201/9781003472377-5 115
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is more informative because it includes gauge degrees of freedom. However, this method to
describe electromagnetic field is more complicated. We use it in the matrix form of Duffin—-
Kemmer—Peteau (recent consideration and big list of references see in [7]). After separation
of the variable, we arrive at a system of ten radial equations, which can be simplified
by the use of additional constraints followed by an eigenvalue equation for the spatial
parity operator [I¥ = PU; the radial system is divided into two subsystems of four and
six equations, respectively. In this second approach, the problem of electromagnetic field
reduces to the confluent Hein differential equation as well. In particular, we show explicitly
how previously found solutions in complex form are embedded into matrix Duffin—-Kemmer—
Peteau formalism; besides, we determine radial functions that are responsible for gauge
degrees of freedom.

5.2 Separating the variables, Wigner functions
Matrix Maxwell equation in Schwarzschild space-time

d2
dSQ:QNﬁQ—Aé——r%dy—+$¥0¢fy d=1—M/r,

« 1
‘o =75
o 1 o 1
ey = (0,0,2,0), ey =(1,0,0,——
@’ Vo Vo cos 6

Y030 = ﬁa Y311 = 0 V322 = - V122 = T eind

707 07 0)7 6((13) = (07 \/57 07 O)a
(5.1)
)

has the following form (assume the use of cyclic basis when the matrix Ss is diagonal)

10y 3 alsy —a?s; ! 1 0
BB, 2T -y -0
[ \@+f(a .+ . +2¢33)+r 0,6] W :

9 Op + s3cosf
sin 0

(5.2)

1
@
Yo =0+ , Y =E+iB.
r
Let us diaginalise the square and the third projection of the total angular momentum of
the electromagnetic field, J2, J2; correspondingly, we apply the substitution

0
p1(r)D—q
@a2(r)Do |’
¢3(r)Dy1

P=et (5.3)

where Wigner function are used, D, = D{mﬁ(qﬁ,@,O), o = —1,0,+1. With the use of the
known recurrent formulas

1 m — cos 6 1
89D_1 = §(CLD_2 - I/Do), 7D_1 = §(ClD_2 + l/l)o)7

sin 6

1 m 1
09Dg = =(vD_1 —vD ——Dy = —-(vD_ D
bDo = 5 (vD-1 —vDy1), = —Do = (vD-1+vDi1), (5.4)
1 m + cos 6 1
89D+1 = i(VDO - aD+2), WDJrl = 5 (Z/DO + CLD+2) ,

v=Vi(+1), a=({G-D({+2)



Separating the variables, Wigner functions 117
—iwt §s omitted)

we obtain (the factor e
(1 + ¢3) Do

v —i o D_4
YoV = — | . 5.5
0¢ ﬂ i (901 _ SDS)DO ( )
+i 2Dy

To simplify the formula, we change the notation

%—\/j(jgl) — (5.6)

Turning to the matrix eq. (5.2), we derive the radial system of four equations

d 2 v
1) \/6(5‘1';)@2-1-;(901—#%):0,
w d Vo o iv
2 L V7SR TS S
) (\/5 Z\Fdr i 12\/5)901 P2 0,
w w (5.7)
3) —ﬁwﬁ?(w—ws):&

w d Vo ol iv
4 S iV — i 4 = g = 0.
R R T W A

Combining egs. 2) and 4), instead of eq. (5.7) we obtain

2) +4), _\76(@1"‘803)_7:(\/557,""\{46"_56)(901_903):07
2) —4), —%(@1 —p3) — Z(\/ad% + ? + 2%)(@1 +p3) — 2;71/ w2 =0, (58)
3) - %(pz + % (p1 —3) =0, 1) \/6(% + 2)9‘32 + % (¢1+¢3) =0.

It is readily checked that eq. 1) turns out to be identity when taking into account three
remaining equations. Therefore, we have only three independent equations

—%902 + % (4,01 - 903) =0,
4 Ve g =0, (5.9)

w .
*7(801+<P3)*1(\/5%+7+2\/5

Vo
w d Vo @’ 2iv
e o —pa)— i (Vo Yy T ) — 2y = 0.
\/5(901 SDS) ? (\/7d’/‘ + r + 2\/6)(@1 +§05) r P2
Introducing new variables
J =1+ s, g = Q1 — P3,

we transform eq. (5.9) to

wVvoe w d 1 P’
pr=——g, —=f-il-+-+5=)9=0,
w r ) dr r 20 (5_10)
w? (d+1+¢)/)f+2”2 0
! TN T T 2% 2 97



On Mazwell equations in Schwarzschild space-time

118
By using the substitutions,
1 1
= G(r), = F(r);
9= —=GO).  f=—= F()
we get more simple equations
iv 1 d d w? 202
= — — ) F = @— 1 _— F e —_ - . .].].
p2= 3 G(r), iw er, +iw o + 3 G . G=0 (5.11)
The 2nd-order equation for the primary variable G(r) reads
d’G ¥ dG  jw? (i +1)
- = had G=0 5.12
=t ot @ Tee) (5.12)
or
d*G M dG 2p2 i(j+1
-t ( il —](‘7+>)G:0. (5.13)
dr?2  r(r— M) dr (r—M)? r(r—M)
It is convenient to apply the variable z = /M, then we have
&G (L -hyw©
dx? rz—1 =x/ dz
i(j+1 2M2w? —j(j+1 M?w?
+<M2w2+3(3+ ) 2w ZjGHL) | M Ja=o. (5.14)
x x—1 (x —1)2
With the use of the substitution G = (z — 1)*2Pe¥g(x), from (5.14) we get
d?g 142a 1-2p dg
g _ 2] 42
dz? x—1 +a dx
—l—[MQwZ—I—’yQ—i— MW+  B(B-2) +j(j+1)+04—5—7—2045+25’7
(z—1)2 x? x
2M?w? — j(j+1) — 2 2
w =i+ —a+B8+y+2aB+ aV}g:O. (5.15)
r—1
Imposing restrictions on parameters «, 3,y
a=+iMw, 8=0,2, v =+iMuw, (5.16)
we simplify eq. (5.15):
d’¢ [1+2a 1-2p8 dg 1jGi+D+a—-B—v—2aB+28y
&g 1728,k
dx? xz—1 T dx x
2M2w?% — (4 1) — 2 2
N w—ji+1)—a+B8+v+2a8+ av}g:(), (5.17)
r—1
which is identified as the confluent Heun equation
d*Z 1+B 1+CqdZ
PZ 4y B 15 dZ
d22+[+ z +z—1 dz
1A-B-C+AB—-BC—-2F 1A+B+C+ AC+ BC+2D +2F
= ++< }f =0
2 z 2 z—1
with parameters
D=2M*?* F=1-j(+1). (5.18)

A=2y, B=23-2, C=2a,
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5.3 Duffin—Kemmer formalism

Matrix 10-dimensional Duffin—-Kemmer equation in Schwarzschild space-time takes the form
(Is stands for the projective operator on tensor subspace)

) ) 1 . .
i 8%, + i ® (B0, + - (B3 + B%5°%)
P’ 0 703 Ve
= YTy = 5.19
i0p + i j'? cosd
sin '

Yo = 1800 + 5
We use the following substitution for solutions in the form of spherical waves

q)wjm(x) = eiiu)t fl (T)D07 fZ(T)D—la fg(T‘)Do, f4(T)D+17

f5(r) D_1, f6(r) Do, fr(r) Dy, fa(r) D_1, fo(r) Do, fio(r) Di1 } (5.20)

After separating the variables, we get ten radial equations (where v = +/j(j + 1)/2)

d 2 %3
—CI’(% + ;)f6 - VT(J% + f7) =0,
) o d 1 9 Ve
'LUJf5 + Zq)(% =+ ; + ﬁ)fs =+ ZVT fg = 0,

wfe + Z'I/@ (—fg + f10) =0,

‘ d 1 ¥ RS
wa7—l¢(%+;+ﬁ)f10—“/7f9 =0,
[
—iwf2+V£f1 ~Vof; =0,
P (5.21)
—'L.ng—@($+ﬁ)f1 —Vofs =0,

—iw fa +V? fi=Vof =0,

*iq’(di + 1) f2— 'V@fs —Vofs =0,
T T r

w@(fg — f1) =V fo =0,

ztb(di + 1)f4 + iV@fg, —V®f10=0.
r o or r
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Let us additionally diagonalise the space reflection operator

1000000 0 0 0
0001000 0 0 0
0010000 0 0 0
0100000 0 0 0

. 0000001 0 0 o0 .

Por'=lo0000010 0 0 o2
0000100 0 0 0
0000000 0 0 -1
0000000 0O -1 0
0000000 -1 0 0

from the eigenvalue equation P;g;l D, = P Dy, , we get two sets of restrictions
P= (-1,
fi=Ffs=[s=0, fa=—f2, fr=—f5, fro=+/fs; (5.22)
P=(1y,
fo=0, fa=+f2, fr=+f5, fro=—fs. (5.23)

Allowing for egs. (5.22) and (5.23), we get two more simple subsystems. The first is
P =(-1)7+1,

d 1 @’ )
iwf5+iq>(*+*+*)feriV[fg:O, —iw fo = V® f5 =0,
dr T 20 T (524)
ood 1 o Ve
_lq)(*“r*)fQ—\/@fg:O, Z2V7f2— \/5f9:0.
dr r r
Whence it follows a 2nd-order equation for the primary variable f:
d?f, 2\ dfa w2 91
= 42\ de r o = =0
dr? (<I> r) dr (@2 20D r)f2 ’
it yields (let fo =r~1Fy)
d2F2 @’ dF2 w2 j(] + 1)
-2 (Y F=0
2 dr (qﬂ‘ r2® ) ?
which coincides with eq. (5.12) for G.
In the case P = (—1)7, we get six equations
d 2 2v d 1
S (- +-)Fe+—Fs = jWFs +i®(— + —)Fy =
(dr+r) 6+7" 5 07 w 5+Z (dr+r)8 0,
) 2v . v
wlsg —i—Fy =0, —iwlky+ —F —F5=0, (5.25)
T r
. d . d 1 v
iwF; +®—F, 4+ PFg =0, Z@(7+7)FQ+Z*F3+F8:O,
dr dr 7 r
where
Fi=VO f1, Fy = fo, F5 =V f3,
1 Ji, o = fo, Fs I3 (5.26)

F5s =V f5, Fs = fo, Fs =V fs.
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5.4 Relation between two formalisms
We start with the following identities
Eoy =Fow, Eo= Foo: Ee=Foe: (5.27)
By = -Fos), Bo =—Fua), Be) = -Tue
and the known expressions for complex 3-vector and tensor:
0
U =e ! P1D- ; ® = e ™! [f1 Do, f2D_1, f3Do, faD1,
w2Dy
w3D 1
JsD_1, feDo, frD41, fsD_1, foDo, fioDy1], (5.28)
thus we find three relations
Dopa(r) = E2y +iB2) = Foy2) — iF(3)1) = fe(r) Do +ife(r) Do,
D_1¢1(r) = Eq)y +iB@) = Floya) — iF(2y3) = f5(r) D_1 —i fs(r) D_1,
Di1ps(r = Eg) +iB(3) = Fog — il12 = f7(r) Dy —ifio(r) Dy,
whence it follows
w2 = fo +1 fo, 01 =f5—1fs, w3 = fr —1 fio- (5.29)
Taking into account the spatial parity restrictions (5.22) and (5.23), we obtain
P= (-1 f6=0, fr=—fs5, fio=+fs = (5.30)
w2 =+i fo, p1=[fs—1ifs, w3=—fs—1fs;
P:(_]‘)jv f9:07 f7:+f57 flO:_fS = (531>
w2=fe, w1=[fs—1ifs, w3=[f5+1i/fs;
the inverse relations are
; . ) 1
P=(=1y%" fo=—ips, fo= 5(501 +@3), fs= 5(@1 — ©3); (5.32)
- Vo Vo
P=(-1), Fo=p2, F;5= 7(%’1 +¢3), Fs= 17(% — ¥3). (5.33)

5.5 Studying equations for states with P = (—1)/

First consider the case P = (—1)J. In six equations (5.25), we are to take into account

(5.33). Three first equations (containing Fy, Fg, and Fy)

2 d
iwFs — i 2 Fy =0, ®(— +
T

2
dr r

2v . . d 1
)F6+fF5 :0, ZwF5+Z(I)(f+7)F8 =
r dr r
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in the new variables read

. R
iw P — z; iV (p1 —p3) =0,

d 2 v
S (—+ - — Vo = .
(dr+r)sﬁ2+r\f(g@1+<p3) 0, (5.34)
. ) d 1. .
lw@(@l+<P3)+Z(I)(%+;)Z\/5((p1*(p3):0.

Equations (5.34) may be compared with (5.8)

3) —%9024-% (o1 —p3) =0,
D VB4 Do+ Lot on) =0
2)+4) - ﬁ(sﬁl + ¢3) — i(\/%a t——t %)(@1 —3) =0,

%—4%—;;wl—w@—KV5$;+{?+2$%M¢r+wﬂ—2?wz=O

Three first equations coincide, but the last is the consequence of these three. Recall that
©1, P2, and w3 are determined by the primary function G:

1 v 1 Vo d

1
P2 = _E ’1“72 G(T)a p1+p3 = ET %Gv Y1 — P33 = 7"\/6 G(T), (536)

where G obeys the equation

d*G M dG n ( w?r? jGG+1)
(

W_’_r(rfM) dr rfM)Q_r(r—M))G:O' (5.37)

Remaining three equation in eq. (5.25) relate the radial functions Fy, F», and F3 of the
electromagnetic 4-vector with the radial functions Fj5, Fg, and Fg of the electromagnetic
tensor by equations

d
WPy + O Fy + @ Fy =0, —iwFy + 2R — By =0,
" 41 Z (5.38)
i®(— + =)y +i—F3 + Fg = 0;
dr r T

whence with the help of eq. (5.33) we derive

d )
WPy + 2 F)y + Bz = 0, fwB+KEf%;@H¢@:Q
" d (5.39)

Vo
o+ )F2 + Z*Fa i (o1 —3) =0.

In turn, from eq. (5.39), with the help of eq. (5.36), we obtain

(L

w d 1w
YR+ ZF =
ot Ty 2G(7‘) 0
v 1 @& d
—iwF+ 2y — ——— % =
iwky + Ty er(r) 0, (5.40)

d 1 v 1
B(— 4 VFy 4 —Fay+ — —
%T+T)2+T 5+ %Gﬁ)
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It should be emphasised that all terms with F} cancel each other. This means that the
function F} may be arbitrary. This fact is the result of the known gauge symmetry in the
electromagnetic 4-vector at the fixed electromagnetic tensor. The system (5.40) is equivalent
to

i® dFy, Qv iv o dG(r)

JoR e B=-"F
PTW dr wh? G, P wr 1+\@w27“ dr '

d*G(r) @’ dG(r) V202 wa

dr? ® dr r2 ®

(5.41)

|

5.6 Studying the case P = (—1)/"!

In the system (5.24), let us take into account (5.32):
P=(-1)"", —iwfy— Vofs =0,

. . d 1 @ Ve
wfs +i®(-+ 4 op)fs Hiv=—fo =0,

1 P
—i®(— 4+ =) fo = VO fz =0, iQVf\FJ% —V®fy =0,
dr r T
which yields
w
+ 3) =0,
755 (sol ©3)

1 @’ 2t
(p1 —3) — Z\F( + , + ﬁ)(% +3) + —p2= 0, (5.42)

d 2
—Ve(— + )@24- (@1+<P3) 0, fo= —L%

Note that the variable F3 referring to the electromagnetic 4-vector is determined uniquely
by the components of the electromagnetic tensor. This means that this class of solutions
does not contain any gauge degrees of freedom.

Let us compare eq. (5.42) with the first three equations in eq. (5.8) (the last equation
2)+4) in eq. (5.8) turns out to be identity)

3) — L902+ (901 ®3) =0, 1) \/a(d% 2)8024' (901 +3) =0,

o
v i V@ % (5.43)
w iv
2) —4), ——=(p1 —3) —i(VE— + ~— + —=)(p1 + p3) — — @2 = 0.
) =4, — 5l mws) miVe+ T 4 o) (e es) = =
The systems (5.42) and (5.43) differ only in notation.
In eq. (5.42), let us introduce new variables
f=¢1t+ws,  g=¢1—ws,
then we get the system
w Vo 2
P2 =———9, i@(*‘F )\F + f—0
w r dr r’r (5.44)
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The system (5.44) is simplified by the substitution

1 1
= G(r), = F(r),
§= = G [ F0)
as a result we obtain
w d w? d 202
— _ F=—ip — G- i—wF+~—=—G=0. 5.45
V2 2 G, w ) er, T G Zdrw + 2 G=0 ( )
So, the problem reduces to the equation
d*G M dG w?r? jG+1)
—_—t —— — — G=0. 5.46
dr? +r(r—M) dr ((7’—M)2 r(r—M)) (5.46)
All concomitant functions are determined from eq. (5.46) as follows
pP= (_1)j+17
v Vo d 1
=—i—Q@G =—i——@ — 3 = G(r). 5.47
pr=—i—5G gty =i G g S (r) (5.47)

In turn, for solutions with opposite parity we have
P=(-1)7,

‘@ig 1

_Z?dr Y1 — Y3 = %G(T) (548)

v
Y2 = ‘HﬁGa p1+ @3 =

Relations between two methods to describe the Maxwell field may be expressed as follows

Majorana—Oppenheimer = P2, +p1 P3,
P = (—1)/, Duffin-Kemmer = +p2, 1, ¥3,
P = (—1)*! Duffin-Kemmer = —p2, Y1, 3.

5.7 The gauge degrees of freedom

Maxwell equations permit the existence of pure gauge solutions, for which the following
initial substitution should be used

q)wjm(x) = eiiwt( le07 fQD—17 f3D0a f4D+1a 07 07 07 07 Oa 0 ) (549)
For states with parity P = (—1)7*! we have
P=(-1"  fi=f3=0, fi=—fa,

0=0, —iwfa =0, —idP (iﬁ-l) fa =0, i2V@ fo =0,
dr v r
whence it follows fo = 0. This means that any pure gauge states do not exist with the parity
P =(-1)+L,
For states with the parity P = (—1)7, we have

P=(-1Y,  fi=+f
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(Fi=Vo fi, b=fo, 5=V f3),
0=0, 0=0, 0=0,
d d 1
CiwFy 4+ LR =0, iwFy+® R =0, (- )Fy+ilFy =0,
r dr dr r r
whence it follows

d d 1
iwFy = Y, iwFy = SR, i®( 2By + il Fy = 0.
r dr dr r r
Eliminating the variables Fy, F3, we get an identity of 0 = 0. Therefore, the function F; (r)
may be arbitrary, and the concomitant functions are defined by relations

d
iwFy = B, iwFy = -0 Ry (5.50)
r dr

The last relations may be verified with the use of the Lorentz gauge. In radial form, it reads

_ d P’ v
%ﬁ—\/a(a‘kg‘*‘ﬁ)ﬁs—;(f2+f4):0~ (5.51)

This constraint turns to be an identity for states with the parity P = (—1)7*!; for states
with the parity P = (—1)7, it takes the form

—iw da 2 9 2v
75 (Gt tog) o f2=0; (5.52)
whence, taking into account (5.26), we obtain
—iw d 2 2v
— P —(—+-)F3—— F,=0. 5.53
o ! (dr * r) r 2 (5.53)

From this, allowing for (5.50), we derive an equation

d? 2 9 d w? jG+1)
et Gt e te e =0 (5.54)

Let us compare this result with the radial form of the wave equation for massless scalar
field in Schwarzschild space-time, V*V,¥ = 0. This wave equation reads

1 o
VOV U = ——0,\/—gg "0V
= 99 " 05
A%Lf,iﬁﬁﬁu,lﬁﬂwlﬁ,giifﬁAﬂ
S \®ot2 r29r  Or sinf 00 200  r2sin?0 042/

so the radial equation is

which coincides with eq. (5.54).
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5.8 Conclusions

Let us summarise results. It is shown that the generally covariant extended
method of Riemann—Silberstein—-Majorana—Oppenheimer in electrodynamics, specified in
Schwarzschild metrics, after separating the variables, provide us with the possibility to
have reduce the problem to a differential equation similar to that arising in case of a scalar
filed in the Schwarzschild space-time. This differential equation is recognised as a confluent
Heun equation.

We have considered the electromagnetic field on the basis of 10-dimensional Duffin—
Kemmer approach, when in addition to six components of the strength tensor, one uses
four components of an electromagnetic potential. After separation of the variables, we have
arrive at a system of ten radial equations, which were simplified by the use of additional
constraints followed from eigenvalue equation for spatial parity operator oy = PV the
radial system has been divided into two subsystems of four and six equations, respectively.
In this second approach, the problem of the electromagnetic field has been reduced to the
confluent Heun differential equation as well.

In particular, we have shown explicitly how solutions found in complex form are embed-
ded into matrix 10-dimensional formalism; besides, we determine radial functions that are
responsible for gauge degrees of freedom.

I
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6

Particle with polarisability in the
Coulomb field

Methods for solving the differential equation describing the wave functions of a
polarisable particle in the Coulomb potential are discussed. Relations between the
coefficients under which the general solutions of this equation can be found in an-
alytical form are detailed. For the case of zero polarisability, the general solution
to this equation in terms of special functions is obtained; for the first values of the
parameter j, plots of the corresponding solutions are presented. For nonzero polar-
isability and certain specially chosen values of the parameters, solutions possessing
the required physical properties are constructed with the use of numerical methods
and functional objects of the type DifferentialRoot. Instructions in Mathematica are
presented which permit to apply elaborated methods in studying other problems in
physics and mathematics.

The chapter is based on [1-15].

6.1 Introduction: starting equation

There is known the generalised Klein—Fock-Gordon wave equation for a scalar charged
particle with additional electromagnetic characteristic, polarisability [1]. In the presence of
the external Coulomb field, this equation after separation of the variables, gives the following
radial equation

(&2 ] <E+62)2_ m’e?
dR?>  RdR R R h?
JjG+1) ol h }
— —) = R)=0 6.1
R2 + U(hc) R* m2¢? J(R) ’ (6.1)
where the quantum number of the angular momentum takes the values j = 0,1,2,3,...; the

dimensionless parameter o is responsible for additional electromagnetic characteristics of
the particle associated with its polarisability. In dimensionless units:

E_.  h_y e_1L_, . L _E
me2 me he 137~ A
eq. (6.1) reads
2 2d Qg jG+1) a?
T Sl E AN i LI B} 6.2
(dr2 ’I‘d?"+<€+ 1") 72 +UT4 f (6.2)

This equation is related to the known class of Heun type. In the present chapter, we will
perform analytical and numerical study of the problem.
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6.2 Formal exact solutions

Let us re-write eq. (6.2) as an equation with polynomial coefficients
420 4 [0+ (o — 57 — ) +rt (€€ — 1) + 2are] f = 0. (6.3)

Note that standard requirements for solutions describing bound quantum-mechanical states
are

f(r)—=0 at r—0, and f(r)—=0 at r— 0. (6.4)

Let us construct solutions of eq. (6.3) as functions obeying the additional lst-order con-
straint

2
Y2r® + 17T+
f(r) = ———5—— f(r), (6.5)
r2
where v2, 71, and 7 are some numerical coefficients. After simple calculations, we arrive
at the set of constraints on parameters

0420—4»73 =0, 270’71 =0,

a® + 97 + 71 + 29002 — 4% — 5 =0,
20+ 27172 + 272 = 0,

Y3 4+€>—1=0.

(6.6)

In general, the system (6.6) permits six different solutions. When o # 0 only two solu-
tions are possible:

a a2 +1(a%—j%—))
V2 =T ’Yl:Oa Yo = )
a+1 2a 6.7)
(a2 +1) (a2 — 2 —j)° 1 '
7= 4ot ’ ‘T a?+1
a Va2 +1(-a®+ % +j)
Y2 = ’leov Yo = )
a?+1 2a (6.8)
(02 +1) (~o 152 +))° 1 |
7T 4o T Vet

Because the energy values do not depend on the number j and the parameter ¢ must have
a different value depending on j, we can conclude that such solutions are of small physical
interest in the context of quantum mechanics. Nevertheless, let us complete this line of
consideration. In the case (6.7), eq. (6.5) results in
JA+)+G+52—1-2r)a* —at
= Cyf1(r r) =ex 6.9

f=Cifi(r), fi(r) p oI o? ; (6.9)
where C) stands for an arbitrary constant. Relation (6.9) provides us with the one-
parametric set of solutions of eq. (6.3)

(a2 + 1) (a2 —j2 —j)2
402

7“4f”—|—27“3f’+[ +r2(a2—j2—j)

3

1 2ar
7—1) 4 7} =0. 6.10
+(oﬂ—i—l o aZ+1 f ( )
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A second particular solution can be easily found (see, for instance, in [2])

j(j+1)—a4+a2<j2+j—2r2—1>

=e
) =exo 20/a? + 1r )
—at+a? (5% +j—2r" —1) 45 (i +1)
exp | —
X/ ( a2\/a2+1T )dT' (6]_]_)
r

General solution of eq. (6.10) reads

f(r) =Cifi(r) + Cafa(r), (6.12)

where C7 and Cs are arbitrary constants. To investigate the behaviour of the solution at
the boundary points, we plot three particular solutions determined by eq. (6.12) (see Fig.
6.1).

|
6.3 Zero polarisability, numerical simulation
Let us consider the case when ¢ = 0. The main equation takes the form

P2 (r) +2rf'(r) + f(r) [(@® — 5% — j) + 7% (€ — 1) + 2are] = 0. (6.13)

We will specify a solutions which tend to zero when r — 0; it can be expressed through
confluent hypergeometric functions as follows:

£(r) = CemmVI@p G/~ -1/2

\/% +V+1/2)2 —a%,2(/(+1/2)? —a? + 1,2“/@).

To have polynomial solutions, we must require

xU(%—

1 o713
- — —+ i+1/2)2 —a2=-n,n=0,1,2,...; 6.14
3 = T VG (6.14)
this leads to the known energy spectrum
1 1 -
€= —F/— N=-+n++({+1/2)?2 -2

V1+a?2/N2’ 2
If n = 0, then from eq. (6.14) it follows
\/2j4 143 —2(a? — 1) 2 — 202 + a2 (,/(2]' T17? _4a? + 1)

€= ; 6.15
V2\/a? +52(j + 1) 019

at j = 1,...,10, we obtain ten energy levels
j=1:€=0.9999933400, j =2 : e = 0.9999970400, j = 3 : € = 0.9999983350,

J=4:€=0.9999989344, j =5 :¢e = 0.9999992600, j = 6 : € = 0.9999994563,
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7 =10:€=0.9999997798.

Note that all values for € belong to vicinity of 1 (from the left) and they become closer to
1 as j increases.

Taking into account the value € (n =0, j = 1), we get expressions for two asymptotical
terms

o) = o A L (6.16)

)

the relevant graph is given in Fig. 6.2. Evidently, this solution satisfies condition (6.4).
Now, let it be n =1

Qe
V1—¢€2
resolving equation under € we obtain
\/2j4+4j3 —2(a?+3)j2—-2(a2+4)j+a? (3\/(2j+1)2 74a2+13) +8
V2902 + (2 + j — 2)°

Taking for j the values 1, ...,10 we get

1 1
- 5\/41042+4j2+4j+1—5 =1 (6.17)

€ =

Jj=1:€=0.9999970400, j = 2 : € = 0.9999983350, j = 3 : € = 0.9999989344,

J=4:€=0.9999992600, j = 5: € = 0.9999994563, j = 6 : € = 0.9999995838,
J=7:€=0.9999996711, j = 8:¢€=0.9999997336, j =9 : € = 0.9999997798,
J =10:€=0.9999998150.

Energy € becomes closer to 1 when j increases. Besides, all these values are bigger than the
values for € from eq. (6.15). Substituting j = 1 and respective € (n =1, j = 1), we get the
asymptotic behaviour

Fr) = eV <\/822 (411 - \/168917)r ~3 (137 + \/168917) )
411
its graph is given in Fig. 6.3. Note that this function has only one zero. The graphs for
functions at
j=2,C=1,andj=3, C=10"3, (6.18)

demonstrates the same behaviour, see Fig. 6.4.
Let us consider other series of levels at n = 2:

\/2j4 +48 = 2(a2 + 1) j2 = 2 (a2 +12) j + a2 (5/(27 + 1)2 — 4a? +37) + 72

\/50a2 +2(2+j—6)°

€ =

Taking j =1, ..., 10, we obtain ten energy levels
j=1:€=0.9999983350, j =2 :¢e=0.9999989344, j = 3 : ¢ = 0.9999992600,

J=4:€=0.9999994563, j =5: e =0.9999995838, j =6: € = 0.9999996711,
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j=T:e=0.9999997336, j =8 : ¢ = 0.9999997798, j =9 : e = 0.9999998150,
J =10 € = 0.9999998424.

As j increases, the energy e increases as well.
Substituting j = 1 and the respective value ¢ (n = 2, j = 1), we derive the following
expression (let C = 1)

V168917 _ 1 _ Vor
f(r) — "~ 274 2 e /382200146

><(975980 _ 75056v168917 10y 16891712 34r?
1370 187690 41145073 300329

337834 /1 412878 2 1
M 115073 \/;T t 137 V1145073 \/;T>’ (6.19)

where 0 = 2329 — 54/168917; its graph is given in Fig. 6.5.
Now, let it be n = 3:

ae : 55 L _
— Vi1 e =3 (6.20)

In the case € (n =3, j = 1), we derive an explicit expression of the complete solution (let
c=1)

_/B973-76r 9 _ 1
f=e V5Ia8I026 274" 2

xU(i (0 — V14V/1370 + 77757 + 137)

971 #r\/ 3973 — 70

. )

1137 7V 257142013 ’

0 = +v/168917; its graph is given in Fig. 6.6; the corresponding function has three zeros.
Behaviour of the function f(r) at n = 3, for j = 2, 3,4, and 5 is illustrated by Fig. 6.7.
It should be noted that graphs for functions f(r) are very sensible under small shifts

of the values €. Indeed, let us take a value ¢ = 0.999995, that is located between ¢ =

/BSTOLEIGOTT (j — 1) and ¢ = stz (411 + VIGROTT) (j = 1).

6.4 Numerical study at nonzero polarisability

Now we will examine eq. (6.3) for nonzero polarisability. We will apply numerical calculation
and computer modelling with the use of the functional object DifferentialRoot [5]. Applying
visualizing tools, we will compare the final results. For definiteness, let r varies in the interval
[0, 7000], and o = —1073; the sign_is substantial for having bound states (at negative o,
the bound state does not exist).

In order to fix the initial data, we use the approximate equation in the vicinity of the
singular point 7 =0

2f'(r) | o®of(r)

" =0. 6.21
fry + 2Ly oo (6:21)
Allowing for the values o = ﬁ, o = —1073, and integrating eq. (6.21), we get
f(r) = Cy cosh (é) — iCy sinh (*) (6.22)
1370+/10r 1370+/10r
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To obtain a solution that tends to zero near the singular point » = 0, we choose the arbitrary
constants as C1 = 1 and Cy = —i, which yields

[=ex (6.23)

|
P ( N 1370\/Tor>'

The graph of this solution is given in Fig. 6.8. As a start, we take the value 79 = 107°.
Therefore, the starting value for f(r) is

f(1075) = 9.450969564 - 10711 (6.24)
Further, we obtain the starting value for the first derivative
f/(107°) = 0.0002181502914. (6.25)
For simplicity, we will use the energy values when polarisability equals zero

e=(a®+2j" +45° - 2° (® + 2n(n+1) — 1)
+a®/(2) + 1)2 — 4a? — 2j (a® + 2n(n + 1))
+2a°n4/(2j +1)2 — 402 4 2n(n + 1) (3¢ + n® + n))1/2

X (\/5\/(] -n)2(+n+1)2+ (a+ 2om)2)_1, (6.26)

where o = ﬁ, j€N, n=0,1,2,... . Relation (6.26) arises as a solution of eq. (6.14). It
is the first approximation, it is reasonable because little perturbation of parameters should
produce a small perturbation of corresponding solutions.

When 0 = —1072, n = 0, and j = 1 the energy is

(6.27)

/20570413 + /168917
- 20571098 ’

To numerically solve eq. (6.3) at initial conditions (6.24), (6.25), we use the Command
[4]:

1 _3 20570413 + /168917
pl={a— —, 0 > 107>, ¢ — i

137’ 20571098
soll = NDSolve[{0 == eq[e, 0, j,7]/.p1./5 — 1,
f[107°] = N[eo, 100], f'[107°] = N[¢y, 100]}, f, {r,0.0001,7000}]// First
where 0 == eqle, 0, j,r] determines eq. (6.4). It provides us with interpolation for
{f — InterpolatingFunction[{{0.0001, 7000} }, <>}
its graph is given in Fig. 6.9 and constructed with the help of the Command

grl = Plot[Evaluate[{ f[r]/.sol1}], {r,0.0001, 7000}, Plot Range — All,

PlotStyle — {Black, Thickness — 0.005}, AxesStyle — Directive[13],
AzesLabel — {Style[r, 14], Style[“f(r)”,14]}]

In order to find a solution in symbolic form, we use the Command

s0l2 = DSolve[{0 == (eq[e, 7, 7,7]/.p1./5 — 1, f[107°] = ¢y,
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JI07%] = 6, £, 71/ First
which results in

— DifferentialRoot|[Function[y, , {(—75077 — 281816534900022 + 1000 x
{f y

\/ 20571098(20570413 + v/168917)2® — 469225002 + 685007/ 1689172 )y[x]+

28182404260002%y/ [] + 1409120213000z [z] == 0,
I 108271 I 220588659091

_ / _
y[100000] = 11456073291788%2" Y [100000] 1011177467159038 HI
the graph of this solution is given in Fig. 6.10 and constructed by means of the Command

gr2 = Plot[Evaluate[{ f[r]/.sol2}], {r,0.0001, 7000}, Plot Range — All,

PlotStyle — {Gray, Dashing[{0.03,0.04}], Thickness — 0.02}], AxesStyle — Directive[13],
AzesLabel — {Style[r,13], Style[“f”, 13]}]

Let us compare curves in Figs. 6.9 and 6.10. With the use of the Command Show|grl,
gr2], we get Fig. 6.11 — these graphs coincide ideally in the interval [0,7000].
Similarly, we can examine other energy levels. For instance, let us take

en=1,j=1)= \/8;2(411 +V/168917). (6.28)

Then, for numerical integration of eq. (6.3), we use the Command

1 L, 1

sol3 = NDSolve[{0 == eq[e, 0, j,7]/.p2./7 — 1,
FI07°] = ¢o, f[107°] = &g}, f,{r,0.001,7000}]//First
Here, 0 == eqle, 0, j, 7] determines eq. (6.4). In this way we produce interpolation for
{f — InterpolatingFunction[{{0.001, 7000} }, <>|}

its graph is given in Fig. 6.12 and constructed with the help of the Command

gr3 = Plot[f[r]/.sol3,{r,0.0001, 7000}, Plot Range — All,

PlotStyle — {Black, Thickness — 0.005}, AxesStyle — Directive[13],
AzesLabel — {Style[r, 13], Style[“f(r)”,13]}]
To find solution in symbolic form we will apply the Command
sold = DSolve[{0 == (eqle, 7, 7,7]/.p2./7 — 1, f[107°] = ¢y,
F'07°) = g, f, 1]/ [ First

which results in

{f — DifferentialRoot[Function|y, z, {(—3 — 112611000z + 1000 x

\/ 882(411 + v/168917)23 — 28153500z + 68500v/168917x)y[x]+
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1126140002y’ [z] + 563070002y" [z] == 0,

1 103 V10 1 108 103 V10
— E_ 12 n_ - = 1OE_ 1
Y3000 Y To0000) == 137" I

Its graph (Fig. 6.13) is produced through the Command

grd = Plot[f[r]/.sol 4], {r,0.0001, 7000}, Plot Range — All,

PlotStyle — {Gray, Dashing[{0.04,0.05}], Thickness — 0.015}], AxesStyle — Directive[13],
AzesLabel — {Stylelr,13], Style[“f(r)”, 3]}]

The last two curves are coincided excellently in the interval [0, 7000] (Fig. 6.14).

While changing j = 1 to j = 2, j = 3 and so on, the general behaviour of curves remains
the same, though the amplitude increases as j becomes greater.

The present section provides the testing of possible computational methods rather than
a detailed examination of the real physical problem of searching perturbations for energy
levels due to o # 0. Evidently, we need additional study of this problem.

6.5 Conclusions

Methods for solving the differential equation describing the wave functions of a polarisable
particle in the Coulomb potential are discussed. Relations between the coefficients under
which the general solutions of this equation can be found in analytical form are detailed.
For the case of zero polarisability, the general solution to this equation in terms of special
functions is obtained; for the first values of the parameter j, plots of the corresponding
solutions are presented. For nonzero polarisability and certain specially chosen values of the
parameters, solutions possessing the required physical properties are constructed with the
use of numerical methods and functional objects of the type DifferentialRoot. Instructions
in Mathematica are presented which permit to apply elaborated methods in studing other
problems in physics and mathematics.
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6.6 Figures
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FIGURE 6.1
Graphs for solutions (6.12) r € [0.2,100].
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FIGURE 6.2
Plot of function (6.16) on the interval [0, 2000].
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FIGURE 6.3

Plot of function (6.18) on the interval [0, 8000].
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FIGURE 6.4

Plots of functions (6.14) on the interval [0, 10000] corresponding to parameters (6.18).
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FIGURE 6.5

Plot of function (6.19) on the interval [0, 7000].
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FIGURE 6.6
Plot of function (6.21) on the interval [0, 10000)].
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FIGURE 6.7

Plots of function (6.14), (6.20), C =1075, j =2,3,4,5 on the interval [0, 25000).
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FIGURE 6.8
Plot of function (6.23) in the region close to r = 0.
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Plot of Interpolating Function soll.
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Plot of the function sol2.
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FIGURE 6.11
Comparing functions soll and sol2.
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Plot of the Interpolating Function sol3.
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Plot of the function solj.
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FIGURE 6.14
Comparing functions sol3 and solj.
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7

Dirac particle in the Coulomb field
in curved models

The known systems of radial equations describing relativistic hydrogen atoms
on the basis of the Dirac equation in spherical Riemann spaces are investigated.
The relevant 2nd-order differential equations have six regular singular points, and
there solutions of Frobenius type are constructed. To produce the quantisation rule
for energy values, we use the known condition separating transcendental Frobenius
solutions. This provides us with energy spectra that are physically interpretable
and similar to spectra arising from the scalar Klein—Fock—Gordon equation in these
geometrical models. The spectra coincide with those previously found when studying
the same radial equations within the semi-classical method. The convergence of the
series involved is proved analytically and numerically. The squared integrability of
solutions is demonstrated numerically. Visualisation of the results is given.

7.1 Introduction

Quantum mechanics had been started with the theory of the hydrogen atom, so when
considering quantum mechanics in Riemannian spaces, it is natural to turn first to just
this simplest system. A common quantum-mechanical hydrogen atom description is based
materially on the assumption of the Euclidean character of the physical 3-space geometry.
In this context, natural questions arise: what in the description is determined by this special
assumption, and which changes will be entailed by allowing for other spatial geometries, for
instance, Lobachevsky’s H3 or Riemann’s S3. The questions are of fundamental significance,
even beyond their possible experimental testing.

For the first time, the hydrogen atom in a 3-dimensional space of constant positive
curvature Ss was considered by Schrédinger [1]. He had studied the so-called factorisation
method. in quantum mechanics; in particular, the application of this technique to a discrete
part of the energy spectrum for hydrogen atoms had been elaborated. An idea was to modify
the basic atom system in such a way that to cover all the energy spectrum including the
region £ > 0 as well. However, the placing of the atom system inside a finite box in order
to make the whole energy spectrum discrete did not seem attractive, so Schrodinger had
placed the atom into the curved background of the Riemann space model S3. Due to its
compactness, this geometry may simulate the effect of the finite box.

The hydrogen atom in the Lobachevsky space Hs was first considered by Infeld and
Shild [2]. It turned out that the number of discrete levels in Lobachevsky space is always
finite, and the number of levels varies and depends on the value of the curvature radius.

Thus, the models of the hydrogen atom in Euclid, Riemann, and Lobachevsky spaces sig-
nificantly differ from each other, which is the result of differences in three spatial geometries:
E'g,f[g7 and Sg.
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At present, we see plenty of investigations on this subject. In the first place, it concerns
details of relevant wave functions, generalised spectra, and the role of spin effects [2,5,6,15,
20,22,25,26,28,32,34,36,39,40,43,47]. Also, there were discussed the role of hydrogen atoms
as a probe system in the cosmology context: [4,11,13,14,16-18,23,24]. Much interest was
given to studying the hidden symmetry in the nonrelativistic description of the hydrogen
in curved geometrical models, see [7—10], and the role of generalised parabolic coordinates
in this context: [12,19,29, 44, 46]. A number of papers on other aspects were published:
scattering theory [41,45]; path integral treatment [27,31,32]; classical Coulomb problem
[33,35]; quasi-classical approach [26,42]. A comprehensive account of the matter was given
in the books [48,49].

The most difficult and still unsolved is the case of spin 1/2 particle in the Coulomb field
on the background of curved models. For this system, resulting radial 2nd-order differential
equation turns out to be rather complicated, it contains six regular singularities, and with
the help of special transformation the task may be reduced to a 2nd-order equation with
five singular points (see [48,49]). In [26,42], some energy spectra were found on the basis of
semi-classical approximation, which seems to be quite appropriate from a physical point of
view. Besides they are similar to the spectra arising when solving the Klein—Fock—Gordon
equation for this system.

In the present chapter, we have studied exact solutions of the Frobenius type for these
radial equations. As a quantisation rule, we apply the transcendency condition to Frobe-
nius solutions, so producing simple algebraic equations, which provide us with physically
reasonable energy spectra. In fact, they coincide with those obtained from a semiclassical
study [26,42]. It should be noted that for spherical Riemann space, exactly the same spec-
trum was derived as well in [37], though it was claimed mistakenly that this spectrum refers
to polynomial solutions.

7.2 Hydrogen atom in the Lobachevsky space

In spherical coordinates of the space Hs, a diagonal tetrad is taken in the form

dS? = dt*> — dr? — sinh® r(df? + sin® d¢?), r € (0, 0),

6?E)) = (1707070) ) 6((13) = (07 1a070)7 (71>
o a 1 .
6(1) = (0;07 @70)76(2) = (0,070, Sinhrsine)’

the radial variable is dimensionless due to dividing by the curvature radius p. For this tetrad,
the Ricci rotation coefficients are y,p0 = 0, 7453 = 0, and

0 0 0 0
10 0 0 —cothr
Yabl = 0 0 0 0 )
0 +cothr 0 0

0 0 0 0
]o 0 cot@sinh ™' r 0

Tab2 =g ot @sinh 0 —cothr
0 0 + cothr 0
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Generally covariant Dirac equation (the notation according to [48,49] is used)
|:~ c( 9. + 1 -ab ) :|\I/ 0
(e 5 abc | — M =
Y\ €(e) 2] Yab
takes the form (let ¥ = sinh™! 7))

2i3¢ + io!?

Sop = m|¥ =0, Tpp=i7'0+7 (7.2)

[W ot T ry 87“ sinh r sin 0

To diagonalise the operators iy, J 2 Js, one takes the wave function in the form [48,49)

(r)
e fQErg gjg ’ (7.3)
(r)

where the Wigner functions [50] are noted as D, = D’ _(¢,6.0). After separating the
variables we get four radial equations (let j + 1/2 = 1/)

n h fs—mfa=0, 74

fi—mfys=0.

.d
63—Z*f3— fa—mf1 =0, €f4+Z f4+
smhr

6f1+l f1 fao—mf3 =0, 62—2 fz—

51h

In spherical tetrad (7.1), the space reflection operator is given by the formula

Smh T

o 0 0 -1

Mon = o O o o | ®P. PO.6)=(x—0.6+m).
-1 0 0 0
From eigenvalues equation f[sph Vi = II ¥;,, we obtain
M= 6 (=1, 6=+1, fi=0f, fs3=06f. (7.5)
This simplifies the system (7.4)
(dir * sinl/hr) fH(etom)g=0, (dir B sirfhr) g=(e=om)f=0, (7.6)

where instead of fi; and f5, the new variables f and g are used

fi+ fo _h-F
v2 TR

In presence of the Coulomb field, we have equations

(LZ“ smhr)f+( tar?hr+m>g: ’

f=

7.7
R "
dr _ simhr/? tanhr e
After transforming the system (7.7) to the variable tanh § = 2,z € (0, 1), we obtain
d —E—e-m E—e+
g R Rl G =g~
dz z z z—1 z+1 (7.8)
d v 7(§+—E76+m+E—e—m>f70 ’
a2 z z—1 z+1 o
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Whence it follows a 2nd-order equation for f(z):

@4_ ;+z—1+z+1_ ez2+2(E+m)z+e

d?f [1 1 1 ez+ E+m }7

[22Ee2—(E+m)u+—(E+e)2+m2+u+ (E—e)?—m2—v

ez z—1 z+1
12 (E+e)?—m? (E—e)?—m?
+ + +
22 (z—1)2 (z+1)2
+2V[ez(E+m)+2(E+m)2—eQ] F=0
elez2+2(E+m)z+e] -

The last equation has six singular points (let ££™ = o > 0):

0, co, 1, z1,2=—0£tV02—-1 (z122=1, 21+ 22 =—-20).

Eq. (7.9) may be re-written differently

d2f+[1+ 1 N 1 1 1 }df
dz? z z—1 241 2z—2 z—2z1dz
4Fe —20v (E+e)?—-m?—-v (E—e)?—m?—v
- +
z z—1 z+1
(E+e)?—-—m? (E—-e)?—-—m? A N B }f—
(z—1)2 (z+1)2 z—z1 z—2
where
2yaz+202—1 _ A . B

(z—21)(z—22) z—21 2z—2z
A=2u021+202_1, B:21/022+202_1.
21 — 22 22— 21

For shortness let us apply notations

C=(E+e?-m? D=(E—e?-m? 4Ee=C-D,

then eq. (7.11) reads

éﬁ,(1+ LA T -
dz? z z—1 z4+1 z—2 z—2z/dz
C—-D—-20v C—v D-v e2—1?
+( -
z z—1 z4+1 22
e P 4 B )f—()
(z—=1)2 " (z+1)2 z—2 z—2/"

Near the points z = 0,+1, —1, 21, 25 solutions behave as

fro(z=1)% a=+V=C; f~(z+1), B=+V=-D;
[ M=4V12—e [ (z—n), [~ (z=2) 7=02.

Let us search Frobenius type solutions in the form

f(z2) =™ (z = 1)*(z + 1)’ F(2) = p(2) F(2) ;

147

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)
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for function F(z) we derive the equation

d2F+[2M+1+2a+1 286+1 1 1 }E
dz? z z—1 z4+1 z—21 2—29] dz
M?+e2—1v? o?’+C  p2+D
+[ 2 + z T 2
z (z—1) (z+1)
+C’—D—(a—ﬁ)(2M+1)—20(1/+M)+M(zl+20z1zz+zg)
z zZ 2221
+M+a/2+6/2—0+y+2Ma+aﬁ_ a (1 =2 22)
z—1 (z=1)(z1—=1)(22—1)
M+a/2+8/2—D+v+2MB+ ap B (1 — 2z 22)
— +
z+1 z+1D)(z14+1)(22+1)
1 M 1 M
+ (A— a __P ——)+ (B— « __F ——)}F:O.
z—2 z1—1 z1+1 21 Z— 2z z9—1 z9+1 29
Impose restrictions on parameters M, a, 3:
M = +£+/v2 — €2,
a=4vV-C=4y/m2— (E+e)? (7.15)

B=4V-D=+ym2—(E—e)

it should be emphasised that bound states may correspond to the following values for
parameters

M=+V12-e2, a=+ym?—(E+e)?, B==xym?—(E—e)?. (7.16)

With (7.16) in mind, for function F(z) we obtain the equation

d’F 2M+1 2a+1 26+1 1 1 7dF
dz? [ z +zfl z+1_zle_z—z2}5
+[C’—D—(a—ﬂ)(2M—|—1)—20(1/+M)+M(21+202122—|—z2)
z Z 22 %1
M+a/2+6/270+1/+2Ma+aﬂ a (1 — 2 22)
z—1 (z=1)(z1 = 1) (22— 1)
M+ a/24+8/2—D+v+2MpB+ af B (1— 2z 29)
a z+1 +(Z+1)(21+ 1) (22 +1)
1 e I} M 1 « B M
+Z—Zl<A_Z1_1_Zl+1_z>+z—22(B_ZQ—I_ZQ‘FI_Z)}F:O.

It is convenient to use its shortening presentation

di+(i+P2+Paf L1 )CLF
dz? z z—1 z4+1 z—z z—2/dz

+<%+ Q2 Qs n Q4 n Qs )F:O.

+
z—1 z4+41 z—2z Z— 29

Multiplying the last equation by z(z — 1)(z + 1)(z — 21)(z — 22) we get

d*F

[25 (-2 (11D 22+ (51 +2) 2% — 2 23 2] e
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—|—[(Pl+P2+P3—2)Z4+{(1—P1—PQ—P3)21+(1—P1—PQ—P3)22—|—P2—P3}Z3

+(2—P1—P2Z1+P32’2—|—P22122+P12122+P3Z12’2+P321—P222)22

dF

+(—21—ZQ+P121—P32122+P122+P22122)Z—P12122]E

Q1+ Q2+ Q3+ Qs+ Q5)z" + {(—Q1 — Q2 — Q3 — Q5) 2
+(—Q1 — Q2 — Q3 — Qu)z2 + Q2 — Q3}2°
Q32120+ Q2122+ Q320 — Q1 — Qs — Q5 + Qr21 22 + Q321 — Q222 — Q2 21) 2°
+(Qiz2+ Q22120+ Q521+ Q121 — Q321 20+ Qu22) 2 — Q121 22] F = 0.

> d,z"; after

Solutions F'(z) may be constructed in the form of power series, F'(z) = >~ d,2";

performing needed calculation, we derive 6-term recurrent relations:

k>4, (Qi+ Q2+ Q3+ Qs+ Qs) di—a
+[(k=3)k—4)+(Pi+ P+ P3—2) (k—3)
+(-Q1—Q2—Q3—Qs)z1 + (—Q1 — Q2 — Q3 — Qa) 22 + Q2 — Q3] di—3

+[(=21—22) (k—2)(k=3)+{(1—Pi—Po—P3) 21+ (1 = Pi — Po — P3) 2o + P> — P3s} (k — 2)
+ Qszz122 + Q2z122 + Q322 — Q1 — Q4 — Qs + Q12122 + Q3 21 — Q222 — Q221] dik—2
+[(z122 = 1) (k= 1)(k—2) 4+ (2= P1 — Paz1 + P32
+P2z120 + Pizizo + Pszizo + P32z — Paze)(k — 1)
+Q1 22+ Q2z122+ Qs 21 + Q121 — Q3 21 22 + Qa 22] di—1
+tl(+zm)kk—1)+(—znn—2n+Piai—Psziza+Praa+ Peziz2) k— Q121 22] di

+[—z122(k+1)k—Pizi22(k+1)] det1 =0. (7.17)

To analyse convergence of power series, we apply Poincaré—Perron method, so divide
relation (7.17) by k?dy_4

(Q1+ Q2+ Q3+ Qs+ Qs5)
+[(k=3)(k—4)+(Pi+Po+Ps—2) (k—3)
di_
F(—Q1—Q2—Q3—Qs5)z1+ (—Q1 — Q2 — Q3 — Q1) 22 + Q2 — Q3] di i
+[(—21 — Zg)(k’ — 2)(k — 3) + {(1 — PP — P3)Z1 + (1 — P — P, — PB)ZQ + Py — P3}(k — 2)
d_o di_
+ Q32122 + Q22122 + Q322 — Q1 — Q4 — Qs + Q12122 + Q321 — Q222 — QQZﬂ dk 2 dk 3
k—3 dk—4
+[(2’122 — 1)(k . 1)(]€ . 2) + (2 — Py — Pozy + P3zo + Pozi120
+Piz1z2 4+ Psz1zo + Psz1 — Pozo)(k — 1)
di_1 dx—2 di—
+Qi12z2+ Q22122+ Qs 21 + Q1 21 — Qs 21 22 + Q4 23] ol Cho2 Chod
dr—2 dr—3 dr—4

(21 + 22)k(k — 1) + (=21 — 22 + Piz1 — Psz122
di dr—1 di—2 dr—3
di—1dk—2 di—3 dk—4
dpi1 di di—1dp—2di_3 -0
dr dp—1dr—2dr—3di_4 ’
and tend k — oo. In this way, for quantity R = limy_, o (d—3/dr—4) we derive an algebraic
equation with simple roots:

+Pizo + Pazi20)k — Q12122]

+ [—z122(k + 1)k — P1z1 22 (K + 1)]

11
R—(z1+2) R+ (2120 — DR} + (21 + ) R* — 21 R° =0 — R=0,+1,—, —.
1 2
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Therefore, possible convergence radii are
1
Rconv = = =+1, +oo, |z1], |22l (7.18)

Turning to recurrent formulas (7.17), we can see that coefficient at dj_4 vanish identi-
cally:
Q1+ Q2+ Qs+ Qs+ Q5 =0.

This means that (7.17) actually leads to a 5-term recurrent relation
Si—3di—3 + Sp—2dr_2 + Sk—1dr—1 + Skd + Skr1dr41 = 0. (7.19)

As a quantisation rule, let us apply transcendency condition for Frobenius type functions,
this yields

Sk—3=0, k>3, (k=3)k—-4)+ P +P+P;—2) (k—3)
+(-Q1-Q2—Q3—-Q5)21 + (-Q1—Q2— Q3 — Q)22+ Q2 — Q3 =0, (7.20)
with the use of the above formulas for coefficients it reads
B4+ Q2M+2a+28-6)k—(B—20v)z —(A—20v) 2
+C2M+28-6)a+2M—-6)—6M —-C—-D+2v+9=0.
Whence substituting expressions for A, B, C, D, we derive

E>3, di*+2 (M +a+8-3)k+20v(z1+2)+2(M+6-3)a
+2 (M —3)B+9—6M +2m? + 40°v — 2¢* — 2E? = 0. (7.21)

Now let us allow for expressions for parameters

T o A BT

E
M = 2—e2, ziza=1, 21+z29=-20=-2 —&—m;
e

then eq. (7.21) takes the form (two variants arise depending on the choice for 3):
B=+ym?2—(E—-e)?, (\/m2 (E+e)2+/m2—(E—e)?
k= 3+ 02— 62> (2 —e?) =0, (7.22)

—/m? — (E —e)?, (\/m2 (E+e)?—+/m2— e)?
+k—-3+ Vv —e) (? —e?)=0. (7.23)

We will follow both variants (£ signs). Let us factorise expressions (7.22) and (7.23) in
product of two terms (let k —3=n, n=0,1,...):

(\/TTLQ*(E+€)2:|:\/m27(E*6)2+n+\/l/27627\/I/2762>

X (\/m2f(E+€)2:|:\/m27(E76)2+77,+\/V2762+\/1/2762) =0,
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that is

<\/m2—(E+e)2j:\/m2—(E—e)2+n)

X (\/mQ—(EJre)?:I:\/mQ—(Efe)2+n+ \/V2—62+\/1/2—e2) =0. (7.24)

For upper sign (when § > 0), the first multiplier is positive and cannot be equal to zero;
therefore, it remains only the following equation

B8 >0, (\/m2f(E+€)2+\/m27(E76)2+7‘L+\/1/2762+\/1/2762):0;

however, it does not have any physical solutions because all terms are positive.
For lower sign (when 8 < 0), we have an equation

(\/mQ—(EJre —m? = (B e +n)
><<\/m2—(E+e —/m?2 —(E —e¢) +n—|—\/u2—e2+\/u2—62):0.

There arise two possibilities:

Vm2 — (E +e)? —/m2? — e)2+n=0, (7.25)

and

Vm2 — (E +e)? —/m2 — 2 +n+vVi2—e2+12—e2=0. (7.26)

Equation (7.25) does not contain the angular parameter v = j+1/2, and it is of no physical
interest. The most promising is the variant (7.26):

Vm2 —E? —¢2+2E —\m? —E?—¢2—2E=n+2V12—e2=2N>0. (7.27)

This equation gives

m2—E2—62+2€E=m2—E2—62—2€E+4N\/m2—E2—€2—2€E+4N2,

that is eE — N2 = +Nvm2 — E2? — 2 — 2eF, and further
E2(€2 +N2) — N2(m2 —62) _ N4,

whence we arrive at the following formula for energy spectrum

E 1— (e2 + N2)/m2
z - (EHN)/m? N e (7.28)
m 1+% 2

Expression under the square root in eq. (7.28) must be positive, this provides us with the
restriction

€2+ N2

— <1. (7.29)

m

Note that this spectrum coincides with that found in [10, 14] when studying the same
problem for the Dirac equation in Lobachevsky space within the WKB-approach.
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TABLE 7.1

The values of € and € = E/m

m E €

350 349.9926417 0.9999790
500 499.9918300 0.9999837
103 999.9870350 0.9999870
5-10° 999.9870350 0.9999881
104 9999.8814869 | 0.9999881
1.5-10% | 14999.8223240 | 0.9999882
2.10* 19999.7631425 | 0.9999882

The next question may be posed: does there exist or not the possibility to get the
energy spectrum (7.28) by imposing polynomial conditions? To this end, we should turn to
the recurrent formula (7.19)

Sk—3di—3 + Sp—odr—2 + Sk—1dr—1 + Skdi, + Sk+1dr+1 =0
and for energies given by eq. (7.28) check the values of three coefficients of the power series:
dy_2=0, dr_1=0, dp=0. (7.30)

If the equalities (7.30) are valid, then from the recurrent formula, it follows that the series
becomes polynomials

diy1 =0, dryo2=0, dry3=0,

Numerical study in the next section shows that eq. (7.30) cannot be satisfied.

7.3 Numerical study

Let us fix the parameters

T m= 10, v=1(G==), n=1, e,1=0.99998703496159;  (7.31)

recall that in this case, K — 3 = n = 1. For different parameters m, we have the values for
energy € see the Table 7.1

I. Consider the variant (see Figs. 7.1-7.3):

1
€= g M=2" 10, v=1, n=>5, FE =1999.9925881514 ; (7.32)

for these parameters the corresponding series F'(z) = Zgio d;z* explicitly reads (restricting
ourselves by 12 terms in the variable z)

F(z) =1+ 730657.434 - z — 4.57148738 - 10°2% + 5.274935 - 10°2® — 602972.6478 - 2*
+591399.332 - 2° + 586542.255 - 28 + 634277.967 - 27 + 680299.381272 - 28
+723806.99277 - z° + 764600.05174 - 210 + 802779.5976 - 2! + 838564.1712 - 212 + ...



Hydrogen atom is spherical Riemann space

153

Evidently, here we have an infinite series, so conditions (7.30) cannot be valid. Therefore,
exact solutions do not exist in polynomials. It is readily checked that equation F(z) = 0

has two roots in the physical region

F(z)=0, 2z =0.209647, 2z =0.612462. (7.33)
II. Consider the variant (see Figs. 7.4-7.6):
1
=130 M= 210", v=1, n=>5E =19999.956199892. (7.34)
construct the series for F(z); equation F'(z) = 0 has two roots in physical region
z1 = 0.0195201, 2z = 0.0549307 . (7.35)
ITI. Consider the variant (see Figs. 7.7-7.9):
1
e= 137 M= 5-10% v =1, n =10, E = 4999.99270004484. (7.36)
construct the series for F(2); eq. F/(z) = 0 has four roots in physical region
z1 = 0.0745704, z = 0.186869, z5 = 0.366653, z4 = 0.65265. (7.37)
IV. Consider the variant (see Figs. 7.10-7.12):
1
=g m= 104, v=1, n=10, E = 9999.990800048: (7.38)
construct the series for F'(z); eq. F'(z) = 0 has four roots in physical region
z1 = 0.0363635, z2 = 0.0889571, z3 = 0.169237, z4 = 0.293264. (7.39)
I
7.4 Hydrogen atom is spherical Riemann space
In spherical Riemann space S3, we use the following coordinates and tetrad
dS? = dt* — dr* — sin® r(d6* + sin® d¢?), r € (0, ),
6((10) = (1707070) ) 6?3) = (0,1,0,0), (740)
o 1 o 1
6(1) = (0, 0, @,0), 6(2) = (070,0, m .
After separating the variables, we obtain the radial system [18,20]:
d v e
(-4 =)+ (B+ == +m)g=0,
dr  sinr tanr (7.41)
d v e '
(- " Yo (54— —m)s =0
dr sinr tanr
the radial coordinate varies in the interval r € [0, 7]. In other variable
1 2 —24
z:itang, cosr:%;, Sinr:?Z;, z € 10, +ic0), (7.42)
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the above system takes the form

df v e E—e+im —iE—e—im
T
z—1 z+1
dg v +< e —iE+e+im iE+e—im

_ ¢ -0
z+ z—1 + z+1 )f ’

(7.43)

whence it follows the 2nd-order equation for f(z):

df [1 1 1 —ez +iE +1im }df
dz

@+ ;Jrz—l+z—l—1Jr ez2 —2i(E4+m)z+e

2B — (E4+m)v =12 (E+4ie)> —m2+v —(E+ie) +m?
i + + +

-2
+ ez 22 z—1 (z—1)

PP anoy (B g
* 2
2v [iez(E +m) +2(E +m)* + 7
e[—ez?2+2i(E+m)z—¢] }f—O. (7.44)

+

Equation (7.44) has six singular points (let £ = ¢ > 0)
o,oo,il,zl,gzz'(ai 02—|—1); (7.45)

physical region for the variable z is the interval z € [0, +i00).
Equation (7.44) may be written differently

d?f [1 1 1 1 1 ]df
dz? z z—1 241 2z2—2 z—2z1dz
—4iBe+2icv  e2—12 (E+ie)’—m2+v —(E+ie)>+m?
+ +—+ + 5
z z z—1 (z—1)
—(E—ie)’+m?—v —(E—ie)*+m? A B
[ Eic) LB Am + |r=0. (140
z4+1 (z+1) Z—z1 Z— 2o
where
Ao 2v (izy0+ 14 20?) B 2v (izgo + 14 20?)
- z21 — 29 ’ - 29 — 21
and

C=—(E+ie)’+m? D=—(E—ie)®+m? —4iBe=C—D.
Then eq. (7.46) takes the form

d?f [1 1 1 1 1 ]ﬁ

@4— ;+z—1 z—i—l_z—zl_z—zg dz

+|:C—D+2iUV+€2—V2 C—v C
z 22 z—=1  (2-1)?

D—v D A B }

+ + +
z+1  (z41)?% z-2z1 z—2z

F=0.
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Frobenius solutions in vicinity of the point z = 0 are searched in the form
F(2) =M= =)=+ 1) 9(2) = v(2)9(2); (7.47)

the function g(z) obeys the equation

@+[2M+1+2a+1 26 +1 1 1 }@
dz? z z—1 z4+1 z—2z1 22—zl dz
+[M2+627V2 a?+C B+ D
22 (z=1)2  (z2+1)
+C’fo(afﬁ)(2M+1)+2ia(1/+M)JrM(zlfQiazlnger)
z ZZ9 21
+M+a/2+ﬂ/2—C+v+2Ma+aﬁ_ a (1 — 21 2)
z—1 (2—1(21—1)(2’2—1)
_M+a/2+ﬂ/2—D+u+2Mﬁ+aﬁ+ B (1 — 2z 22)
z+1 (z+1D)(z14+1)(22+1)
1 M 1 M
sl e B My o B My,
zZ—2 z1—1 =z +1 21 Z— 2o zo—1 z9+1 29

Impose restrictions
M =+vv2—e2 |

a=4vV—C =+\/(E+ie)’ —m? = +\V/E> —m? — ¢ + 2icE

B=4vV—D=+\/(E—ie)’ —m?=+\VE?—m?—¢®—2ieE.

To have solutions vanishing at the point z = 0 (r = 0), we must use positive value for M:
M = ++/v? — €2 ; near the point z = 400 (r = 7) the multiplier ¢ before g(z) behaves as
follows

(7.48)

o =:2Mz-1)%z+1)P ~ VOB g (7.49)

depending on signs at «, 8 there exist four possibilities:

(—,-) a+B=—-VE2—m2—e2+2ecE —\/E2—m2—¢2—2ieE<0;
(+,4) a+B8=VE:—m2—e+2icE+VE?—m2—¢2—2ieE>0;
(+,-) a—i-B:\/EQ—m2—62+2ieE—\/Ez—m2—62—2ieE imaginary ;
(—+) oz—|—ﬁ:—\/E2—m2—e2—|—2ieE+ \/E2—m2—e2—2ieE imaginary .

We can see that only two first variants may give multipliers tending to zero; this requires
the following inequality: M + a + 8 < 0. The inequality M + o + 8 < 0 is definitely true
for the case (—, —).

Now we turn to equation for g(z):

d?g [2M+1+2a+1 26+1 1 1 }@

dz2 z z—1 Z+1_Z_Zl_2_22 dz

C—D—(a—08)(2M + 1)+ 2ic(v + M) +M(21—2i0z1z2—|—z2)
z ZZ9 21

ul
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M+a/24+8/2-C+v+2Ma+af a (1 — 2 22)
* -1 RCENICECEN

_M+a/2+,6’/2—D+V+2Mﬁ+a5+ B (1= 2z 22)
z+1 (z+1D)(z14+1)(22+1)

1 M 1 M
g e - - Do
zZ—2 z1—1 =z +1 21 Z— 2o zo—1 z90+1 29

re-write it shorter

dig+(i+ L T L)
dz? z z—1 z4+1 z—2 z-—2/dz

+<%+ Q2 Qs n Q4 n Qs )9:0,

+
z—1 z4+41 z—2z1 2z-—2

(7.50)
and multiply it by z(z — 1)(z 4+ 1)(z — 21)(z — 22):

&g

dz?

—+ [(P1+P2+P3—2)Z4+{(1—P1—P2—P3)21+(1—P1—P2—P3)22+P2—P3}213

[25 +(—zmm—z) 2+ (rze— D)2+ (s1 4+ 22) 2% — 21 20 z]

+(2—P1—P221+P322+P22’122+P12122+P32122+P32:1—P222)Z2

d
—l—(—Zl—22+P121—P32122+P122+P22122)Z—P12122]£

Q1+ Q2+ Q3+ Qs+ Q5)2" + {(—Q1 — Q2 — Q3 — Q5)z1
+(—Q1 — Q2 — Q3 — Q)22 + Q2 — Q3}2°
+(Qsz120+ Qo122+ Q322 — Q1 — Qs — Qs + Quz1 22+ Q321 — Q222 — Q2 21) 2°
+( Q122+ Q22122+ Q521+ Q121 — Q32122+ Quza)z— Q12122]g=0.

Solutions for g(z) are constructed as power series with 6-term recurrent relations
k>4, (@14 Q2+ Q3+ Q1+ Qs) d—a
+[(k=3)(k—4)+(PL+P+P;—2) (k—3)
+(=Q1 —Q2— Q3 —Qs) 21+ (—Q1 — Q2 — Q3 — Qu) 22 + Q2 — Q3] di—3
H(—z1—2) (k=2)(k=3)+{(1-Pi— P, — P3) %
+(1—P—Po—P3)zo+ P, — P3} (k—2)
+ Q32122+ Q22122+ Q322 — Q1 — Q1 — Qs+ Q12122+ Q321 — Q222 — Q2 21] dyp—2
+(z122 = 1) (k—=1)(k—2)+ (2— Py — P21 + P32»
+Pyz129 + Piz12o + Psz120 + P32y — Pazo)(k — 1)
+Q122+ Q22122 + Qs 21 + Q121 — Q321 22 + Qu 2] d—1
+(z1+22) k(k—1)4+(—21— 22+ Pr21 — Psz1 20+ Prza+ Paz120) k — Q1 21 2] d;
+[—z122k+ D)k —Prz1220(k+1)] dg1 =0. (7.51)

Possible convergence radii are

1
Reony =| 3 = +1, 400, Ja, [z (7.52)
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It is readily checked that the coefficient at di_4 (7.51) vanishes identically, so in (7.51) we
have 5-term recurrent relations

k>4, Sk_zdi_3+ Spg—adr—2+ Sp_1di_1 + Skdi, + Sk41dp11 =0 (7.53)
As a quantisation rule, we apply the known transcendency condition
k>3, Sk_3=0, (k=3)(k—4)+(PL+ P+ P;s—2) (k—3)
+(-Q1—Q2—Q3—Q5)21+(—Q1 —Q2— Q3 — Q) 22+ Q2 — Q3 =0, (7.54)
which yields
B4+ 2M+2a+28—6)k— (B+2iov)z — (A+2iov) 29
+2M+28-6)a+(2M —-6)—6M—-C—-D+2v+9=0.
Whence, taking into account expressions for A, B, C, D:

g 2v (i210+1+202) B 2v (i220+1+202)
- 21 — %9 ’ T 22 — 21 ’

C=—(E+ie)*+m?, D=—(E—ie)’+m?, —4iBe=C—-D,
we arrive at
B +2k(M+a+pB-3)—2iov (z14+2)+2 (M+B-3)a+2(M-3)8
+9—6M —2m? —4vo® -2 +2FE* =0. (7.55)

We will follow two possibilities. The first one is

M=v12—e2, a=+\/(E+ie)’—m?, B=-+\/(E—ie)’—m2, (7.56)

then eq. (7.55) takes the form

(\/(E‘H@) —m2+\/ — ie) —m2—|—k—3+\/j) — (= e?) =0

or differently

(\/(E+ie)2—m2+\/(E—ie)Q—m2+k—3)
x(\/(E+ie)2—m2+\/(E—i@)Q—m2+k—3+2\/1/2—62>:O

Here arise two equations, both of small physical interest (let n = k — 3):

\/(E+ie)2—m2+\/(E—ie)Q—mQJrn:(), (7.57)

\/(E+ie)2—m2+\/(E—ie)2—m2+n+2 V2 —e2=0. (7.58)

Now consider the second variant

=Vi2—e2, a=—\/[(E+ie)®—m?, 5:7\/m, (7.59)
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then we have transcendency condition in the form

(\/(E+ie)2—m2+\/(E—z'e)Q—mQ—(k—?))— 1/2—€2>2—(V2—62)=0

or differently

(\/(E+z’e)2—m2+\/(E—ie)z—mQ—(k—3)>
x(\/(E+ie)2—m2—|—\/(E—ie)Q—mQ—(k—3)—2 1/2—62) =0.

So we obtain two alternative equations

V(E+ie)2 —m2+/(E—ie)2—m2—-n=0, (7.60)

V(E+ie)2 —m2+/(E—ie)2—m2—n—2yv2—e2=0. (7.61)
Interesting is only the second one (7.61), it yields
(E+ie)2—m?2=2N —+/(F—ie)2—m?, N=n/2+\1v?—¢e?

or

NVE2—m2—e2—2iFEe=—iFEe+ N2.

Further, we obtain
N2(E? —m? — €? — 2ieE) = N* — 2ieEN? — ?E?,

whence it follows the needed energy spectrum

1+ (e2 + N2)/m? n Mep
E: = - 27 2 = . . 2
m\/ 1T e2/N2 N 5 vi—e* m W (7.62)

This spectrum coincides with that found in [26,42], when studying the same problem for
the Dirac equation in the spherical Riemann space within the semi-classical approach.

Below, we will demonstrate that there is no possibility to get the energy spectrum (7.62)
in polynomials.

7.5 Numerical study

It is convenient to use a dimensionless parameter ¢ = E/m. Let us present the expression for
€ in the product form € = €€, where €; determines the energy spectrum in flat Minkowski
space and ey describes the influence of cirved geometry (it depends on parameter m).
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Let us calculate the values for €;, €, and € at n =1,12 and m = 1,103, 10%:

€1

0.9999881599,
0.9999933400,
0.9999957376,
0.9999970400,
0.9999978253,
0.9999983350,
0.9999986844,
0.9999989344,
0.9999991193,
0.9999992600,
0.9999993695,
0.9999994563,

€1

0.9999881599,
0.9999933400,
0.9999957376,
0.9999970400,
0.9999978253,
0.9999983350,
0.9999986844,
0.9999989344,
0.9999991193,
0.9999992600,
0.9999993695,
0.9999994563,

€1

0.9999881599,
0.9999933400,
0.9999957376,
0.9999970400,
0.9999978253,
0.9999983350,
0.9999986844,
0.9999989344,
0.9999991193,
0.9999992600,
0.9999993695,
0.9999994563,

€2

1.802768249,
2.236056064,
2.692567563,
3.162260811,
3.640036648,
4.123086242,
4.609752002,
5.098998615,
5.590148499,
6.082740632,
6.576450940,
7.071045207,

€2

1.000001125,
1.000002000,
1.000003125,
1.000004500,
1.000006125,
1.000008000,
1.000010125,
1.000012500,
1.000015125,
1.000018000,
1.000021125,
1.000024500,

€2

1.000000011,
1.000000020,
1.000000031,
1.000000045,
1.000000061,
1.000000080,
1.000000101,
1.000000125,
1.000000151,
1.000000180,
1.000000211,
1.000000245,

€1€2

1.802746904,
2.236041171,
2.692556086,
3.162251451,
3.640028732,
4.123079377,
4.609745938,
5.098993182,
5.590143576,
6.082736131,
6.576446793,
7.071041363,

€1€2
0.9999892849,
0.9999953399,
0.9999988625,
1.000001540,
1.000003950,
1.000006335,
1.000008809,
1.000011434,
1.000014244,
1.000017260,
1.000020494,
1.000023956,

€1€2

0.9999881712,
0.9999933600,
0.9999957688,
0.9999970850,
0.9999978866,
0.9999984150,
0.9999987857,
0.9999990594,
0.9999992706,
0.9999994400,
0.9999995807,
0.9999997013,

n=1m=1
n=2m=1
n=3m=1
n=4m=1
n=5m=1
n=6m=1
n=7m=1
n=8m=1
n=9m=1

n=10,m=1
n=11m=1
n=12m=1

n = 1,m = 1000
n =2, m = 1000
n =3, m = 1000
n =4, m = 1000
n =5,m = 1000
n =6, m = 1000
n ="7,m = 1000
n =8, m = 1000
n =9,m = 1000
n = 10,m = 1000
n = 11,m = 1000
n = 12, m = 1000

n=1m=10%

n=2,m = 10%
n=3,m=10%
n=4,m = 10*
n=>5m=10%
n=6,m = 10*
n="7m=10%
n=28,m=10%
n=9,m=10%

n=10,m = 10*
n=11,m = 10*
n=12,m = 10*
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Let us find the values for the possible convergence radii |21 (,)| and |z¢,| at n = 1,10.
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Let m = 1:

Now let m = 103:

Dirac particle in the Coulomb field in curved models

I(n)

383.9763259
443.3376405
505.8801838
570.2284488
635.6839363
701.8618747
768.5351935
835.5620659
902.8496699
970.3348500

|Zl(n) |
767.9539539
886.6764088
1011.7613559
1140.4577745
1271.3686592
1403.724462
1537.071037
1671.124730
1805.699894
1940.670215

|22(n) |
0.0013022
0.0011278
0.0009884
0.0008768
0.0007866
0.000712
0.000651
0.000598
0.000554
0.000515

T(n)

273998.53203243916184
273999.36157030053471
273999.84416671429123
274000.21096908314543
274000.54117852697293
274000.86787818381619
274001.20687271021047
274001.56648614990005
274001.95144098015059
274002.36457819477482

|21(n) |

547997.06406670315098
547998.72314242589120
547999.68833525340102
548000.42193999110697
548001.08235887875978
548001.73575819244411
548002.41374724523043
548003.13297412460718
548003.90288378510571
548004.72915821435140

|22(n) |

1.82482729 -
1.82482177 -
1.82481856 -
1.82481611 -
1.82481391 -
1.82481174 -
1.82480948 -
1.82480709 -
1.82480452 -
1.82480177 -

Let m = 10%:

|Z2(n)|

1.824828 -
1.824824 -
1.824821 -
1.824820 -
1.824819 -
1.824819 -
1.824819 -
1.824818 -
1.824818 -
1.824818 -

|21(n) ]

5.4799675890479628579 - 10°
5.4799818063200676787 - 108
5.4799884066173725025 - 106
5.4799920128902431654 - 10°
5.4799942091639024299 - 106
5.4799956571044500644 - 10°
5.4799966728088693474 - 108
5.4799974227624013747 - 108
5.4799980014194712913 - 106
5.4799984656053487851 - 106

I(n)

2.7399837945238901875 - 10°
2.7399909031599425982 - 10°
2.7399942033085950102 - 10°
2.7399960064450303417 - 10°
2.7399971045818599740 - 10°
2.7399978285521337912 - 10°
2.7399983364043434328 - 10°
2.7399987113811094465 - 10°
2.7399990007096444048 - 10°
2.7399992328025831516 - 10°

Because solutions near the points z1, zo are given by the formulas
f(z) ~(z—2)%

we may state that at these points, the series has no singular behaviour. Therefore, we may
assume that the convergence radius of the power series under consideration equals the unit,

(z — 22)%, where a =0,2,

Reonv = 1.
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7.6 Solutions in the half-spaces, r € (0,7/2) and r € (7/2,7)

The complete spherical space consists of two-half spaces:

Ss, 7‘6(0,%), zzitan%zix, x € (0,+1);

Sy, TE(%,W), zzitangzix, x € (+1,+00).

Fig. 7.13, shows behaviour of the factor |y, (z)| in the half-space S3; Fig. 7.14 shows
behaviour of the complete solution |f,(z)|, n = 1, in the same half-space S5 . This figure
proves the finiteness of solutions in S;' , they are quadratically integrable.

In order to construct solutions f(z) in the half-space S5 . To this end, let us transform
eq. (7.44)

a2f 1 1 1 —ez+iE +1im df
2 - 9 '
dz2+[z+z—1+z+1+ ez2—2i(E+m)z+e]dz
+[*2i2E62_£f+m)y+ 622—21/2 n (E+i622__1m2+y+ —(E(—ﬁ—iez;;—mg
+7(E7ie)2+m271/ —(E —ie)®> +m? QV[iez(E—i—m)-&-Q(E—l—m)%—l—e]]f_o
z+1 (z+1)° e[—ez2+2i(E+m)z— €] B
to the new variable
! L z € ( 0) (7.63)
=—-=—i—=1iZ, € (—00,0). .
Y o - )

Frobenius type solutions in vicinity of the point y = 0 (r = ) are searched in the form

f) =y (y— 1"y +1)’g(y) = o(y)g(y). (7.64)

To bound states there corresponds the following parameters

c=V1r2—e2, a= \/—62 + 2iee —m2 + €2, b= \/—62 — 2iee —m? +€2.  (7.65)

Solutions for g(y) are given by power series with 5-term recurrence relations (details are
omitted). The transcendency condition gives yet another known formula (7.62) for energy
levels. We have studied constructed solutions in the half-space S; numerically (in the
domain Z € (—1,0)). Fig. 7.15 demonstrates behaviour of complete solutions with different
energies:

Ifn®)], n=1, v=1, m=10%

The Fig. 7.15 proves the finiteness of solutions in this half-space, they are quadratically
integrable.

Let us compare the values of solutions at contiguity point » = 7/2 (both functions are
defined up to multipliers):

fo(zr—+1-0)~12-10"% f, (2 = -1+0)~6.2-10"F;
whence we find the relative parameter A:
fo=Afy, A~x1.9-10%.

All graphs may be re-calculated to the initial variable r. Let us illustrate this for one case,
m=10* v=1, n=1 — see Figs. 7.16 and 7.17.
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7.7 Conclusion

The known systems of radial equations describing relativistic hydrogen atoms on the basis
of Dirac equation in spherical Riemann spaces are investigated. The relevant 2nd-order
differential equations have six regular singular points, there solutions of Frobenius type are
constructed. To produce the quantisation rule for energy values, we use the known condition
separating transcendental Frobenius solutions. This provides us with energy spectra which
are physically interpretable and similar to spectra arising from scalar Klein—Fock—Gordon
equation in these geometrical models. The spectra coincide with those previously found
when studying the same radial equations within the semi-classical method. The squared
of the series involved is proved analytically and numerically. The squared integrability of
solutions is demonstrated numerically. A visualisation of the results is given.

7.8 Figures for the problem in Lobachevsky space

»z) o
0.04 0,040
003 003"
002 002
001 0,01
05 10 15 20 25 30
FIGURE 7.1

The graphs of the factors o(2) and o(r), at m = 2-103,n = 5.

F) F(r)
200000 100000
80000
100000 60000
‘ ] ., 40000
01 02Ng3 04 05 06 07",
~100000 e,
05 10 15 20 25 30
FIGURE 7.2

The graphs of the series F(z) and F(r), atm =2-103,n = 5.
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f(z)
6000
5000 -
4000
3000
2000
1000

FIGURE 7.3

02 04 06 08 10

20001

1500¢

1000}

500

The graphs of the function f(z) and f(r), at m =2-103,n = 5.

02
0.004
0.003
0.002

0.001

ol
0.004
0.003
0.002

0.001

FIGURE 7.4

: : ‘ ‘ L 7
0.2 0.4 06 08 1.0

0.5 1.0 1.5 20

The graphs of the factors o(z) and p(r), at m =2 -10* n = 5.

FIGURE 7.5

04 02 03 04 05 06 07°

The graphs of the series F(z) and F(r), at m = 2-10* n = 5.
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f(z) flr)
8000+ 8000
6000+ 6000
4000+ 4000
2000+ 2000
‘ z - ‘ r
0.2 04 0.6 0.8 1.0 05 10 15 20 25 30
FIGURE 7.6
The graphs of the function f(z) and f(r), at m = 2-10* n = 5.
9(z) olr)
0.030: 0030
0.025" 0.025¢
0.020; 0020
0.0154 0.015
0.010 0.010
0.005 0.005
5 . . ‘ . ‘ Ly
1.0 05 10 15 20 25 30

FIGURE 7.7

The graphs of the factors o(z) and o(r), at m =5 -103,n = 10.

F@)
400000
200000

-200000

-400000

FIGURE 7.8

TN,
01 02 03

05 06/ 07

40000

The graphs of the series F(z) and F(r), at m = 5-10%,n = 10.
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f(z) f(r)
3000 -
2500
2000 600¢
1500 ¢ 400
1000¢
0! 200

02 04 06 08 10° !
FIGURE 7.9

The graphs of the function f(z) and f(r), at m = 5-10%,n = 10.

oz) ol
0.015} 0.015}
0.010 0.010
0.005 0.005
. ‘ ‘ L5 . ‘ . ‘ .
02 04 06 08 10 05 10 15 20 25 30
FIGURE 7.10

The graphs of the factors ¢(z) and o(r), at m = 10*, n = 10.

01 02 03 04 05 06 07°

FIGURE 7.11
The graphs of the series F(z) and F(r), at m = 10*,n = 10.
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f(2)
800+

600+
400+

200

02 04 06 08 10

FIGURE 7.12
The graphs of the function f(z) and f(r), at m = 10*,n = 10.

7.9 Figures for the problem in spherical space

n=1 n=2 n=3
0 0 0
6 3.0x10% 4x10¥
8”063 25x10 3
6x10 20107 3”037
63 1.5%x10 2x10
4X1063 1.0)(1047 1 1037
2)(10 5.0)(1046 X
S : : : - X S : : : - X S : : : - X
" 0204060810 " 0204060810 " 0204 060810
n=4 n=h n=6
0 0 0
1.2x10§} 2.5x10% 8x10%
1.0x1030 20x10% 6x102
T 150" e
40x10% 10x10% 2
: : : : - X : : : - X : : : - X
02 04 06 08 10 " 0204 0608 10 " 0204 0608 10
FIGURE 7.13

The graph for @, (x), when m = 10*, n =1,6.
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n=1 n=2 n=3
f(x) f(x) f(x)
156 |
- 1'5*12156 25x10"
L UXx [
6x10 80101 20x10™8
4x10"™} 6.0x 1051 15x10"8
2% 10"} 4.0x10"F 1.0x10"8}
2.0x10"5} 5.0x10"7F
t X t t X t t X
02 04 06 08 10 02 04 06 08 10 02 04 06 08 10
n=4 n:5
fx) f(x)
{510 20x10"0
WX [
15x10™
1.0x10™4}
" 1.0x10™
5.0><10143’ 5_0)(10139
e X ettt .
02 04 06 08 10 12 02 04 06 08 1.0 1.2 14

FIGURE 7.14
Graphs for |f.(z)|, when n =1,6.

n=1 n=2 n=3
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FIGURE 7.15
Graphs for |fn(x)|, when n =1,6.
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f(x) n=1 f(r)
7X10172’ 7X10172’
6x10"72} 6x10"2}
5x10'72} 5x10'72}
4x10"2; 4x10"2}
3x10"72¢ 3x10"72¢
2x10"72; 2102
1x10"72F 1x10"72F
L ‘ ‘ oy ey
0.2 04 06 08 1.0 15
FIGURE 7.16
Graphs for |f(r)| in r € (0,7/2), when n = 1.
n=1 f(x) f(r)
3)(10156* 3x101%6 |
x101% | 2010
1k 10" ¢ 110l
. " " (I B 7 X /
-10 -08 -06 -04 -02 20

FIGURE 7.17
Graphs for |f(r)| inr € (7/2,7), when n = 1.
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8

Particle with spin 1 in the Coulomb
field

We have studied the system of six equations which describe the quantum states
of a spin 1 particle with parity P = (—1)7 in the external Coulomb field. It is shown
that due to the Lorentz condition, one of the radial functions must be equal to zero.
Any of five remaining functions may be taken as a primary one. For such a primary
function, we derive two different 2nd-order differential equations. Their Frobenius
solutions are constructed, and the convergence of the involved power series is studied.
As a quantisation rule, we apply so called transcendency condition to Frobenius
solutions. In this way, for both equations, we have found different reasonable, from
physical point of view, energy spectra.

8.1 Separation of the variables

Many years ago, a very peculiar behaviour of a spin 1 particle in the presence of the external
Coulomb field was noticed by L.LE. Tamm [1]. As far as we know the whole situation with
this system stays much the same. In the present chapter, we examine the problem anew
on the basis of the Duffin-Kemmer—Petiau formalism with the use of the tetrad generally
covariant tetrad technique, it turns out to be more convenient than a common Proca tensor
approach:

1
{i8°[i(e0,05 + 57 avel@) — eAc] = M}w =0. (8.1)
Choosing a diagonal spherical tetrad

dS? = dt* — dr? — r?(d6? + sin® fd¢?),

¢fo) = (1,0,0,0), ¢fy) = (0,1,0,0), (8:2)
1 1
efy = (0,0, ;50>7 ely = (1,0,0, m)’
we reduce the above eq. (8.1) to the form
1 . 1
G N R ) IS RS

where € = E/(ch),a = €%/(ch), and M = mc/h. The angular operator ¥y 4 is given by the
formula

. i0 + 1512 cos 6
9, = 1810 + 2 220 (8.4)
sin 0
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its form signifies that we have here a generalised Schrédinger—Pauli basis.
Spherical waves with (j, m) quantum numbers should be constructed within the following

general substitution .
U(z) ={ Po(2), ®(z), E(z),H(z) },

@1(7") D_1
Oo(z) = e M Do (r) Do,  B(x) =e M| By(r) Dy |,
3(r) Diy (8.5)
) El(r) D_1 . Hl(T') D_l
E(z) = e F/" | Ey(r) Dy |, H(z) = e "PY" | Hy(r) Dy |;
Eg(?“) D+1 Hg(T) D+1

short notation for Wigner functions is used: D, = =D’ (¢, 0, 0), o0 =0, +1, —1. The

—m,o

quantum number j takes values 0,1,2, ... . With the help of recurrent formulas

v=4/jG+1), a=+({—-1){+2),

1 m — cos 6 1
Oy D_1 == D_s—v D — D =~ D_ D
o L)1 2(@ 2 —v Dy ), Snd 1 2(a 2+v Dy ),
9% Do= > (vD Dit), ™ Dy=2(vD i+vDi) (8.6)
==—(vD_y—v — =—(vD_1+v .
0 0 9 1 +1 ) sin 6 0 2 1 +1 )
1 m + cos 6 1
8‘9D+1:§(VDQ—G,D+2)7 WD+1:§(VDO+ G/D_;,_Q)’
after simple algebraic calculation, we arrive at the radial equations (for clarity, the corre-
sponding Proca tensor equations are written down as well; the notation v = /j(j +1)/2
is used):
DV &, = M O,

g (8.7)
+z( )E2 — i (Hy — Hy) = My,
) « d 1 v
+Z<€ + *)E3 — ’L(f + *)H3 — Z*HQ = Mq)g,
r dr r r
D(I@b - Db(ba = M @abﬂ
—z<e+ g)(1>1 + %8, - ME, =0,
T T
d
—z(e 9)% — Loy — ME, =0,
r dr
—z(e 9)@3 + Yoy — ME; =0,
r " (8.8)

o/ d 1 v
fz(% n ;)<1>1 — i~ ®, — MH, =0,

+i%(<1>1 — ®y) — MH, =0,

d 1
+z‘(— + ;)@3 +i;<1>2 ~ MH; =0.
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Concurrently with J2, Js, let us diagonalise the operator of the spacial inversion II. After
transition to spherical tetrad basis, and also to cyclic representation for DKP-matrices 3¢,
for this discrete operator we get

S R
= s P, IMy=| 0 -1 0. (8.9)
0 0 I3 0 1 0 o
0 0 0 -IIy

Eigenvalue equation [I¥ = P ¥ results in two classes of states different in parity:

P= (-1t &,=0, &3=—®y, =0, B3 =—Ey1, B, =0, H3 = Hy;  (8.10)
P=(-1), ®3=0,, B3=+E, Hy=—H;, H,=0. (8.11)
Correspondingly, 10 equations in (8.7)—(8.8) yield subsystems of four and six equations:

; . « d 1 v
P = (—1)7“, +ile+ —) By +i(—+ —-)Hy +i—Hy = M Py,
T dr r r

o d 1 y (8.12)
—’L(G-'-*) (1)1 :MEl, —’L'(f—F*)(I)l 21\4}117 21.*‘1)1 :MHQ,
T dr r r
whence excluding E7, H1, and Hsy, we get a 2nd-order differential equation for ®
@ 2d o, iG+1)
- 22 Il DAY /e d; =0. 8.13
dr? TdT+(6+7”) r2 ! ( )

It coincides with that arising in the case of a scalar particle in Coulomb potential. Its
solution is well known and provides us with the following energy spectrum (in usual units)

m02

1
E=—o N =n+ o+ +1/2)? - a2 (8.14)

V1+a2/N?’

For states with parity P = (—1)7, we have the system

d 2 v
(- +-)E2+2-FE  + M®; =0,

dr 7 T

« d 1
] —) F (— +-)H; —MP, =0
+z(e+r) 1+Z(d7’+7’) 1 1 ;

ti(e+ VB — 22 Hy — M®, =0,
T T
Ty ) (8.15)
—Z(€+ *) (I>1 + *‘1)0 — ME1 = 07
T T

d
i(e+ )@ + 2B + ME> =0,

dr
d 1

i(— + )Py +io®y + MH; = 0.
dr r r
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8.2 The case of minimal value j =0

States with the minimal value 57 = 0 should be treated separately. In this case, we should
start with a more simple substitution for the wave function

0
Boi) = o), Ble) =7 el .
) oo ) o (8.16)
E(r) =e ' EQO(T) , H(z) =e ' HQO(T)

The operator ¥g 4 acts on this wave function as a zero operator, and the parity for this
state equals P = (—1)%t1 = —1.

The corresponding radial system is as follows (for eliminating imaginary unit ¢, we use
slightly different variables: &g = g, —i®1 = @1, —iPy = ©2)

d 2
R LA PR
dr r

“ N d (8.17)
(€+*>E2=M(p2, (G—F*)(pg—f(pO:MEg.
r r dr
Whence it follows a 2nd-order equation (let Ey(r) = r~Lf(r))
d? 9 20 2—a?
< Y e )f=0. 1
dr? U (6 + r r2 / (8.18)
In dimensionless variables
rE M?  m?c! 9
rEres g w T =
it reads
ﬁf—i—(l 2y 2 2_O‘Q)f—o (8.19)
dzx? x o '

With the substitution f(z) = 2%~ **F(z), for F(z) we obtain

oF" + (2a — 2bx)F' +

-1 292
[a(a J+a —|—(b2—|—1—)\2)x+(2a—2ab)}F:O.
Requiring
/m2ct — B2
E )
the choice of upper signs in the formulas provides us with appropriate parameters for bound
states, we get

B 14++v9 —4a2
- 2

a , b=V -1=4%

x F" + 2(a—bx) F' + 2(a—ab) F =0.

In the variable y = 2bx, it takes the form of the confluent hypergeometric equation

d? d ab— «
—F+ (2a—y)—F — F=0.
apt R b
To get polynomial solutions, we must require (ab — «)/b = —n, which leads to the quanti-

sation formula for energies

2 1 Z/ — 4?2
E= me p 1T v9—da? (8.20)

\/1+a2/(F—|—n)2’ 2
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8.3 Nonrelativistic approximation, energy spectra

In this section, we examine nonrelativistic approximation in the theory. First, consider states
with parity P = (—=1)/T%:

d
i(e+ 9)E1 +z‘(— + )H1 +sz2 My,
r dr
. i V (8.21)
—i(e+ f)<1>1 — ME,, —'< )cpl MH,, 2i¥®, = MH,.
T dr r

Here the Hy, Hy represent so-called non-dynamical variables, excluding them we obtain

z( )E1+1<$+1)2®1 1\2422@ M(I)l,—z‘<e+%)<1>1:ME1. (8.22)

Now we should make special substitutions, introducing the big and small constituents, ¥ (r)

and 1 (r):
q)l = \1’1 + wl, ZE1 = \111 — ¢1§ (823)

correspondingly eq. (8.21) take the form
o] 1 /d 1\2
(6"‘;)(‘1’1—1#1)4‘@(54';) (V1 + 1) - M 2(‘1’1 + 1) (8.24)
= M (V1 + 1), (€+ %)(\I’l + 1) = M(Wy — ).

Summing and subtracting these two equations, we get

2( )‘If1+ ! (d +1)2(‘I’1 + 1) — Uy + 1) = 2M Yy,

o
1 ZT 1 Muj (8:25)
2 Dn b 1 (4 1) (W) — e (B ) = 2M .

Now we should separate the rest energy. To this end, it suffices to make a formal change
€ = ¢ + M, which results in

2(c+ @)+ ﬁ(d% + %)2@1 o) - o 2y ) =

2

1 /d 1\2 2
“2(e+ D)n+ (o + o) (W) — =55 (W 4 4) =AMy,

Thus, we produce equation for the big ¥y (r) and small ¥ (r) components:

(G+1)
O s R = N

d 1\? i+ 1
(d7+,) ml—@ml — 4M2y,.
r T T

Equation for the big component ¥, (r) can be written as a Schrédinger-like equation:

|:d2 +gi+2M( a) ](]7—"_1)

g . 5| U =0. (8.27)
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Now let us consider radial equations for states with the opposite parity P = (—1)7:

d 2 d 1
—(=+ )E2—2 By = My, +z(e+%)El+z‘(—+;)leM¢>1,

dr dr
i (e i ;)Eg _ 21';H1 — M®,, —i(e n %)@1 n ;fbo — ME, (8.28)
d d 1
—i<e+ g)%——%:Mﬂ}, —i(—ﬁ—f)(bl—iK(IJQ:MHl.
r dr dr r T

Among the four dynamical functions ®1, ®o, 1, E5, the separation of big and small con-
stituents is performed as follows

O ="y + 94, Gy =Wy +1pp, B =¥ — 9y, 1By = Wy — 1ho. (8.29)

Excluding the nondynamical variables ®q, Hy, we obtain the system (the rest energy is
separated by the formal change e = ¢ + M)

i(e+M+2)Ey +M (%+ %)[(d% +1)c1>1+;<1>2} — M3,
. 2 d 1
e m+2 )Ez—ﬁy[(aﬁ-*)q)l-i-;qb} — M®,, .
—i(e—l—M—i—g)@l [ ( +§ E2—27VE1}=MEl7
—z(fe—l— M + )fI)Q %dir[_ (dir + %)Ez - QTVEJ = MEs.
Taking into account relations (8.29), we transform eq. (8.30) into the form
(€+M+%)(\Iflf¢1)+i<dir+l) (U +91) + ’ ($+1)i(w2+¢2) MV +11),

2

(€+M+%)(\I/2—1/)2)—%<%+1)(\111+1/11) 1\24, 2(\1124'1/)2) (\112+w2)7

(€+M+%>(‘I’1 +¢1)_L(%+ 2>( 2 — 2) — 2V2 (‘111—1/)1)=M(‘I’1—¢1)7

1 d/d 2 2 dl
(€+M+%)(‘I’2+¢2)+M@(a*‘;)(‘%—%)‘f'ﬂy%;(‘l’l—1/J1)=M(‘I’2—¢2)~

Whence we get

R Y ORTTSAC R TSN
200 (420 2=
(e )( wg)—Q—V(d%Jr )(‘I’1+¢1) ]\2;22(‘1’2+¢2) +2M 1y
TR A N ZE

Summing and subtracting equations within the first pair and doing the same within the
second pair, we arrive at

(6+ %)(‘1’1 — 1)+ %(% + %)2(‘1’1 + 1) + AZ(; + 1) (U +1a)
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+( )(‘I’1+¢1)—L<i+ )(‘1’2—1/}2) 2V22(‘1’1—¢1):0

dr Mr
(e+%)( ¢1)+i(%+%>2(‘1/1+¢1 M(di 1>1 (U2 +1p2)
d v?

—(6+%)(‘1’1+¢1)+ﬁ(5+%)(‘1’2—%) 2 ( — 1) = +4M )y,

( )(‘1’2—1#2)—21(0%‘* )(‘1’1+1/11) ]\241/22(‘1’2+¢2)
Y 1 e T
(e D)0 ) — 2L Dy ) 2 )

L R T T 7 T

Now, taking in mind that ¥, U5 are big components, and 1,12 are small, we arrive
at two equations for the big components, and two equations defining the small components
through the big ones:

1 /d 1\2 voed @ 1\1 v rd 2 202
(o) ur () e (D) Y s = M

dr M \dr r Mr \dr

O T
o2 e - e (2 e
S R A L

The last two equations provide us with the nonrelativistic radial equations, which can
be written as follows

2 2 2 2
[d—+fi+2M( 9)—L}\D2=2m2+4y%,
dr? ~ rdr 72 (8.31)
[d2+2d+2M(+ %) 2”2}\? 2w W |
— - - — =2v V,.
dr? =~ rdr ¢ 2]t 2
It is convenient to presents eq. (8.31) in the matrix form
1 2 \1/1 . 0 v ‘1’1
NEIREL )

The right-hand part can be brought to a diagonal form

fl _ a ¢ \Ifl fl /\1 0 fl
f2 d b || ¥ |’ f2 0 A || f2
the last task reduces to the following equation
a c 0O v| XM O a c
d b 2o 1|7 0 X d b’
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whence it follows

Ma—2ve=0 _1+\/1+4j(j+1)_, A
{l/a+()\11)6_0, )\1— 2 —j+17 C—Ea,
Aod—2vb=0 N Lo VIH4G Y po 2y
—vd+(N—1)b=0, 27 D = T
Thus, the needed transformation reads
f1 _ a )\1(1/21/ \111
| T d red2v || ©, (8.33)
In this way, we obtain two separate 2nd-order differential equations:
¢ 2d 207 2)
(2 (e )2 2]y
dr?2  rdr r r2 72 (8.34)
d? 2d « 207 2 '
e g M+ D) - T - s

Note two identities
22 N 2A JU+ D420+ (G+1D(G+2)

2 2 2 2 ’

T T T T
22 Wy jG+D -2  (G-1)j
2 tE T 2 =3

Here we have two problems of the same type (below the equations for fi and fa, corre-
spond to = j — 1 and p = j + 1, respectively)

¢ 2d a,  plp+1)
42T 4oM ) IV sk Ul NS Y e .
[dT2+rdr+ (e+-0) 2 }f 0 (8.35)
Changing the variable z = 24/—2eM r, we obtain
a2 2d 1 aM p(p+1)
et e = i e AL

Further, introducing the substitution f(z) = 2%~ F(z), we arrive at

d*F dF

T + (26 +2— be)%
ala+1) —p(p+1) oM o 1
+| 2~ 2ab+ — S (b~ )z F =0
x —2eM ( 4)
When b = +1/2, a = 44, the last equation simplifies
d’F dF aM
St (w+2—a)— —|[l4p— ———|F=0
mde +( V+ .’I}) d(ﬂ +M /7—26M:| )
what is the confluent hypergeometric equation for F(A,C; x) with parameters given by
aM
A=1+p—- —, C=2p+2.
K v —2eM a
The quantisation condition is A = —n, which gives the following energy spectrum
aM a’M Me?*
a V—2eM 2(1 4 p+n)? 202 (1 + 1+ n)? (8:36)

recall that to linearly independent solutions correspond the different values of p: p=75—1
and p=j+1.
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8.4 The Lorentz condition in presence of the Coulomb field
As shown above, the states with parity P = (—1)7 are described by six equations

d 2 d 1
(7 + f)Ez + 22+ mdy =0, i(e+ 3) B H‘(f + f)Hl —m®; =0,
dr r r r dr r

i(e n %)EQ - 2¢%H1 —mdy =0, —i(e n %) &)+ ;@0 —mE, =0, (8.37)
d d 1
Z(G-l—g)q)Q-I-f(I)o-l-mEQ:O, z(——l—f)(I)l—l—zK(I)z—kal:O
r dr dr r r
There is known that for the spin 1 particle in the presence of electromagnetic fields there

must exist a generalised Lorentz condition. In radial form for states with P = (—1)7, it has
the form [2]

@ d 2 2v e
i+ 2) @ (-4 7) B Ty = B 8.38

Z<€+r) 0 dr+r 2T T T o2 P (8.38)
Taking into account (8.38), from the system (8.37), we may derive an additional constraint
on radial functions. Indeed, from eq. (8.38), let us exclude the function ®5 with the help of
the third equation in eq. (8.37)

d 2 21 2 ;
—1 (e—&—g) m®dg — (——i—f) [i(e—l—g)Eg—ﬂHl} _amy q)l:BEQ,
r dr r r r r 212

whence it follows

d 2 2iv 7 d 1 2 j
i(E‘i’g)mq)0+i<€+g)(*‘F*)EQ*ﬂ(fﬁ’*)Hl‘F my@lz%Eg.
T r/\dr r r \dr r r 2r

Transforming the second and the third terms with the help of the first and the second
equations in eq. (8.37), we obtain

i (e+2) mog—im (e+2) 0= 20 B = Ex=0. (8.39)
T T T

Thus, in the system (8.37) we have six equations for only five unknown functions. Al-
lowing for the constraint E; = 0, we reduce the system (8.37) to the form

d 1
1) 2YE +m®y =0, 2) +i<e+g>E1+i(—+7>Hl—m¢>1:O,
r r dr r
8)—2i-Hi—md: =0, 4) - i+ %)@1 + 5B —mEy =0, (3.40)
d d 1
5) i(e+9)q>2+f<p0:o, 6) i(—+7)<b1+iz®2+mH1:O.
r dr dr r r

Introducing new variables i®, = @1, 1Py = o, we may exclude the imaginary unit from
equations:

2 d 1
1) mFE; = —%T‘I)o, 2) (e + %)mEl + (% + ;)mHl + m2<p1 =0,
2
3) mH1 = mf?"(pg, 4) (6 + g)(,01 - Z‘PO + mE1 = 0, (841)
2v r T

« d d 1 v
5) (e+—)<p2+—<1>0:0, 6) <—+f)<p1+f<p2+mH1:0.
T dr dr r r



The study of equation for ¢1 181

With the help of equations 1) and 3), we may exclude Eq, Hy, then remain four equations
for the variables ®g, 1, wa:

2

a\ m? d 1\m 9
2 (4 )00t (g ) g et i =0,
2

4) (E + g)% _ Zq;o _ mirq)o =0, (8.42)
r r 2v
2

5) (e+2)pat 4 go—0, 6 (i + 1)<p1 + i+ gy = 0.
r dr dr r r 2v
It is evident that from physical point of view, there must exist two independent classes
of states described within the initial system (8.37) and the system (8.42) as well.
There exist two simple possibilities to get second order differential equations for functions
1 and @o. The first is as follows: from equation 2) with the use of equation 6) we exclude
the variable o, and then with the help of equation 4) we exclude the variable ¢1, so we get

d?pq (4 2r )dgpl
dr? r r24+202/m2/ dr
200€ 2 212 +a?+2
2 2 _
+(-mire = - s e =0. (8.43)

This equation has four singular points: three are regular points, and the point r = oo is
an irregular one of rank 2. Only two singular points belong to the physical region of the
variable r. Having known the function (1, we may find all remaining functions.

Consider the second possibility: from 4) we express &, through ¢1; then from 2) express
1 through @9 and substitute these in equation 6); in this way, we obtain the following
equation for function q:

d%py {4 2m?2r 2 (—m2r + é2r + ae) ] dpa
dr? r om?r2 4202 m2r?2 —eé2r?2 —2aer +2v2 — a2l dr
2 2
+[ 2 2+2ae(21/ -« —|—2) 4Am? 912+ a2+ 2
—m” +e
(2 2 _ a2)r m2r? + 212 r2
—4m?rae+4rae® —8m2r? +4m?a® + 812 + 40&262]902 _o. (8.44)
(m27’2 —e2r2 —2aer + 2102 — a2> (2 V2 — a2)
Having known @5, we may find all remaining functions.
|
8.5 The study of equation for ¢,
Let us transform eq. (8.43) to dimensionless variable:
Mc r €
= = —7r = — ——— E 2 2 — 1—‘2.
T =mr 3 r X om ) v )
this results in
d?p, 4 2¢  \ dpy ) 20F 2 a?+2-T?
2 @1 (g2 - ) — 0, (8.45
dx? (x a?2+1"2) dx +( + x e 22 1 (8.45)
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or differently

d*p, 4 1 1 \dp 9 20F i/T i/T T
- ) 4 (E*-1 - — )1 =0, (8.46
dx? Jr(x z + i x—iF) Jr( + T x—i—iFJrac—zT 332)('01 » ( )

where the notation p? = I'> — 2 — o? is used. The last equation has three regular points

x = 0,—il,+i[', and one irregular, * = oo, of the rank 2. Its Frobenius solutions are
constructed in the form

p1(z) = p(2)f(z) = a5 f(2).

For function f(z) we obtain the following equation

2A 4 1 1 A(A-1) 24B
" 2B 7—7—7) ! ( B?
f +( + +£L' z4+i0  x—il P 2 + T +
4 A 1 A 1 A 4B B B
T T x+i' x z—i'x T x+1I°  x—
20E /T i/T u?
E?* -1 - _7) =0.
+ + T x+iF+xfiF 2 f

Allowing for restrictions A = —3/24/(3/2)? + 2, B = £+ 1 — E?, we arrive at a simpler
equation

2
f 4424 1 1\ df
28 -
d2+< + x — il x+zI‘>dx
9AB+2Fa+4B iA—BT+i iA+BT+i
_ _o. 4
+ z T(&—il)  T(z+il) )7 =0 (8.47)

To get solutions suitable to describe bound states, we should take the following parameters

3. /3
A:—§+ (5)2+u2>0, B=-y1-FE2<0. (8.48)

To present eq. (8.47), it is convenient to apply the shortening notations:

L 1 1 )df (7_‘_ b ¢
z—1I'" x+id'/ dx z—1I x+

df
dx 1.2

)f —0.  (8.49)

We construct solutions of the last equation in the form of power series, f(z) = > 7 dpz™.
Having performed needed calculations, we get 4-term recurrent relations for coefficients of
the series:

[K(k—2)+(a+b—c)] dr_2
(k= 1)k—2)+ (L—2)(k—1)+i0(b+c)] ds_s

+[ KT%k +al? ) di + [[%(k + 1)k + LI*(k + 1) | djy1 = 0. (8.50)

Having studied the convergence of the series by Poincaré—Perron method, we get two possible
convergence radii: Reony = I', +00. It is easy to show that behaviour of solutions near the
singular point 4T is given by the simple structure, @1 ~ (z +4I')?, D = 0,42. Therefore,
we may expect that the series converges in all points.

Let us try to get some quantisation rules for energy levels by applying the known condi-
tion [10], which separates so-called transcendental Frobenius solutions. The needed restric-
tion has the form (see eq. (8.50))

Kk—-2)+(a+b—0c)=0, k>2. (8.51)
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Explicitly the last condition reads
V1—E2N=F«a, where N=(k—-2)+A+1; (8.52)

whence it follows the formula for energy levels (let k —2=n=10,1,2,3,...)

1 1 3
E=——, N=n—=+1/(2)2+p2 8.53
1+ a2/ N2 TR AU (8.53)
Allowing for the equality u? = j(j + 1) — 2 — o2, we obtain final formulas for energy levels
E S N 1Jr\/‘('4r1)+1 2 (8.54)
= 5 =n— — - — 3 .
VIt a2/N? 2 T VIY 1

where j = 1,2,3,...; n = 0,1,2,3,... To illustrate the spectrum, let us find a number of

energy values, € D at j=1, n=0,20:

n,Jj

n=0, 0.9999733604,

n=1, 0.9999933400, n=11, 0.9999998150,
n=2,0.9999970400, n =12, 0.9999998424,
n=3, 0.9999983350, n =13, 0.9999998641,
n=4, 0.9999980344, n =14, 0.9999998816,
n=>5, 0.9999992600, n =15, 0.9999998959, (8.55)
n=6, 0.9999994563, n =16, 0.9999999078,
n="70.9999995838, n =17, 0.9999999178,
n=38, 0.9999996711, n =18, 0.9999999262,
n=9, 0.9999997336, n =19, 0.9999999334,

n =10, 0.9999997798, n =20, 0.9999999396.

This spectrum is illustrated by Fig. 8.1. Behaviour of the factor ¢(z) in Frobenius
solutions p(z) at j = 1,n = 1,5, 10, 20 is illustrated by Fig. 8.2. Behaviour of the factor
o(z) at j = 1,n = 0 is illustrated by Fig. 8.3. Also, for these parameters we calculate
coefficients of the polynomial approximation Pr—_sq of the series:

Pi—20 = 1 4 0.0045152 + 0.12992% + 0.00052472% — 0.01032z* — 0.0000354°

+0.0018252% + 5.58 - 107%27 — 0.0004312% — 1.21 - 107%2°
+0.00011902° +3.11-10" 72" —0.00003642'2 —9.0- 103213 +0.000011942'4 +2.8- 10832 1°
—4.13-107%2%-9.4 10722 +1.49 - 107 2%+ 3.3 .10 %2 —5.55 - 10~ "2, (8.56)

Besides, numerical study show that polynomial Py—oy has the following zero points,
Pk:QQ(.’I}) =0:

—2.1, +2.1; —2.03 — 0.65¢, —2.03 + 0.65i; —1.72 — 1.234, —1.72 + 1.234;
—1.23 — 1.66i,—1.23 + 1.66i; —0.63 — 1.89i, —0.63 + 1.89i; —1.81i, +1.81i;
0.63 — 1.89i; 0.63 + 1.89; 1.23 — 1.67i;1.23 + 1.67i; 1.72 — 1.23i,1.72 + 1.23i;

2.03 — 0.651,2.03 4 0.65,

where we can see only one zero point x = 42.1 in the physical region of the variable.

Behaviour of the function f(x) and the complete Frobenius solution () = ¢(x)f(x)
at n = 0 is illustrated by Fig. 8.4. A numerical study of the series f;(z) for other values
of n proves that the qualitative situation does not change. In particular, the polynomial
approximation gives only one zero points in the physical region; they are localised in a small
interval. Figure 8.5 illustrates behaviour of the complete Frobenius solutions at n = 5, 10, 15,
and 20.
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8.6 Equation for function ¢,

Let us turn to the eq. (8.44) for function ¢o. In the variables x = mr,e/m = E,2v? = T? it
has the form

ey [4 N 2x N 20F —2(1 — E?*)x dpy
dax? x 224712 22(1—E?)—2aFEx+T2—-0a?| dz
20E(T%? —a?+2) 1 4 2 — (I'? - a?)
—(1—E? -
Jr[ ( )+ 2 —a? x+x2—|—F2+ x?
1 —4aB(1 — E?*)x — 4I'?(1 — E?) 4+ 40?(1 + E?
+ aB( )z ( i Chy )}@2:0. (8.57)
2 — a2 22(1 — E?2) — 2zaE 4+ T? — o2
The roots of the polynomial 2%(1 — E?) — 2zaE + 2 — a? = 0 are
aF £./a?2E? — (% — a?)(1 — E?)
1,2 = 1_ E2 . (858)
Equation (8.57) may be presented differently
d? sy [é 1 n P11 }%
dx? x ax+il x—i' xz—21 x—x9l dx
20E(I? —a? +2) 1 2-T?24+2 2 1 2i 1
T TR L (O e Rl . S
(T? — a?) x x Fz+«d Tax—il
1 —4aBE(1 — E?)z — AI%*(1 — E?) + 40*(1 + E?
+ B Jo — 4T ) ¥da’(l + )}302:0. (8.59)
2 — a2 22(1 — E?) — 2zaE 4+ I? — o2

It has five regular singular points and one irregular one, x = oo of the rank 2:
0, =z, =2, _ir7 +iI’ ;0 O02)-

In the neighbourhood of the points x1, x2, and z = +iI" solutions behave as follows

po(x) =(x—x1)", p=0,2; @a(x)=(x—22)", p=0,2; (8.60)
wao(z) = (z £, olco—1)40c=0, o=0. (8.61)
Near the point z = 0, solutions have the simple structure oo(z) = z4:
9 9 3 3
AA-1)+4A=T"-a") -2, A:—§:I: (5)2+F2—2—oz2; (8.62)

recall that I'? = j(j + 1) > 2. In infinity, solutions behave as

po(x) = eP®, B =+41-E2. (8.63)
To proceed further, we apply for eq. (8.59) a shorter form
1 ar a2 as a4 as ) /
w2+(x+x—if+x+if‘+x—x1+x—x2 Y2
b1 b b2 b3 b4 b5
D+ —+ — =0. 8.64
+( +x+x2+x—i1" x+iF+x—x1+x—m2 v2 ( )



Equation for function s 185
Its Frobenius solution are searched in the form
pa(x) = 4eP" f(x),

for function f(z) we have the following equation

a; +2A a a a a
f”+<2B+ : o e l S )’
T r—da r+d0  rx—x1 T— 2o

mA+b+ AA—1)
2

+((D+B2)+ "

+alB — agA/iF + a3A/iF — a4A/x1 — a5A/x2 + b, +2AB
X
(IQA/ZF + a2B + bg —agA/ZF + agB + bg
+ - + -
x —1l x4
+a4A/m1 +asB + by n Cl5A/J?2 + a5 B + by
T — 2 T — T2

)f:o.

To follow for bound state solutions, we should use parameters

3+ /11402 — a2
B=—Vi-Et<0, A=>" +2( ) o, (8.65)

Equation for f(z) may be presented shortly as

C C C C Cs
frr(ee+ D4 o oy )/
T x—i' x4+ x—x1 T—22

D D D D
2‘ n 3- n 4 I 5
x—' x4+ x—2x1 T— 122

+(%+ )f=0. (8.66)

Searching solutions in the form of power series, f = > > d,2™, we derive 6-term recurrent
relations
[QC(TL — 4) +D1 + DQ +D3 +D4 +D5] dn_4

+[(n —3)(n—4) —2C(z1 + z2)(n — 3)
+Ci(n—3)+ Ca(n—3) + C3(n—3)+ Cy(n—3) + Cs5(n — 3)
—D;(z1 + x2) — Da(x1 + o — il') — D3(x1 + 29 + i) — Dyzo — D5x1] dp—s3
+=(21 + 22)(n — 2)(n — 3) + 2C(z 122 + T?)(n — 2)
—C1(z1 4+ 22)(n — 2) — Ca(x1 + 22 — iT')(n — 2)
—Cs(x1 + 22 + i) (n — 2) — Cyza(n — 2) — Csz1(n — 2)
+D1(z122 +T?) — Do(14T + 22il" — 2122) + D3 (2130 + 22il" + 2129) + DsT? + D5I'?] d;—o
+H(z1we + T (n — 1)(n —2) — 2C(z1 + 22)T%(n — 1) + Cy(z122 + T (n — 1)
—Cy(x1iT + 2910 — 2129) (n— 1) + Cs(21iT + 2917 + x122) (n— 1) + C4T3(n— 1)+ C5T2(n—1)
—Dy (21 + 22)T? + Dyil'zyx5 — D3il'zyxy — DyT?20 — DsT224] dpy 4
+[—(z1 + 2)?n(n — 1) + 2CT%x129n — Cy (21 + 22)Tn
+CyiTz129n — Cyilx xan — Cyl?zon — CsI2xin + D1F2x1x2] d,,

+ [M2z129n(n + 1) + C1T%z125(n + 1)] dppyy = 0. (8.67)
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Having used the Poincaré—Perron method, we find four possible convergence radii:
Reony =00, [T, |x1|, |xal. (8.68)

In order to derive some quantisation rule, let us applying the known transcendency
condition, here it has the form (see relation (8.67))

P4, =0, k>4, 20(k*4)+D1+D2+D3+D4+D5:0, (869)

where

20 = —2¢/1 — E2,
Dy =a1B — axA/il + asA/il’ — ayA/x1 — azA/x2 + by + 2AB,
Dy = apA/iT + asB + by, D3 = —asA/il’ + azB + bs,
Dy =a4A/x1+a4B+by, Ds=asA/xs+ azB+bs.

Taking into account expressions for involved parameters:

_aE—+a? -T2+ ET? . aF ++vVa?2 -T2+ E2T?2

T = 2 =

1-—FE? ’ 1-—FE? ’

a1:47 a2:17 a3:17 (14:—1, 0,5:—1,

20E (I'? —a?+2) —2i 2i

1= ’ b2:7a b3_77

I'? — a2 r r
2(aE ++/aZ — T2+ B?) 2(~a B+ a2 —T2t E2T2)
by = - 2 _ o2 , b= T2 _ a2 ’
from (8.69) we derive an algebraic equation
VI—-E2[(k—4)+(A+2)]=aE, k—4>0. (8.70)

Let us apply notation (k —4) + (A+2) = N,k —4=n=0,1,2,...; then the formulas for
energy levels reads

1 1 N1
E=——, Nn++\/+' j+1) — a2 8.71
e 5\ i+ (8.71)

It should be noted that two formulas (8.54) and (8.71) determine the same spectrum.
This agrees with the fact that according to eqgs. 4) and 5) in eq. (8.40), the functions ¢,
and (o differ only in an elementary multiplier.

8.7 Studying the first equation for ¢,

There exists possibility to get a 2nd-order equation for function ®(. To this end, from eq.
4) in eq. (8.41) one finds relationship between ®¢ and ¢;:

2v ( a 22
T

e+ )er(r) = (T +m?) (),

r
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or in dimensionless form

Fzr+ «

Dole) = 2V ym 1

() = F(z) p1(z). (8.72)

Now taking in mind the known 2nd-order equation for ¢i: Ap; = 0, p; = F~1®q, one
finds 2nd-order equation for ®g:

AF'®=0 = FAF'®,=0.
Thus, equation for ®( reads

Ex+a 202 +22

by =0 7
202+ 22 Exr+4a 0 ’ (8.73)
where
d? 4 2x d 20F  a?+2-T? 2
ATy e 2
dxz? r x24+T12/)dx + + T + x2 2 + T2

Equation (8.73) readily reduces to an explicit form

dx? r Er+a 22+212] do
+[2E(a 72)+—2y2+a2+2 812 N 2 (4E*? +3a”) E?
T x2 (22 +212)>  (2E*?+4a?)(Er+a)a
2 E? —2FBax+4F%? +4a?
E? -1 }@ —0. 8.74
T ey T @ e e 1 a2 | (8:74)

We do not need to study this equation because it must lead to the energy spectrum, which
coincides with that derived from the study of equations for ¢ and ,.

8.8 Second equation for function &,

Now we prove that for variable ®o(z) there exists another 2nd-order equation, which pro-
vides us with a different energy spectrum. To derive this equation, we start with equations

1 « d 1
1) Elz—gxq)o, 2) (E—F;)El—‘r(%-i-;)Hl—f—(pl:O,
2v o v
3) THi=gs 4) —(E+2)ei+200=Ey, (8.75)
T T T

5) (E+%)<p2+%¢>0:0, 6) (%+é)<p1+gw2+H1:0.

With the help of egs. 3) and 4), we exclude the variables p2 and Ej:

) (e 2o (oo
O P I
5) %éo—ki—y(Eﬁ-%)Hl:O, 6) (d‘i+ ) +( +—)H1_o
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Act by operator - on eq. 5) in eq. (8.76):

2 2 2
B, — ”(E+ )H1—13H1+—”(E+ )dH:O
€T dx

d2
da?

Then with the help of eq. 2) in eq. (8.76):

(s (5 2200 - (5 2)]o)

dx
we get ) )
2
[~ S (B 5) oo
L) e T B n T (e ) [ e

In order to exclude the function ¢1, let us use equation 1) from eq. (8.76):

2u « 202
7<E+,>@1: (1+2> Po;
T T T

this yields

2
F
Now with the use of eq. 5) from eq. (8.76):

2 2,2 4 2
+<E+g> —1—%}@0——2(E+g)H1——VgH1:O. (8.77)
X X X X xr T

we obtain )

2 2 2 d 2
[+ (B+2) —1- 2+ 2] -5 =0
dx? x x x T x
Finally, taking into account eq. 5) from eq. (8.76):

x 1 d
S C e —H
v (B + 2)dx 0 L

we arrive at the needed 2nd-order equation for function ®g:

d? 3 E d 2Ea o — 212
=i (2- A | }@ —0. 8.78
[dLEQ (x Ea:+oz>d3:+ + T + x? 0 ( )
In the variable z, * = — %2,z € (—00,0) it takes the form
d?®, 3 1 ddg 9 a? 222 w?-—a?
S0 (2 =0 S T ) 8.79
dz? (z z— 1) dz + (a E? z 22 ) 0 ( )
Below we will apply the following notations
o o? 1—E?
V=22—-a?=j(G+1)-a’*>0, —A?’=—(—a®+ ) = —a? 5 <0 (8:80)
then eq. (8.79) reads
d?d, 3 1 d®g 202 4?2
2 ) —AZ————)LP — 0. 8.81
dz? (z z— 1) dz + ( z 22)7° ( )
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It has two regular singular points z = 0,1 and one irregular point z = oo of the rank 2.
Near the point z = 0, the equation becomes simpler, and its solutions behave as

d2 (I)O 3 dq)o ’}/2

S+ o—— — 0y =0, Py~ 24, A=—-14+14+~2>0. (8.82)
dz z dz z

To bound states, there correspond positive values for A. Find asymptotical behaviour of
solutions as z — —oc:

L 2 dd E
0 20 N2y =0, By = FVATE = FVITET ke (8.83)
dz? z dz

Frobenius solutions for eq. (8.81) are searched in the form ®¢(z) = z4eP* f(2); where
f(2) obeys the equation

24 1
f”+(23+ 3 )f’
z—1
A2+ 2A—~?> 24AB+A+3B—-2a° A+ B
+((B2 - A% + it S S )f=0.
z z z—1

Below we use the following parameters, A = —1 + /1 +42, B = +V A2, the previous
equation becomes simpler

2A 4+ 3 1
" - /
f +(QB+ z z—l)f
2AB + A B—-222 A+B
+( tATSE 207 AY )fzo. (8.84)
z z—1

It may be identified with confluent Heun equation [10,11]:

I c d ), A—taz
— 1 —
Fre(—te s+ )+

e )f =0, (8.85)

its parameters are determined by the formulas

t=-2B, c¢=24+3, d=-1,

5 5 (8.86)
—A=2AB+3B+ A—2a“°, —ta=2BA+2B —2a".
For parameter a we readily obtain expression
a? a?
S B/, prr S 8.87
a + 5 = TVt -4 (8.87)

Solutions for f(z) may be constructed in the form of a power series f(z) = Y ;o dz" with
3-term recurrent relations;

cdi+MXdyg =0, k=1,2,3,..., t(k‘—l—l—a)dk_l
k(e —1+t+d+c)+ ] dp+ (k+1) (k+c) depr = 0. (8.88)
The recurrent relation (8.88) may be re-written differently

k=1,2,...  Ppdp — (Qr + A) diy1 + Ry diy2 =0,

Po=t(k—1+a), Qu=k(k—1+t+d+c), Ri=(k+1)(k+oc), (8.:89)

it is equivalent to

1
k2

drt1 1 dp42 di41
~R
B R e dy

1
Pk_ﬁ(Qk-i-)\) =0;
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whence in the limit £ — oo it follows the simple algebraic equation

d
= lim k+2:r, —r+rP=0 = r=0,1.

According to Poincaré—Perron method, we conclude that convergence radius is Reony =
1, 00. Behaviour of solutions near the point z = 1 is determined by the formula ®y ~
(z—1)P,p=0,2.

Imposing restriction P, = 0, we get the class of the transcendental confluent Heun
functions

P.=0 —a=k—1=n, n=0,1,23.... (8.90)

The constraint (8.90) gives the following quantisation rule

a? E?
/1 2 — .
n + A @ 1-FE2’

whence it follows the formula for energies

1

E=—Kf82——, N=n++ji+1)+1-a% 8.91

o Vil +1) (8.91)

It should be emphasised that the last formula does not coincides with the previously
derived formula for energies (8.71):

1 1 1
F=—— N:n++\/"—|—1 + - —a? 8.92
1+ a2/N? g TYIUF DY (8.92)

This means that the 2nd-order equation for ® describes the class of bound states different
from the class of states determined by the 2nd-order equation for ¢; (and the equation for
©2). This statement is valid even if both of these classes do not represent genuine spectra.
As said above, by general physical grounds, we should expect existence of two series of
bound states with parity P = (—1)7, determined by six egs. (8.37).

We may note that two variables ®g(z) and ¢1(z) relate to each other by a simple
multiplier

o+ Ex

(I)()(l‘) =2v m ®1

(z). (8.93)
If one substitutes the last expression for ®( into eq. (8.78) for @, the one will derive for
¢1(z) an equation different from the above known eq. (8.45). Indeed, starting with the
relationships

zF + «
o(z) = f(z)p1(z), fz) = 207 1 22
and from eq. (8.78) for @
d? 3 E d 2FBa  a? — 202
Lo (2= Iy o }b ~0 8.94
[dw2+(x Eac+a)dx+ + x + 72 0 ( )
we obtain the following equation for ¢q:
,,+<§_ E n 2F _ 4x ),
1 r Erxr+a FEx+oa 202+22 1
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N [( E 2 )2 B E? B 2 N 422
Ex+a 2024 2?2 (Bx 4+ )2 22422 (202 4 22)?
3 E E 2z 9 2EBa o?— 202
2 - JOR e 7] = 0. 8.95
+(:c E:c—‘,—oz)(Ea:—i—a 2u2+x2)+ + T + 72 b1 ( )

This equation for ¢ does not coincides with previously studied one (8.46). This means that

classes of solutions determined by eqs. (8.46) and (8.95) for variable ¢ (z) are different.
Let us perform numerical study of the corresponding energy spectrum egbz ; The formula

(8.91) gives the following values for energies at j = 1, n =0, 20:

n = 0,0.999991120,

n = 1,0.999996430, n = 11,0.999999835,
n = 2,0.999998087, n = 12,0.999999858,
n = 3,0.999998810, n = 13,0.999999877,
n = 4,0.999999189, n = 14,0.999999892,
n = 5,0.999999412, n = 15,0.999999904, (8.96)
n = 6,0.999999554, n = 16,0.999999915,
n = 17,0.999999650, n = 17,0.999999924,
n = 8,0.999999718, n = 18,0.999999931,
n = 9,0.999999768, n = 19,0.999999938,

n = 10,0.999999806, n = 20,0.999999943.

This set may be illustrated by Fig. 8.6.
It is helpful to compare two series of energy levels:

Ap =6t — €1 (8.97)

n,j=1’
we readily obtain the values for A,,:

—3.091-107%, —1.047-1076, —4.75-1077, —2.55-1077, —1.52-1077,

—-9.8.1078, —6.7-1078, —-48-107% —-35.107%  —2.7-1078,
—2.1-1078, —1.6-1078, -1.3-1078, —-1.1-10"%, —9.-107°,
—7.-1079, —6.-107Y, —5.-107Y, —5.-1079, —4.-1079

which is illustrated by Fig. 8.9. For completeness, let us detail the third spectrum 652,
related to the states with parity P = (—1)7*! and described in terms of hypergeometric

functions

1 1 1
E=———" N=n+-+4/(+2)—a? 8.98
1+ a?/N? p Tyt (8.98)

this formula gives the following values for energy at j =1, n =0, 20:

n=0, 0.999993340,

n=1, 0.999997040, n = 11,0.999999842,
n=2 0.999998335,  n = 12,0.999999864,
n=3, 0.999998034, n = 13,0.999999881,
n=4, 0.999999260, n = 14,0.999999895,
n=>5, 0.999999456,  n = 15,0.999999907, (8.99)
n=6, 0.999999583,  n = 16,0.999999917,
n="7 0.999999671, n = 17,0.999999926,
n=38, 0.999999733,  n = 18,0.999999933,
n=09, 0.999999779,  n = 19,0.999999939,
n =10, 0.999999815,  n = 20,0.999999945.
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which is illustrated in Fig. 8.10. Let us compare the series of energy levels:

A — W 3)

n — ETLJ 1 6n,j:17
we readily get for A,:
—3.700-107%, —1.295-10"%, —5.99.10"7, —3.26-10"7, —1.96-10"",

-1.27-1077, —8.7-1078, —6.28-10"%, —4.6-10"%, —3.5-1078,
—2.7-1078, —2.2-1078, -1.8-1078, —1.4-107%, —1.2-1078,
—1.-1078, —8.-1079, —7.-1079, —6.-1079, —5.-1079,

which is illustrated in Fig. 8.11.

|
8.9 Fourth-order equations, the first method

Let us turn again to six equations (it is convenient to numerate them):

1) +i(e—|— g)EQ — 22 H, — M®,y =0,
T r

2) —i(e+3)q>1+5q>0—ME1:0,
T
d v
3) (CT+ )E2—|—2 By + M®, =0,
T T
p (8.100)
4) +i(e+—)E1—|—z( + )H1 M®; =0,
T dr r
d
5) i(+3)q>2+dq>0+ME2_o
T
sd 1
6) z(——i—f)(I)l—i-zf(I)g—i-MHl:O
T T

Equations 2) and 4):

d

—i(e+%) <I>1+%<I>07ME1:0, +i(e+%> E1+i(%+%)H1—M<I>1:o

permit us to express ®; and E; through ®¢ and H;:

(er+a) dH Mvr
Ei = H P
! (M2762)7“2720467‘70t2< d + 1)+(M2—62)7'2—2a6’l“—012 0 (8101)
_ iMr dHy w (er + )
(Dl_(M2—62)7”2—20éE1"—a2( dr +H1) (M2—62)7‘2—20167”—a2q)0'
Similarly, egs. 1) and 5):
d
File+ 2)By = 22 Hy = M®y =0, i (e+2) g+ @9 + MEy =0
r r r dr
permit to express @, and Fs through ®¢ and Hi:
B — r2M d®g 2v(er+ a) I
N —e2)r2 —2qer—a? dr —e2)r2 —2aer—a ’
2 M2 — )12 _ 92 2 4 M2 — )12 _ 2 2 1 (8.102)
ir(er + ) d®g 2irMv '

Dy = — H,.

M?2r2 — €292 —2aqer —a? dr M?2r2 — 292 —2qer — a2
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If in eqs. 3) and 6):
d 2 d 1
(—+—)E2+23E1+M<I>0:O, i(f+f)q>1+i5q>2+MH1=0
dr r r dr r T

one excludes with the help of derived relations (8.101) and (8.102) the variables @4, E, ®5,
and FE5, then one obtains equations which contain only the variables &y and H;:

d*® aeM
2 0
—r M d’r‘2 +[_2MT+2m
n Ma2 n MOé2 i|d(b0
(Mr—er—a)(M—¢) (Mr4+er+a)(M+e¢)l dr
—|—M[(M2—62)r2—2a6r+2u2—a2](I>0—|-
2vMa 2av 2vMa
_ - H,=0
[ (e—M)r+a r +(M—|—e)r—|—oj ! ’
(8.103)
d’H, aeM
2
M [ 22 g
n Mao? n Mao? }dHl
(Mr—er—a)(M—¢) (Mr+er+a)(M+e)l dr
Mo Mo
M M2_ 2 2_2 2 2 2 _ H
HM (8 =) 20t 20 NG9 —a (M+e)r+oj
vMa av vMa
- — 4+ ———————— 1 $; = 0. 8.104
+{ (e—M)r+a r +(M+e)r+oj 0 ( )

Whence it follows a 4th-order equation for ®g:

d*®, [ —AM?*r —4er —4ae 14}d3<1>0
drt M?2r2 + €292 + 2aer + r 1 dr3

202 — 412452 (—28M2+44¢€ 36re (M2 + €
TS VNP N L +( ) a+36re ( <)

r2 a(M?2+e)r2+2aer+a?)
_3 M?3a? n 402e — 366} d?®,
(M2 4 €2)r2 + 2aer + a?)’ ar dr?
e(5a®+207—16) 10a% 2002 +48
+4 . + -
ar r
1

+(M27“2 +e2r2+2aer +a?)a?

x[8 M*a?r — 8 M*1V?r + 8 M?a2e%r + 8 *v?r + 8 M?ale — 24 M2aev? + 8a v+
+60 M — 40 M?e®r — 100 €*r + 184 M?ave — 136 o €]
24 M*r 4+ 16 M2e®r — 8 ¢*r + 56 M%a e — Sa e
(M2r2 + 212+ 2acer + a?)?
+—18M2042 +8M?12 +10a2%e® — 8€?v? — 60 M? + 100 €27 dd

—— + Big[M* —2M?¢ + ¢
ra? dr
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+—4 (@?+8) (e— M) (M+e)v?+ (—2a* — 44a?) M? + 6€%a? (a® +2)

202
+4u4+(—4a2—20)y2+a4+6a2 a?v? 46(a4—2a2u2+5a2+6u2)
rt rO M2 ria
1

+oz3((M2 +e)r2 +2aer+a?)

X[+ (32 M* — 48 M?e*) o® — 40 e M?r (M? + €) o®
—480% (€' =5 M?e* +2/3M*) a — 40 erv? (=3 M? + €2) (M? + €%)]
39 (1/2M2a® +3/2 (2 — 1/3 M?) v2a + erv? (M? + €2)) M?
a (M2 +e)r2+2aer + a?)?

e (M2a* — a’e? — 10 M?a? 4 30 M?v? — 10 €21?)
4 . }@0 —0; (8.105)
T

two singular points 0, 0o belong to physical region of the variable 7:

Q @ 0
- - ,  oo.
e+iM’ e—iM’

Similarly, we derive a 4th-order equation for Hi:

d*H, [ —4AM?*r —4e*r —4ae +14}d3H1
drt M?2r2 4 €272 + 2aer + r

dr3
M2? 20? — 412 4 52
-2 e - Mo L S e
(M?2+€e2)r2+2aer+ a?) r
(—28 M? +44€%) o+ 361e (M? +€?)  4a?e— 366] d*H,
a(M2+e?)r24+2aer+a?) ar dr?

[24M47‘+16M2627’—8€4T+56M2OL€—8OL€3
(M27‘2—|—€27‘2+2016T+042)2

e (5a?2+212—-18 1002 — 202 + 52
+4( e )+

3
1

_|_(M2r2 +e2r2+2aer+a?)a?

x[8 M*a®r — 8 M*w?r + 8 M2a2e*r + 8 v?r + 8 M2ale — 24 MPavev? + 8ae®v?
+64 M — 48 M?e?r — 112 €*r + 200 M2 e — 152 a €]
+—18M2a2—|—8M21/2+100¢262—8621/2—64M2—|—11262
ra?
+|:M4—2M262+64+ 1 .
« (M2r2—|—(er+oz)2)
(3202 —24)re — 16 % + 160° + 8a) M*
+32¢€” (r(v® —1/2)e + a (3/2v* — 3/2)) M? +8re® + 8 ave’]

+—4 (@®+8)(e— M) (M +e)v*+ (—2a* —44a* —16) M2 + 6€* (a* + 202 + 8)

r2a?

%
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+4e(a472a21/2+5a2+6’u276)_ a?v? 1
r3a M2 (M?r2 4+ e2r2+2aer+a?)ad
x[(—400° +80) re® + (—481v% + 112) ae* + 80 (v* — 1/2a%) rM>e®
+240 (v* —1/50% — 4/5) a M?* +120 (v* —1/3a® —2/3) rM"e
N vt + (—40? —20)4u2+a4+6a2+8
r

-32a (V¥ —a® —1/2) M*]

e ((-1/10a* =312 + a? +2) M? + € (1/10 a* 4+ v* — 2))
rasd

+40 }Hl —0, (8.106)

it has the same structure of singular points:

a @
e+iM’ e—iM’

0, oo.

8.10 Fourth-order equations, the second method
Equations 1) and 6) in (8.100):
d 1
vile+ DBy — 22 H, — M®y =0, i(— n f)@l %@y + MH, =0
r r dr r r

permit to express the functions Hy, @5 through the functions Fy, ®1:

iMr d®q (er+ a)v
H :—7< —_— (I)) )
! M2+ 2.2\ ar T JrM27"2—&—2y2 2
2v dd, i(er +a)Mr
d :—7( — q)) ——— = E. 1
S v I DA ) R VT el (8.107)

Similarly, egs. 2) and 3) in eq. (8.100):

a
dr
permit to express the functions ®q, F4 through Eo, ®q:

2
—i (e+9) o, + oy — ME, =0, ( +7)E2+25E1+M<I>0:0,
T T T T

v dEs i(er+a)Mr
E:fi(— 2E>77<I>,
! M2+ 22\ ar ek M2r2 +2,2
Mr dEs 2i(er+a)v
b= M (B ) Rty ;
=Tz a2\ g TP T e, ™ (8.108)

Excluding from egs. 4) and 5)

d 1 d
+i <e+9) E +i(—+7>H1 — M®, =0, i(e+9) By + LBy + ME, =0,

r dr r r dr

the variables Hy, ®5 and ®q, F1, we obtain two equations which contain only the variables

E2 and (I>1:
d?®,
2
Mr s

4 Mv>r d®,

2M 7>—

+( T+M27"2+2V2 dr
4 Mv?

v )(1)1

(- M MR 2 Macr 4 Ma? 20t 4
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, 2iv (M?ar —2ev?)  iva
t(2ive- T Ea g ) B2 =0, (8.109)
dzﬁb 4A4V2T dEb
My? (2Mr+ )52
e T Ee )

8 M2 )
2

+(_M3r2+M62T2+2MOz€T+Ma2_2MV2_2M+m E

. 44y (MQOH"—QGUQ) 2iva
t(piver a0 =0. (8.110)
We readily find a 4th-order equation for ®;:
d*®, N [_ 12 M?r (er + ) E} d3®,
drt 2M2er3 +3M32ar2+2av?  rl drd

18 M?a (M?ar? —dev’r —2av?)
(2 M2er3 + 3 M2ar? +2a1?)’
7 6 M2 (lder +17a) 2a2741/2+54+4ae}d2<1>1
2M?er3 +3M?ar? +2av? r2 r 1 dr?
72 M?« (3M2€7"2+5M2a7"—461/2)
[ (2 M2er3 4+ 3 M2ar? + 2av?)?
6 (—2ev* + (3ea® + (2M°r + 3€r) a + € (M?r? + r’e® + 10)) v° — (er + 3/2a) r (o® +23) M?) M?
v2 (r2 (er + 3/2a) M2 + av?)

+[-2MP+2e 4

+10a2 — 2002 + 60 | Mae (60 =20 —138) M? + 14%0° | ddy
r3 r2 v2r dr
M2z et - 18 217 = (1/4 M4a2r?
(r2(er+3/2a) M2 + av?)

+ (—a* —4raPe+ (—9/4r%¢* + 3/21° — 3) o
+ 3re (¥ —5/3) a+ (202 —2) %) M? + €v2a (er + 5/2a))
_2a2y2 _ 18M?
rSM2 V2 (r2(er 4+ 3/2a) M? + av?)
+57 (1> = 7/5) ea+8/3e*r* (v —1) (v + 1)) M* + €1 a (er +5/2))
+41/4+ (—4a% —16) > + ot +4a% + 12 | dac (0? =202 +6)

ra 3

1102
T” —9/2)a?

a((_3/2 ot —Trade 4+ (—4r?é® +

N (4v* 4+ (—20® + 14) V2 — 180 — 54) M? — 4 (v — 3/2a* — 11/2) V2

v2r2

4 (((—oz2 + 12) V2 —18a? — 12) M? + a2621/2) €
+ }@1

rvla

=0, (8.111)

and a 4th-order equation for function Es:

d*Ey [14 12 M?7 (re + ) ] d®Ey
dr r 2 M2r3e +3M?2r2a + 212 dr3
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+[_2M2+2€2+4g+18M204 (M27’2a—41/21"e—21/22a)
r (2 M2r3e + 3 M?r2a + 212%a)
+741/2+2042+54 (—8471e — 102 ) M? }dQEQ
72 (2er3 +3ar?) M2 +2v2al dr?
+[(—21/2—6042—144)M2+14V262 72M%a (3 M?r?e + 5 M?ar —dev?)
vir (2 M2r3e + 3 M2r2a + 2120)°
+—20V2—|—10052—|-60+24604 12 M?
r3 r2 202 M2r3e + 3 M?r2v2a + 2 v«
x(e((V? —a? = 24)M? + 2)r? +2((v? — 3/40® — 18)M? + 3/21%%)ar
dEs
2¢(? —3/2a% — 5 2}—
(7 ~3/20> — 57| T
—&—{M‘L o M2 4 21202 e (((e? —12) 12 + 1802 + 12) M? — 12a?%e?)
r6 M2 rvla
_9 M? (M*r?a® + (—4a* — 1670’ + (—97r°€” + 6% — 16) o
2 (r2(re+3/2a) M2 + v2a)?

8 2-1/2a% -3
+127¢ (V¥ —2) a + (8v° = 8) €r®) M? + 4a v’ (re + 5/2a)) — ca (v 1"3/ a )
(4M2—4€2)l/4—|—((—2a2+14)M2+6a262—|—22€2)1/2—18M2 (a2—|—4)

+ 1272
48 M*> 9 , 21 9o 11 4 9
- A e —3/2 =2 —9/4
a(r?(re+3/2a) M? + v2a) v? (( 16 8Ta6+ [2r +16V /1)

15
—|—§ (v —8/5) era+r2e (v —1) (1/—|—1)> M? 4 3/8 aé?v? (re—|—5/2a)>
44+ (402 —16) 2 + ot +4a? + 12
+ ( 14 }EQ —0=0. (8.112)

These equations have identical singular points:

f’/fa (M2a2 — 220V M2a2 + 262u2e+4621/2) M
Me

DN | =

«

1 Ma? 1
*3 2 ¢’
e{’/fa (MQOtQ*2\/§V\/M2042+262V2€+4€21/2)M €

| {/~a (M202 — 2v/20 VMPa? + 232 + 4e0%) M

4 Me
1 Mao? 1
Yoo (M2 —2vo VAT 2R+ ae2) M 2 €

Z\[ 1 i/—oz (M2a2—2\/§V\/M2a2+2621/26—|—462y2)M
_2v3l =
2 2 Me




198 Particle with spin 1 in the Coulomb field
1 Ma?
2 € f’/—a (M2a2 — 220/ M2a2 + 2€2V26+4621/2) M

1 f’/—a (M2a2—2\/§V\/M2a2+2621/26—|—462V2)M
4 Me
Ma? 1 o

463 —a (M2a2—2\/§V\/M2a2+262V2e—|—462u2)M 2 ¢
i/—oz (M2a2 — 22V M?2a2 + 2€2V26—|—4621/2) M

) 1
332 e
1 Ma?
-3 @ , (8.113)
e {/—a (M202 — 230 VAPa? + 2% + 4 e22) M
and the points r = 0, oo.
8.11 Further study of six equations
Let us turn back to the system of six equations for states with parity P = (—1)7:
+i(e + 9)E2 — 2% H, — M®, =0,
T r
_i(€+ g) @1 + E(b() — ME1 = 0,
T
d
(% + )E2 + 2ZE1 + M®y =0,
N d (8.114)
tile+2) Ervi(5+ )H1 M®; =0,
r dr ' r
d
z( ><I>2+d<I>O+ME2—0
d ‘
i(5+ 7)q>1 4 io®y+ MH; = 0.
dr r r

The physical dimensions of the involved quantities are

me 1 1 E 1 e2 1
no o M Che 97D TR T Im
It is convenient to apply the dimensionless form of equations by taking the Compton wave
length A as a unit for the length and the rest energy of a particle as a unit for energy. In
this way we obtain
rM =z, ¢/M = FE/mc® = e,
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i(e—i— g)E2 —2iYH, —®, =0,
x x

—i(6+ g)<I>1 + %0, —E =0,
X X

d 2
(% + *)Eg + 2§E1 + &y =0,
o (8.115)
b+ )E (4 DY 0y,
x r
d
i e+g><1>2+—(1>0+E2 —0,
x
d 1
( +;)(I)1+Z*(I>2+H1—O
With the substitutions
1 1 1
(I)l = —¥1, E2 - 72627 Hl == 7h17
x x x
the system reduces to a more simple form
1 1
<I>2:i<e+ g)jer%%hl, Elz—i<e+g>7<p1+z@o;
x/x x x/x x
d d
— ey = —2xEy — 2Py, —hy = 7<me + a) FEy — iy, (8.116)
dx dx
d d

1 )
%(I)Q = 7@(6 -+ )(DQ — ?62, @4,01 = 7V‘b2 +’Lh1 .

With the help of two first (non-differential) equations, we exclude the functions ®o, Ey:

d
—ey = 221/(6 + )(pl - (2V2 + w2)<I>0,
dx T

4 N . (8.117)
—h :—‘ri[(e—‘rf) —1}(,01—V<€+7>(I)0 ;
dz x x
d iv a v?
T = e+ S)erti( S +1) .
d 1 a2 2v a (8.118)
e (e 2 e
We use the following notations:
2 _ .2
a:2iy€x+a7 c:—(2y2+x2)7 d:lw’ b:_w7
x x x
v(er + «) (202 + 2?) (ex + a)? — 2? 2v(ex + «)
A=cim—g— O=Hi—, D=, B=———,

ab—cd=1ip(x), AB—-CD= —ilg . plz) = (€ — 1)a? + 2aex — (207 — o?);

also we re-designate the functions:

e2=f1, hi=/fs o1=1[f3, Po=/s. (8.119)
Then the system under consideration reads

d d
—fi=afs+cfs, ——fo=df3s+bfs;
dx dx
(8.120)

d d
—f3=Af+Cfa, —fa=Dfi+Bfs.
dx dx
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Note that two excluded functions (see eq. (8.74)) are determined in these notations as
follows

. ay 1 2iv . ay 1 v
‘I’Q =Z<€+*) 72,]01 —ng, E1 = —1 (64—*) *f3—‘r*f4. (8121)
xr/ X X xr/ X X

Above, with the use of the Lorentz condition, it was derived the simple constraint Fy =
0 (f1 = 0). Let us apply the same constraint again, and also extend such an approach by
imposing similar constraints on other functions.

I. Let fi(z) = 0, then from the system (8.120) by taking into account the restriction
f1 =0, we obtain equations

ifgchm dif4:Bf2; (8.122)
x

d
afs+cfs =0, dfs+bfs=—f2;
dx dzr

thereby we examine projection of the solution — curve {fi(x),..., fa(xz)} — on the plane

{0, fa, f3, f3} in 4-space
Considering two first equations in eq. (8.122) as a linear system with respect to f3 and

Jfa; we get

—c d a d

D T aa (8.123)

f3=

Substituting these formulas into two remaining equations in eq. (8.122), we obtain two
different 2nd-order equations for the variable fs:

d I d 2v2+2% d 202 +227 ;

dr ab— cd cd dr f2 L [das p(z) dx + x? }fz 0 (8.124)
d a d 4 i1 dex+ad (ex+a)], i

4 Do _gelt —0. 12
dr ab — cd dr f2 [dm zp(x) do 23 ] 2 0 (8.125)

Thus, the system (8.122), describing the projection of the whole solution {fi, ..., f4} on
the plane f; = 0, may be solved on the basis of two main functions f{ and fI! - these obey
different 2nd-order equations, which lead to the different non-zero remaining functions f3
and fy.

In other words, the projection of the whole solution — the curve {f;(z)} on the plane
f1 = 0 consists of the parts (branches), related respectively to the functions f{ and f{’. In
fact, the concept of projection is determined by definition, which allows us to get additional
information about the needed entire solutions { f;(x)}.

II. Let fa(x) = 0, then we get the equations

afs+cfi=—fi, 0=dfs+bfs, ——fs=Af, ——fi=Df, (8.126)
dx dx dr
which lead to
b —d d d d
fa= cddxfl, fo= oo hy fs=Af, ——fi=Dfi. (8.127)
Therefore, we derive two equations for f(z):
d b d I d(ex4+a)d  (ex4+a)] 7 _
dx ab — cd dx fl Al = dr zp(r) dr e fi=0; (8.128)



Further study of six equations

d (ex+a)?—2>d (ex+a)—

I2

d —d 11 I
G Il _ p @ @
dx ab — cd dx fl h dx 22p(x) dz + 4

III. Let f3(z) = 0, then we get equations

dz
which result in
-C A d
W= a5 b’ B = ape apa g = g
so we obtain two equations for fy:
d -C d
wAB—cDat i
d (2v% +2?)2% d I
J— _ 2 = N
d A d .1 _
dz AB—CD dx ohi!
d(ez+a)z d  (ez+a 11 _
de  p(x) dz x o
IV. Let f4(z) = 0, then we have the equations
d d d
Afv+Cfa=—f3, Di+Bf2 =0, ——fi =afs, 5 f
dr dz dr
these yield
B —-D
= amenats = a5 ep i i =
so we derive two equations for f3(x):
d B d
G AB—cDa’ =
[i 2v(ez + o)z d 2u(ex—|—a}fl _o
de  p(z) do x 3 '
d -D d
dz AB — CD dx df
d (ex + a)? — 22 (ex—l—a) A
{dx p(x) - x? ]f3 =0

fi=o.

d d
—f1 = cfa, %fzzbfzx, Afi+Cfa =0, Dfi+Bfs=

d
%fllv

bf47

= dfs;

f2

dfs,
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(8.129)

(8.130)

(8.131)

(8.132)

(8.133)

(8.134)

(8.135)

Let us write down the explicit form of all the derived 2nd-order differential equations

and fix their singular points. Recall that

p(z) = (€ — 1)z? + 2eax — (207 — a®) = (2 — 1)(z — x1)(z — 2),

€£+/202€2 — (202 — a?)
1—e? ’

1,2 =

these roots are complex-valued in the case of bound states: 0 < e < 1.
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For the case of projection f; = 0, we have the equation

[C?T; + (Jc2 —2|—x2u2 B p/)ddx ]fQ =0,

with the singular points 1, x2, 234 = iV2v2, 0, 0o[y); and the equation

d? € L pNd P71,
= B A . AT
{dx2+(ea?+a T p)dw+x2} 2 ’

with the singular points z1, x2, 7 = —%, 0, oo
For the case of projection fo = 0, we have the equation

e+ (- B0

dx? ext+a x dx

with singular points x1, 22,27 = —<

[0
€’

0, oop; and the equation

[dz (2(ex+a)e—2x 2 p’)d+p] 1y
da? (ex +a)2—a22 =z dx e
9 9 o @
(ex +a)* — =z Z5.6 i1l ¢
and the singular points x1, 2, rs5, s, 0, 00[y.
For projection f3 = 0, we have equation
{dz ( 2z 2 p’)d p}fl—o
dx? W2+ pldr 2217° ’

with singular points 1,29, 234 = £iv212, 0, copy); and equation

d? € I A p I7
=+ +--B) 2+ Ll =0
[ dx? ex+a oz plde 22174 ’
with singular points x1, x2, z7 = =<, 0, 00[g.
For projection fy = 0, we have equation

[+ (e - B

dz? ex+a x pldx

with singular points x1, x2, 5 = —%, 0, 00[g}; and equation

ex + a)? — x?

dx

with singular points x1,x2, x5, xs, 0, 00[g.
In short, results may be presented as follows:

I, Ey=0& f1=0, f3. 13" e H{, H{;
IIa Hl :0<:>f2 207 flI7 III <:>E117E1117
IIIv Y3 :O@fi’) :Oa f4[7 A{I <:>(I)67®{)17

I‘/a Q)OZO@JCAL:O’ f3[> 311<:><)0{790{I'

(8.136)

(8.137)

(8.138)

(8.139)

(8.140)

(8.141)

(8.142)

(8.143)

(8.144)
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8.12 The 4th-order differential equations
We start again with the system

d d
—f1 =afs+cfs, —fo = df3 + bfy,
dx dx

d d (8.145)
—fs=Af[+Cf, —fa=Dfi+ Bfs.
dx dx
This is equivalent to the following
= Bf; — Cfi fo = —Dfs+Af}
'"AB-CD’ * AB-CD (8.146)
f _bf1 cfs f :*df{JFafé
3 ab—cd = ab—cd
First, we exclude the functions f3 and fy:
s B dbfi-cfy € d —dftafs
""" (AB-CD) dz ab—cd (AB—-CD) dz ab—cd '
f D d bff —ecf} A d —dfi +af}
2= =

(AB—CD) de ab—cd ' (AB—CD) dxr ab—cd

By taking into account expressions for a(x), ..., D(x), the last equations get the following
form

d? d d
(Ko@) Tt (o)t o)) o= T2
dx dx dx’
5 (8.147)
[Lafa) g + L)+ Lo(a)] fo = 1
2(%) o3 1) o= 0 2= U
where the notations are used
1 —z%e? — 2zt e+ 20223 + 25 — 2302
Ky(z) = 5 3 2 2 ’
2 r(2ex® +3ax?+2a1v?)v
1e2-1 322 — 226 —exa+ 202 1«
Kl(z) =3 ( ) s )

1 a
2 ev +§ ev (2ex® +3ax?+2a1?) +2x1/

( —l)x +2cza—212 +a)2
4 v(exd3+3/2ax?+ av?)

)

(%€ + 22%ae — 2° + 2%a? — 20223 o

(2 + 222+ 2exa+a)va

L2 (.’L‘) =

2exar? +2x3%ca+ 22%a? + 212 Q)x
(22 + 222+ 2exa+a?)va

Ll(ﬂﬁ) = (

Lo(x) = ((62—1)x2+26ma—2u2+a2)2x2
o\E) = v (22 + 222+ 2exa+a?)a '

Let us exclude the function fo from the eq. (8.147):

5o) = [ (Kolo) + K 5 + Kolw)
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2

(Lgdd + I )(Kadig +K1dd +K0)f1+Lo/d$<K2dd2 +K1dd + Ko) f1 = 0.

The second relation should be divided by Lo(z) and the result be differentiated; in this way,
we obtain a 4th-order equation for fi(x):

{ddx(ézdci-i-%)(l( dd2 +K1dd +K0)+(K2dcf2+[(1dd +K0)}f1(ag):

Similarly, we obtain a 4th-order equation for f:

d (Ko d K, &2 d & d
s L L L L L L -
{dm (Kodx+Ko)< 2 Tt °> <2d:132+ 1gp Tho) g f2(@) =0

Now, we shall exclude the functions f; and f> from the equations

= Bfy—Cf; b= —Dfs+ Af} b= bf1 cfs b= —df] +afy
' AB—cD’ ’'*” AB-cD’ " ab—cd’ ab—cd ’
this results in
P b d Bfs-Cfy ¢ d-Dfi+Af;
3" ab—cddr AB—-CD ab—cddx AB—CD ’
d d Bfy—Cf) a d —Df}+ Af]
fa=— + :

ab—cd dr AB—CD ' ab—cd dx AB—CD

Taking into account the expressions for a(x), ..., D(x), we reduce the last equations to the
form

2
[Poa) L 4 Pia )di+Po<x>]f3 -4
p i (8.148)
(@) 4 Qi)+ Q)] o = 22,

where the following notations are used

P( )_ iz? (2u2—e2x2—2exa—a2+m2)
2= v (2z3¢ + 2120+ 322a) ’
2iv (exa+ a? + 222
Py(x) = ( )

z(2a%e+ 212+ 322%a)’

—1 ((62 — 1) x2+2exa—2u2+a2)2
2vexd +3vax?+ 213

1 iz (202 — 222 — 2z — o + 22

QQ(l‘):f ( )a

2 va (2exa+ 2?2+ €222+ a?)

Po(.'lf) =

)

x(21/2x —v2a? —v2eza — 2t — 22202 +x4—3x36a)

Qi) =" ,

va (2exa+ 2?2 + 222 4+ o?)

Qole) = -1/2i (( = 1) 2? + 2 exa — 207 +a2)2x2
o\t = va (z2 4 €222 + 2eva + a?) '
Acting in accordance with the above method, we may derive the 4th-order equations for
the functions f3, f4. It turns out that equations for f; and f3 have the same set of singular

points (three regular and two irregular):

(2ex® + 3aa® + 2v°a) = 2e(x — 21)(z — z2)(x — 23), & = Oy}, T = 0O ; (8.149)
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- 12z (ex + ) 6} »
h [ 2ex3 + 2120 + 3ax? + T h
n [ o492 18« (21/2a + e’z — ocx2) 6 + 202 — 402 —30c — 12¢ex 4504] P
(2ex3 + 202 + 3ax?)? x? 2ex3 + 212 + 3ax2 !
720z (ex + ) Seav  —4v® +2a® 612 — 60 — 12 4+ 66212
[(269[:3 + 2020 + 3aw2)2 22 3 + T2

+241/4e — 36ea?v? — 24z’ a + 1803z — 36axe®v? + 36ax — 1222026 + 242%c — 122%a? + 12x26a2] f

(2ex® + 2020 + 3ax?) V2 !
192 4+ & —60% + 66212 + 6620’? 4 612 — 42t + 4t — 2027 dea (207 — o)
+ [ —2¢ +e + 22,2 — o

+—18 20212 4+ 18a* — 180212 — 84aexr? + 1200 ex — 120 z1? — 4822212 + T22% €0’
(26333 + 2v2a + 3azx?) via
72a — 180€%a1? — 1080212 — T2aedx1? — 216cexv? + 288aex — 144x%?V? + 162120 — 1822
(2ex3 + 2,120 + 3ax?)?

—40? + ot + t — 4022 2022 L 4e (—9042 202 + 602 + 202 2)

_ = .1
* xt 6 azlx%c ] =0, (8:150)
P [ B 12z (ex + ) E] L
3 2z3€ + 3az? + 202 | x 17
N [262 _a4 202 — 4% + 24 — 66 — 48¢x B 18« (21/2o¢ +4zvie— aa:Q) 40é€:| U
2 2x3€ + 3ax? + 212« (2z3€ + 3ax? + 2v2a)? °

16 12 + 602 — 1202 T2a (261/2 — 3ax — 263:2)
+[ 2+ 3 - 2
z z (223€ + 3ax? + 2v2a)
Jr2461/4 — 36ea®v? — 24e1? + 1803z — 24axv? — 36axe’? + 162ax — 1222023 + 108ex? + 1222%ea? — 122%er/?
(223€ + 3ax? + 2v2a) V2
—54 — 60° + 207 + 106%1?
I o + 2v° 4+ 10e”v ]fé

T2

—12a2 + 126212 + 6€2a2? + 4t — 20207 — 4wte? + 1202
212
—54€20%1? — 420%0% + 360 — 132exa v? + 1860 ex — 24 zar?® — 7222212 + 1080212

+[7262+e4+1+

+ (223€¢ + 3ax? + 2v2a) V3«
4ove (—2 —a?+ 21/2) 20212
B 3 T g6
+72a — 180€2a*1? — 108a21? — 7263 xaw? — 216exar? + 2880’ ex + 1620%€®x? — 180z — 14422 €%1?

(223¢ + 3ax? + 2v2a)’

2¢ (—27a° — 2a°V% + 1817 + 26%a’V?) N —2a% —4a*V? — 4* + ot + 41/4}

=0. 8.151
azrv? o fs ( )

The equations for f; and f; have the same set of singular points
(1+eHa? +2car+a® =1+ (z —a5)(x —26), =0, x=o00; (8.152)

22 — 41% + 202
$2

f,,,/ [ —dea — Adxe® — Az
2

10 " 2
2exa + x2 + a? + 232 ?]fQ +[—2—|—25 4
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B 8a? 32e?a — 16 + 24xe® + 24ex n 46 (—6 + a2) ]
(2exa + 22 + a? + 222)? (2eza+ 2?2 + o 4+ 22?)
4e (20% — 6 + 302
+] ( 0 )
QT

f//
2

24ear — 83 — 8xe! + 8z
(2exa + x2 + a? + e2x2)?
—7263a + 823 a + 56ea + 8ea® — 24v%ear — 48x€* + 8xv?et — 32z + 8¢2ax — 8xv? + 162 + 8a’x
(2eza + 22 + a2 + €2x2?) a?

+8u2 — 81%€? — 16 + 48¢% — 1402 + 6620’

—120% + 8+ 627 ,,
a?r + 3 ot
4 2 241% 4 662a? + 6e2at — 24122 — 4%e20? — 3002 — 20t + 40212
Jr[e — 2"+ 1+ o

n 160 — 16a0? + 48ar?e? + 32exv? + 326312 B 20212
(2exa 4 22 + a? + 222)* o

26
n —40a% et — 4003€? + 192002 €2 + 240 — 24ar? — 3221%€° + 643 xv? — 3223 0® — 32ea’x + 96ex?
(2eza + 22 + ? + €222?) a®

+4e (—24u2 + 2at + 822 + 8a? — a4)

—8v? — 4 + ot + 1t
+ 4
T

odx

4de (2a21/2 —at -4 — 2a2)

— ]fz —0, (8.153)

d4f4 [ —4ea — dxe? — Ax

_11d%fs
14 1}
dx* 22 + a2 + 2eva + €222 + e dx3
N [252 5 8a? —41? + 202 + 52
(22 + a2 + 2eza + €2a2)? x?

44 — 28 + 36xe> + 36ex n 46 (042 — 9)
(22 4 a? + 2exa + €222?) a

[
ax dx?
n —8ea + 56ea — 8xet + 16xe? + 24z n 4e (—16 + 50 + 21/2)

(22 4 o2 + 2exa + 2x2)?

48 4+ 1002 — 2002
+ + a3 v
T
+81/2€3O£ — 13663 — 24ear® + 8a3e + 184ca — 100ze* + 8xv’e? — 40xe® 4+ 8a’xe? + 60z + 8ax — 8zv?
(22 4+ a? + 2exa + €222) o2

ar?

100€® — 60 4+ 100€* — 180 — 8€%v” + 8121 dfs

" - E2
o’x dx

_ 2 4 2 4 422
+[64_2€2+1+ 2007 4+ o~ + 6a” + 4v 4o v

LB4
+48a62y2 + 160 — 16 av? + 3263x1? + 32 212
(22 + a? + 2exa + €222)’ a
+32y2 — 4402 + 12026 + 4a%?

—20* — 4a2%?% — 326202 + 62t
1202

4e (—a4 —5a% — 612 + 2a2u2) 20212

ax? T g6
—48a% et — 4803 €? + 2400e®1? + 320 — 32ar? — 40z’ V? — 40z 0 + 80, 3x1? — 40z + 120ex/>

(22 4+ a? + 2exa + €222) o

de (=302 +10a® — a* + 102402 + 2t
LAel — crre )] L =0. (8.154)
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Any of four functions fi, f2, f3, and f; may be taken as a main one, and then all
remaining functions can be straightforwardly calculated.

For instance, let the function f; be the main one. Then we should apply eqgs. (8.146)
and (8.147):

joBE-Ch o ZDE+Af -, bfi-ch . —dfitaf;
'“AB—cCD’ * AB-CcD > " ab—cd’ * ab—cd ’

d2 d df2 d2 d dfl
K Ki— + K Lo .% 1
(Koos + Ki + Ko)fi = = (Laos + Li+ Lo)fa = (8.155)

From the fifth equation, we find f5; then from the third and fourth, we express f3 and fj.
If f5 is chosen as a main function, then from the sixth equation we express fi, and
further, from the third and fourth equations we obtain the functions f3 and fj.
If the main function is f3, the we use the equations

fi= M fo = M fy = bfi —cfs = M
'“AB—-cD’ '* AB—-cCcD ' 7 ab “ab—cd’ * ab—cd

d d df d? dfs
(Pos +Phi +P)fs=— Qo +Q1 —+Qo)fa="1" (8.156)

then from the firth equation we get f4, and then, from the first and second equations we
obtain the expressions for f; and fy. If the main function is f4, we get f3 from the sixth
equation, and after that from the first and second equations we find f; and fs.

From four independent solutions of any 4th-order equations, only two solutions may be
referred as independent series of bound states.

8.13 Conclusion

We have studied the system of six equations that describe the quantum states of a spin
1 particle with parity P = (—1)7 in an external Coulomb field. It is shown that, due to
the Lorentz condition, one of the radial functions must be equal to zero. Any of the five
remaining functions may be taken as a primary one. For such a primary function, we derive
two different 2nd-order differential equations. Their Frobenius solutions are constructed, and
the convergence of the involved power series is studied. As a quantisation rule, we apply so
called transcendency condition to Frobenius solutions. In this way, for both equations, we
have found different reasonable, from physical point of view, energy spectra.
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9

Geometrical modelling of the media
in electrodynamics

It is known that vacuum Maxwell equations being considered on the background
of any pseudo-Riemannian space-time may be interpreted as Maxwell equations
in Minkowski space but specified in some effective medium, in which constitutive
relations are determined by the metric of the curved space-time. In that context,
we will consider space-time models with an event horizon. All of them have the
same metric structure, we restrict ourselves to the spherically symmetric case and
consider de Sitter, anti de Sitter, and Schwarzschild models. Also, we will study
hyperbolic Lobachevsky and spherical Riemann models; parameterised coordinates
with spherical and cylindric symmetry. We will prove that in all examined cases,
effective tensors and of electric permittivity (e;;) and magnetic permeability (e;;)
obey the same condition: €;;(x) u;x(x) = ;. Simplicity of expressions for these
tensors €;;(z) and pjx(x) is misleading; for each curved space-time model, we are
to solve Maxwell equations separately and anew. We will construct these solutions
explicitly, applying Maxwell equations in spinor form.

9.1 Geometry and modelling the constitutive relations

It is known that vacuum Maxwell equations being considered on the background of any
pseudo-Riemannian space-time may be interpreted as Maxwell equations in Minkowski space
but specified in some effective medium, whose constitutive relations are determined by the
metric of the curved space-time [1-45]. A detailed treatment of such a possibility for quasi-
Cartesian coordinates was given in [46].

Let us start with Maxwell equation in the medium when using some curvilinear coordi-
nates (z%) and respective metric Go5(x). So we have

1
Oa Fgoy + 05 Fyo + 0y Fop =0, ﬁam/—aﬂaﬁ =Je, (9.1)
where G = det[Gop(x)] stands for a determinant of the metric tensor. We are to use
two electromagnetic tensors, F,s(x) and H*?(x), related to each other by means of some
constitutive equations.

Let us assume that a certain Riemannian space-time model is parameterised by formally
similar coordinates (z”) with respective metric gos(x). Maxwell vacuum equations in that
space-time have the form

1 .
Oafoy + O fya + Oyfap =0, = g/ —g P = jo, (9.2)

has(x) = cofap(@),  hP(x) = 0g™(2)9" () fpo (). (9-3)
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we have specified vacuum constitutive relations; note that g = det[gng(x)]. The second
equation in eq. (9.2) may be re-written as

13

1 V=9 160 _ a
= ﬁaﬁﬁﬁ hoe = jo. (9.4)

Let us define new variables

V=g
Fog(a) = fap(x), H**(2) = Y= h"*(x),
) - (9.5)
J(x) = Y——=j%=x),
@) = Y22 ()

then eq. (9.2) may be understood as Maxwell equations of the form (9.1) in flat space-time:

1 « (03
OaFpy +0sFy + 0, Fap =0, ﬁ Osv—GH B ; (9.6)

and relationship between two electromagnetic tensors is governed by the formula

HP () = e é];((?) 9°°(2)g% () Fop(). (9.7)

In that context, let us consider space-time models with event horizon (let the external
currents vanish); all of them have a metric of the same structure (we restrict ourselves to
spherically symmetric case; for definiteness; we take in mind de Sitter, anti de Sitter, and
Schwarzschild models)

dS? = pdt® —1?d0? — r* sin® 0dg® — ™ dr?, 08)
Minkowski space dSz = dt*> — r2df? — r%sin® 0d¢?® — dr?. '
Because the metric determinant of the models is the same, G(z) = g(z), effective constitu-
tive relations (9.8) become simpler:

HP(z) = 9 g*(2)g" (x) F,p (2). (9.9)

Taking into account the explicit form of the metric tensor (numerating coordinates as
follows z® = (t,0,¢,7)):

/o 0 0 0
0 —1/r? 0 0

Ba _

A 0  —1/r2sin?0 0 |’ (9.10)
0 0 0 —p

we get constitutive relations modified by Riemannian metric
H% = ¢,g" ¢’ Fy;
1 € 1 €
H' = — (—%, F01) H? == (- Fp ), H®=—¢Fy,
%) r %) r2sin” 0
HY = eog" " Fy

H23 — _ % g . HY = (iOF )7 g2 (9 . )
(p<r2sin20 2 ACTREE risintg
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The last formulas may be re-written differently

De—lﬁo%’ D¢:l€0 E¢2 , D"=¢kFE,;
r2 © r2sin6 9.11)
HY — 1By H® — 1B Hrfi Br . '
1o r2sin’ 0’ po 2’ Lo r4sin* @’

were we have used identity ¢ = 1/¢yuo and definitions for two tensors

0 -E' -—-E?> -PE° 0 -D! —D? -D3

(Fy) = E' 0  —cB® +cB? (H) — D! 0 —H3/c +H?/c

@ E? +4¢B> 0  —cB' |’ D?* +H3/c 0 —H'/c
E3 —c¢B? +c¢B' 0 D* —H?%*/c +H'Jc 0

The constitutive relations (9.11) can be presented with the help of electric permittivity and
magnetic permeability tensors:

Di(l‘) = €0€ij($)E(j)(fU) ) Hi(x) = iﬂij(x)B(j)(x) )

e 'r) 0 0 o(r) 0 0 (9.12)
(Ml =] 0 7 r) 0|, [uy(l=| 0 () 0],
0 0 1 0 0 1
where
N B B B
EW =24 gy 21 p@_ 23 BB _ 23 9.13
h;’ hahs’ hshy’ hihs’ (9.13)
and h; are determined by Minkowski metric (9.8) in spherical coordinates:
dSg = dt* — hy1df? — hodd* — hadr?. (9.14)

The simplicity of relations (9.12) is misleading; in fact, for each curved space-time model,
we are to solve Maxwell equations separately and anew. Let us specify the effective consti-
tutive equations for four models:

Minkowski (r € (0, +00)),

1 0 0 1 0 0
e=|0 1 0, p=|0 1 0];
0 0 1 0 0 1
de Sitter (r € (0,+1)),
(1—r2)-1 0 0 (1—7r2) 0 0
€= 0 (1=t 0|, p= 0 (I=r%) 0 ;
0 0 1 0 0 1
anti de Sitter (r € (0,+00)),
A+ ) 00 (4% 0 0
€ = O (1+7’2)71 ) /’l/: 0 (1+r2) 0 ’
Schwarzschild (r € (1, 400)),
(1—1/T)_1 0 0 (1—1/7“) 0 0
= 0 1=1/r)7t 0], u= 0 (1—1/r) 0
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Direct comparison is possible only for Minkowski and anti de Sitter models, due to the same
region for radial coordinate.

That interpretation is possible for other space-time models as well. Let us discuss the
hyperbolic Lobachevsky and spherical Riemann models being compared with the Minkowski

model:
dS§ = dt* — r?df® — v sin® 0d¢® — dr?,
dS? = dt? — sinh? r d6? — sinh? r sin® 6 d¢* — dr?, (9.15)
dS? = dt? — sin® r d6? — sin® rsin® 6 d¢* — dr?.
For Lobachevsky space we have

sinh? r sinh? r

HY = ——eg" Fo;, H*® = ———€Fps,
r r
sinh? r €0 sinh? r €0
H" = ————— Fp ,H” = — Fos,
12 sinhZr O 12 sinh?rsin2f O
. sinh?r Ty sinh? r €0
HY = €0g" ¢’ Fy;, H'Y? = Fio,
r2 09 g7 i 2 sinh?rsint
. 2 . 2
93 _ sinh”r €0 31 sinh“r ¢
= 72 sinh?rsin? 0 Fos, HT= r2  sinh?r Fa,
or differently
7701 €0 P 7702 €0 P 7703 sinh? r I
= —— = — = - €
saton, T2sinZgl 0% 2 cot3;
(9.16)
2
€0 €0 r €0
H23 — F ; H31 = F , H12 _ F ,
r2sin?g > 23 sinh?r risin® 9"
which may be re-written in terms of effective tensors as follows
4 4 4 1 ,
D'(x) = eoeij(x) BV (z), H'(x) = %l‘ij(ff)B(])(ff)v
10 0 10 0 (9.17)
[eij(r)] =0 1 0 y pa (M)l =10 1 0
0 0 sinh®r/r? 0 0 7?/sinh®r

For spherical model we have similar result with evident modifications
sinh?r,r € (0,+00) = sin’r,r e (0,7).

Let us consider examples with cylindric symmetry. For flat Minkowski space we have
(numerate coordinates as z = (t,r, ¢, z))

1 0 0 0
0 -1 0 0
Gaﬂ 0 0 7,,,2 0 ’ (918)
0 O 0o -1
in spherical Riemann space an analogous metric is
1 0 0 0
0 -1 0 0 m T
GapB = 0 0 —SiHQ’I“ 0 , T E (0, 5)7 S (*5, +§) (919)
0 0 0 —cos?z
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Generated by the last metric constitutive relations have the form

sinr cos z

« « o
H? = €0 g pr Fpa ) (920)
that is
. sinr cos z - sinrcosz €
0j _ 03 _ 0
HY = ————«¢og’ Fyj, H®=—-——"—""—-—Fp3,
r cos? z
sinr cos z sinrcosz €
01 02 0
H = — 60F01, H = - 5 F027
T sin“ r
.. sinrcosz o sinrcosz €
i 1% 12 0
H = SR gl By = SRR Sy
T r sin“ r
sinr cos z € sinrcosz €
23 _ 0 31 _ 0
H™ = — 5 tw, W = ——————F3.
T sin“ r cos? z T cos?r

This result may be presented with the help of two effective tensors as follows

sinrcos z 0 0
Di(z) = coeij (1) ED (@), [ey(r,2) = | 0 ze=z 0 |,
0 0 sin?ﬂ
T COS 2z (921)
; 1 - Sreosz U 0
Hi(z) = —pij(2) B (@), [p;(r2)] = | 0 a0 |,
Ho 0 ; reos

where referring to cylindric coordinates in Minkowski space electromagnetic components
are

Ei po_ B po_ B pe_ Bs

h;’ hohs’ hshy’ hiho’

dt? — dr? — r?d¢? — dz? = dt? — hidr? — hodd? — hadz?.

In the case of hyperbolic Lobachevsky space, we have similar results with evident mod-
ifications

EU) —

sinh r cosh z 0 0
D'(x) = eoei(2) ED (@), [ess(r,2)] = 0 o 0
0 0 r cosh z
i 1 ) sinh rrcosh z sir?h - 0
H (.’IJ) = 7/’“] (.I')B (.I'), [,LL” (7", Z)] = 0 7 cosh z O
Mo 0 0 r (‘:Oih z

We can see that for all examples, effective tensors (e;;) and (e;;) obey one the same
condition:

€ij () k() = i

9.2 Spinor form of Maxwell equations

To introduce spinor notations, let us start with the ordinary Dirac equation
. 0 o
(1740 — m)¥ = 0,7 = 00

O_a

Aa,a} =1,2; (9.22)

)

vl
N




Spinor form of Maxwell equations 219
0% = (I,07), 3 = (I,—07). In 2-spinor form, we have two equations
10%0,6 = mn, i6%9,m = mé€. (9.23)

It is convenient to attach spinor indices to Pauli matrices: 0 = (0) 5, , 0% = (3%)84 | then
eq. (9.23) read

i(0%04) o €% = M, i(5%04)°% na = méP. (9.24)

Electromagnetic tensor is equivalent to a pair of symmetrical 2-rank spinors: F,, <
{¢*B n, 4}; correspondingly, eight Maxwell equations are presented as follows

(0%0a) por €7 = (0)paw™ o, (6%0a)"* Ngp = (6°) " wap o (9.25)
the second equation is conjugate to the first. In eq. (9.25) we use spinor metrical matrices
(€ap) =i0?, (e*P) = —io?; (€x5) = io?, (e%) = —io?. (9.26)

To prove the equivalence of the spinor form (9.25) to the ordinary Maxwell equation in
vector notations, let us apply notations without spinor indices. To this end, we take into
account identities

(faﬁ) = Emnano_2 s (%g) = _imnano_2 s
1 (9.27)

ymn = 1(6’”0” —&"o™), XM= i(omﬁn —o"g™).
Then, eq. (9.25) may be re-written as
0% X" EFppyy = —0 79 X" Eppyy = —30J,, . (9.28)
We are to take the following identities into account
S Fpn = 0 (Fo1 — iFp3) + 02 (Fog — iF31) + 0®(Foz — iF1a) ,
S Fron = 0N (—Fo1 — iFa3) + 0% (—Foa — iF31) 4+ 0% (—Fog — iF12) ;
with notations
Fo1 = —E' [ Foo = —E? | Fo3 = —E° I3 = B' | F3, = B, Fi, = B® (9.29)
they read
S = —0 (B +iBY) — ' (E?* +iB?) — o' (E® +iB®) = —07aj,

i . 9.30
S = 0 (B —iBY) + oY (B? — iB?) + o' (E® — iB®) = +07b;, (6.30)

and 4( . ) .
afy _ ymn 2 | —uar —1az2 a3
(§ ) = X" o = ' ias —|—i(a1 + iag) ’ ’
N smn 2 —i(by — ib2) ibs
(1ap) = =" Fnno™ = ‘ ibg i(by +iba) |

Taking into account (9.30), Maxwell eq. (9.28) may be presented in the form

00, ajaj =t g, %0, Ujb]- = -5, (9.31)
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or

(00 +'dy) (oFay) = Jo+ 07 J;, (90 — Q) (o"by) = —Jo + 07 J;. (9.32)
From (9.32) we derive
o"dpan + (01 + iwniko™)Oag ,= Jo + o™y,
o 9b,, — (5lk + iwnlka")@bk. =—Jo+o"J,.
Therefore, we have four equations
Oay = Jo, 0ot + iwnikOiag = Jn , O1by = Jo , by, — iwnixOiby = Ji
or differently
(1) O(E' +iBY) = Jy,
(2) Oo(E' +iB") + iw kO (E* +iB*) = J,,,
(1) O (E'—iBY) = Jy,
(2’) 80(El — ZBl) — iwnlkal(Ek — ’LBl> = Jn
Summing and subtracting equations within each pair, we obtain
1+1, 9E'=J,, 1-1, 9B =0,
242, E" —wurdB" =Jp, 2-2, 0B"+wudE" =0;
they may be identified with Maxwell equations in vector form
divE=J" divB=0, rotB=§E+J, rotE=-9,B, (9.33)
where
E=(E"),B=(B"), J'=Jy, = (J") = (~Jn).
|

9.3 Separating the variables in de Sitter models

Generally, covariant Maxwell equations in spinor form can be found by the same method

which is used for generalising the Dirac equation
i0%(2) [0 + Za(2)] £(z) = mn(z), i6%(z) [0a + Za(z)] n(z) = mé&(z).
So, the Maxwell equations in spinor form are to be generalised as follows [46]

i0%(2) [0a + Ba(2) @ I +1 @ Ba(2)]€(2) = 07 (2)(~i0?) J5(2),
i6°(2) [0a + Sa(2) @ T + 1 © Eo(@)] n(x) = 0 (2)(+io?) Js () ,

where (see in [46]):

o%(x) = o, (), %(x) =", (),
_ 1~
ZQ(ZE) - QEabe(Ba)va(e(b) )7 20&(1’.) - izabe(w)va(e(b)ﬁ)a
1 1
Zab_z(a_aab_a_b Ua)’ Zab:Z(o_aa_b_o_ba_a)

(9.34)

(9.35)

(9.36)
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As in Minkowski space, the second equation is conjugate to the first, so it suffices to
study only the first one (further, we follow the case without current)

0%(x) [00 + Za(@) @I+ I @ X,(x)]&(x) = 0. (9.37)

In eq. (9.37), the quantity £(z) stands for a symmetric 2-rank spinor, it can be treated as
a 2x-matrix function. Equation (9.37) may be presented with the help of Ricci rotation
coefficients vape () as follows

(1 1
0% ()00 + 0 (5E O T+ 1@ 53 pyane(w) | £() = 0;

, (9.38)
Yabe = _e(a)ﬁgae(ﬁb)e?c) , » — i(a'aO'b — 5’b0'a) .
Let us specify eq. (9.37) in static de Sitter coordinates:
dS? = (1 —r2/p*)c2dt* — r*(d6? + sin” 0d¢?) — dirg (9.39)
1L—r2/p*” '

where p is the curvature radius; below we will apply dimensionless coordinates ct/p =
t, r/p = r. We use diagonal spherical tetrad

dep
“=1(t, 0 =1-12 =X
x ( ) ) ¢7 T)7 <P T ) <P d’f"
1
€(0)a = (ﬁ7 Oa 07 0)7 €(3)a = (07 Oa 07 \/&)a (940)
e = (0, 2,0, 0), ema = (0,0, ——. 0)
a — Yy o ; 2)a — Uy Yy rsing’ .
Local Pauli matrices are
o 1 ol o? 3 —a 1 ol o? 3
g (x)—(ﬁ’—T,—m,—\/@U ), @ (m)_(ﬁ’T’rsmW po®)
Taking in mind general formulas
ab 1 % — gbo 0 _ yab 0
7T 0 o5t —obe || 0 ek |
ab B a
)= - 2 @Velelys 0 Saz) 0
2 0 2, Vol 0 Za()

and the known expressions [47] for bispinor connection in de Sitter space, we find spinor
connections

B 0| ¢ ¢ |2 0 _
Ft“ 0 5|27 T3 0 ¥ 7Y
_ 29 0 _ 31 _ 71(72/2 0
FQ_’ 0 29 - \/&U - \/& 0 _7:0_2/2 ) (941)

. iol/2 0 —io3 /2 0
F¢_‘ 0 m"ﬂsme‘ 0 iot/2 | TS o it
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Therefore, eq. (9.37) takes the form

1 ¢ 3 3 a! VP, o 2
{ﬁ[aﬁél(a QI+1®0%)| +0°/p0, + " g — i 5 (" @I+1®05%)

2 0 .
T;ne {a¢+z’\/fsin0(al®l+l®al)—imzs(a3®1+1®05)]}§_0.

It is convenient to re-group the terms differently

0 30 i, ,02el+I®c? Lolel+leel, I+ I®d?
R R B L
B @+ 1 2
+@ {alagF 52100 + cos (gsﬁ)e +18)/ ”g_o. (9.42)

Let us search for solutions with spherical symmetry, by diagonalizing operators of the
total angular momentum. In this tetrad basis, it has Schrédinger-like structure

oS sin 0
J1_51+ ¢53, Jr=lo+ — ¢ S, Jz=lz=—i5,
sin 6 oo}
1 1 0 (9.43)
_ .12 1.3 3 3_
S3 =1ij —2(0 I+I®0%), o ‘O _1‘.
We are to find eigenstates of the operator Ss:
1, 4 . osvla b a b
5(0 RI+i®a”) b C’—O’ b c‘ (9.44)
Explicitly, this equation reads
a b a —b a b
‘ b — || b = | 20 b c |’
whence it follows the linear system with three different solutions
a=oa, o =+1, a=1,b=0,c=0;
0= ob, = o0=0, a=0,b=1,¢c=0; (9.45)
c= —oc, o=—1, a=0,b=0,c=1.
So we have three eigenvalues 0 = —1,0,+1 and corresponding three eigenstates:
10 0 1 0 0
U+1,’0 0 crO,‘1 Nk al,'o 1‘. (9.46)

In accordance with general theory [47], we construct solutions obeying two equations

(P + 73+ J3) &(x) = j(G + D &), Jzé(x) =me(a),
and £(z) should have the form (we apply the known Wigner functions [47])

f(r) Dy h(r) Do

&(z) = e iwt h(r) Dy g(r) Day | D, = D{m,—o((ﬁ? 6,0); (9.47)
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where f, g, h stand for unknown radial functions; indices j,m at Wigner functions are
omitted. The substitution (9.45) is correct only for the following j, m:

]:1727?)’7 m:_]a_]+1aa]_17j

For states with j = 0, the initial substitution is different

§=0, &x)=e "t (9.48)

0 h(r)
h(r) 0 |’

Now we should separate the variables in eq. (9.42). First, we find (the factor e~ is
omitted for brevity)

_ | J(r) Dy h(r) Do
R I
g _ —iwf D_1 —iwh Do 0_3 gé o f’D_l h/DO
ot> | —iwhDy —iwgDyy |’ or> | =WDy —¢'Diy |’
i 1021+ 1® 0> Gyl @I+ 1®o! 1| f(r)yD_y  2h(r)Dq
- |—0o +o €=~
r 2 2 r| =2h(r)Do  —g(r)D1
03®I+I®03£7 f(r)yD_4 0
2 0 —9(r) D1

Now, we find the action of angular operator ¥y, on spinor £(x) (taking in mind that
ia(z,Dj_m,U = —m D]—m,a'):
—m+cosf(a* @1 +1®05%)/2

1 2
Yo.68(x) = 07 0p€ —io v

§

h 0gDy g 0gD4q
fOoD_1 h0gDy

)

1 h mDy g (m+cosf)Dq
sinf | f (—=m+cosf)D_; —h mDy

or

h (9p +msin~t) Dy g [0p + (m + cos0) sin~! 0] D,

Yo,6&(x) =
f 109 + (—=m +cosf)sin~' 0] D_, h (0y —msin~t) Dy

With the use of the known recurrent formulas for Wigner functions [47]

1
dD_1=-(bD_g—aDp),(—m+cosf)sin ' D_, = 5(4) D_y —a Dy),

1
2

1 1
OpD 11 = 5(a Dy —bDy3),(m+cosf)sin™'0 Dy = 5(a Do+bD,y),

1 1
OgDgy = 5(@ D_i—aDy),msin 0 Dy = §(a D_i1+aDi1),

a=+jG+1), b=v{G-1D0+1),
we derive
hD_1 gDy

297¢£ =a
—f Do —hDiy

(9.49)
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Therefore, eq. (9.42) takes the form
' —z'wf D,1 —iwh D()

{‘ f'D_y KDy

—iwh Dy —iwg D11 —h'Dy —¢'Dyy
1 f D_4 2h DO f D_4 0 \/@ hD_q q DO
ol SonDy —gDy | 25| 0 D, | p+Yra o,
L 0 —9b+ 2¢ —g D r —fDy —hDyy
whence it follows the system of four radial equations:
d 1 ! d 1 ’
—iwf +o(o- + = +ﬁ)f+a@h=0, —H’wg—l—g@(f—&—f—i—i)g-ka@h:o,
dr 2¢ r dr v 2 (9.50)
d d 2 '
—iWh+<P(*+*)h+aﬁg=07 —H'wh—&—(p(——kf)h—y-a@f:();
dr r r dr r r

remembering that a« = 1/j(j + 1). Equations for the case j = 0 follow from eq. (9.50) by
setting f =0,9g =0, and a = 0:

2

d 2 d
0=0, 0=0,—iwh+¢(—+ —)h=0,+iwh+ o(— +7)h=0. (9.51)
T

dr dr
There exists only one and trivial solution: h(r) = 0, which means that Maxwell equations
do not have solutions with j = 0.
Turning to (9.50), let us sum and subtract egs. 3 and 4, this leads to

Dht a2 (149 =0, h= YE(fy) (952)

d
20(—
Pl + 2w T

dr
It is readily checked that the first equation in (9.52) turns out to be an identity 0 = 0 by
substituting from eqs. 3 and 4 the variables f(r) and g(r) expressed through h(r). This
means that we have only three independent equations

ia \/p
h —
% r (f—9),
d 1
—zwf+<p(dr +o )f+ \F =0, (9.53)
d 1 ’
+iwg + o(— + -+ i)g—kaﬁh =0.
dr v 2 r
Excluding the variable h, we get
d 1 ¢ dw 2
(4t o =) (- g) =0
dr v 290 o
11 g i 2 (9.54)
(% - %4'*) 2wr2(f g9) =0.

Let us sum and subtract equations in eq. (9.54), in the same time introducing new variables,
f+g=F, f—g= G, this results in

d 1 ! j a? d 1 ' )
(-t O Yt Moo, (La+Dye-Yroo (9.55)
o e wr ro2 e

The system (9.55) is simplified by substitutions F = (r\/¢)"'F, G = (r\/p) 'G; so we
obtain

iw—F + (w—z —)G = da- iwF (9.56)
SD 7 @dr - ) N
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whence it follows a 2nd-order equation for main function G-

& ¢d W+ 5 = o(r) d 4
(dr?+@dr+@2_w>a_o, Fr)= 27 % G0, (9.57)

9.4 Solutions in Minkowski space

Let us briefly consider the simplest variant of eq. (9.57) for Minkowski space:

( e J(J“)) G=0. (9.58)

dr? 72

We have an equation with regular point 7 = 0 and irregular point r = co of the rank 2, so
it belongs to confluent hypergeometric type. Possible asymptotic behaviour for solutions is
as follows

r—=0, Gt r7I 500, GeT 0 et (9.59)

With the help of substitution

G=r"g(r), a=j+1, —j, b=+iw, (9.60)
we get the following equation (in the variable x = —2br)
d*g dg
xﬁ+(2afx)%—ag:(), (9.61)

which is identified with confluent hypergeometric equation

d*F dF
x@—l—(c—x)%—aF:O, ¢ =2a. (9.62)
Let us fix parameters ¢ and b: a = j+ 1, b = iw, © = —2br = —2iwr, then the regular in

the point r = 0 solution is (see notations in [48])
Gi(z) =27 e ™ ?®(a,c;2), a=j+1,c=2a. (9.63)

Taking in mind the known Kummer identity ®(a, ¢;z) = e*®(c— a, ¢; —x), we readily prove
that solution is real in all points:
Gi(z) =27 Te 20 + 1,25 4 2; 2)
= (=1 (@)Y e™ 2D + 1,25 + 2;2%), 2t = —a.
Because the second parameter ¢ = 2(j + 1) takes on integer values, the singular near the
point r = 0 is given by the function (see in [48]):
_; T(1+2))

TGT1 (9.64)

g(x) = 2% " W(a,c;x), a=—j,c=-2j; gla—0)=2

The description becomes more symmetric after transforming the main eq. (9.58) to
Bessel form:

_ d’g 1d 2
G(r) = Vrg(r), = =wr, S5+ -+ (1—;)g=o, p=j+1/2 (9.65)
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Two independent solutions J,(z) and J_,(z) are referred to confluent hypergeometric func-
tions:
1z

z €

= (D) O(£p + 1/2,+£2p + 1; - 2i2); 9.66
also there are known relations
z = 1 12
J —_(Z +p s N2n
()= ()7 ) nT(n + 1+ p) ()™
n=0 (9.67)
2 1 s
Jip(Jz] = o0) = — coslz — (§ ip)g].
|
9.5 Solutions in de Sitter space
Let us study the main radial equation for G(r) in de Sitter model:
iz ﬁli Cﬁ i +1) G=0 (9.68)
dr? = pdr 2 rp o '
explicitly it reads
P d WP D)
— — — — G=0. 9.69
(dr2 1—r2 d7’+ (1—-172)2 1“2(1—1"2)) (9.69)
In the variable z = 72, we have
[ d? +( 1 N 1 ) d
dz? z—1 2z’ dz
w? w? A B S o S o i P
— — - - G=0. 9.70
Jr4(—1—1—2’)2 4(=1+2) * 4z * 4(z —1) 422 4z (9:70)

Here, we have an equation of the hypergeometric type with tree regular points. Behaviour
of solutions in the vicinity of singular points is

220, G=2%a="——-%2: z2-1, G=(1-2), b::l:%.

Searching complete solutions in the form G = 2% (1 — 2)® H(2), after performing the
needed calculation we arrive at

42(1 — 2)H" + [8a(1 — z) — 8bz + 2(1 — 3z)| H'
+[[4a(a —1) +2a—j(j + 1)]% + [4b(b — 1) + 4b +w2]i

—4a(a — 1) — 8ab — 4b(b— 1) — 6a — 6b] H = 0.

Equating coefficients at =% and (2 — 1)~! to zero, we find yet known restrictions on pa-
rameters a and b, and obtain more simple equation

2(1—2)H" + [2a + % —(2a+2b+3/2)z]|H — (a+b)(a+b+1/2)H =0, (9.71)
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which is identified with hypergeometric equation with parameters

1 1
a=a-+b, 5:a—|—b—|—§, 722@—1—5. (9.72)

In order to find asymptotic behaviour of basic solutions F(z) = ui(z) at z — 1, we
should apply the Kummer relation [48]

s (2) = TPy —a=p) ~ TO(e+B-7)

BT M-l (y=8) D(@)l(B)
uy = H(a,B57;2), uwe=H(a,B;a0+8+1—7v1-2),
ug = (1= 2)""PH(y —a,y = fiv+1—a—F1-2).

(9.73)

When z — 1, relation (9.73) gives

F(V)F(V —a— 6) + F(’}/)F(O[ + 6 — 7) (1 o Z)wfafﬁ
Iy —a)l'(y = B) L'(a)T'(B) '

Therefore, the complete solution G at z — 1 behaves as follows (taking in mind v —a — 8 =
—2b, and b = +iw/2)

Fl(Z — 1) =

Giz =+ 1) =T r(S(7 G mﬂ) =2+ F(ra@t)?(})w 1=~

Due to identities
(v—a—=B)=-2b, a+B-—y=+2b=(y—a—B)%
(-a)=atg-b=f", (-B=a-b=a
we may conclude that the function G(z — 1) is real. It is readily proved that the complete

function G(z) is real in the whole region of the variable z. To this end, we apply the
Kummer identity

ur = Fa, B;7;2) = (1= 2)7"F(y — o,y = ;7% 2)
which provides us with two apparently different representations for the same function
221 = 2)F(a, B;v;2) = 2%(1 — 2)°(1 = 2) " PF(y — a,y — B;v; 2),
which can be re-written as follows (remembering that a is real)
Gi(2) = 2°(1 = 2)"F(a, B;7; 2) = 2*(1 = 2)” F(8*, 0" 73 2) (9.74)

so G1(z) = [G1(2)]*.
Now, it is convenient to fix parameters, a = (j+1)/2, b = +iw/2; this choice corresponds
to regular at z = 0 solution. Singular solution refers to the function us(2):

us(2) = 2" TF(a+ 1 -y, B+ 17273 2); 9.75
Gs(2) = 22177 = LU+D/2,=5=1/2 _ =j/2, (9.75)
For us, there are two possible representations

us(z) = 2" TF(a+1—7,8+1— 72— 7;2)
21— 2) TPl — a1 = 352 — 5 2) 5
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so we have two representations for the complete solutions
Gs(2) = 2772(1 = 2)“PF(=j/2 + iw/2,1/2 = j/2 + iw/2;1/2 — j; )
= 2721 = 2) TP P(1)2 - §/2 —iw)2, -5 /2 —iw/2;1/2 — j; 2)

so that G5(z) = [G5(2)]*. In order to construct complex and conjugate solutions with the
given behaviour at z — 1:

U ~ (1 — z)b = (1 — Z)%*iw/Q7 Uug ~ (1 — Z)fb — (1 _ z)fiw/Z,

we have to apply Kummer solutions us(z) and ug(2).
In order to clarify additionally the physical meaning of the arising mathematical task,
we turn back to eq. (9.68)

d d o JU+1) A
(o +u? =T 20)G =0, (9.76)

and transform it to a new variable r,:

<pd— d g — dr dr

ar T oo(r) 1 — 20

dr  dr, p(r) 1-—r (9.77)
1. 1+

re = —1In ; r—>0,r, —0; r—1,r, = 4oo.

2 1-—r

Correspondingly, eq. (9.76) reads

& s J+1) 214 2 GG+, A
[dr§+w_ (=G =0, r—0, [drz— 516 =0;
2 .
r— +1, +w2]G':O, G = et = coswr, +isinwr,.

[di’l“z

Near the horizon (at » — 1), solutions behave as massless harmonic waves. Equation may
be treated as Schrodinger-like equation with an effective potential

[% +w? —U(r))G =0, Ur)= j(j; ) (1—172); (9.78)

we should take in mind relations

e?r- —1 1 45(5 + 1)e?
= - * = 1 1 e 1 - — .
=G U =006~ = (9.79)
|
9.6 Solutions in anti de Sitter space
The study from previous section may be extended to anti de Sitter space-time:
2 220702 | o2 2 dr? 2
dS*® = @dt* — r°(df° +sin” 0d¢*) — —, @=14r", re (0,+00). (9.80)

We do not need to repeat the most of the above calculation, and may start with eq. (9.57)

?  ¢d W G+ S
— 4 x4z = .81
(dr2+ godr+g02 r2p )G 0, (9.81)
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now it reads

d? 2r d w? JG+1) Y\ 5
St — =0. 82
(dr2+1+r2dr+(1+r2)z r2(1+r2)>G 0 (9.82)

Transforming it to a new variable 2 =y, y € (0, +00), we get

W =+ Dy —jG+1)
4y2(1 +y)?

d? -
= P2)G —0, P(y) = . 9.83
(g2 * . P*(y) (0.83)
We may interpret it as an equation of Schrodinger type with an effective linear momentum

P2(y); its behaviour at singular points is described by the formulas

—j(G+1)

P2N ](]

y—>0a 4y2
w? —j(+1) {+0, w?=3j(G+1)>0 (A),

pro IV 4
Y= oo 443 -0, w?—j(j+1)<0 (B).

— —00 ;

(9.84)

In the quantum-mechanical context, we can easily interpret only the case (A), when w? >
J(7 + 1); the situation (B) is anomalous, for instance, a corresponding classical particle
cannot be moving with such parameters.

Let us transform eq. (9.83) to a new variable, y = —z,2 = —12,2 € (—00,0):
d? 1-3z d w? JG+1) \ A
— —_— — — G=0. 9.85
(dz2 + 22(1—2)dz  4z(1—2)%2 4z22(1— z)) (9.85)

Applying the substitution G' = 2% (1 — 2)? H(z); we derive an equation for H(z) (see result
(9.71) with the change w? to —w?)

42(1 — 2)H" + [8a(1 — z) — 8bz + 2(1 — 3z)| H'
+{Mala— 1) +2a — j(G + 1)]% + [4b(b— 1) + b — wQ]%
—4a(a — 1) — 8ab — 4b(b — 1) — 6a — 6b} H = 0. (9.86)
Impose evident restrictions a = (j + 1)/2,—j/2, b = +w/2; then fix parameters as follows

a—ji—’—l
T2

,b=—= <0, G(z2)=20TD/2(1 - 2)7@/2H(2). (9.87)

| E

All possible functions H(z) must be solutions of hypergeometric equation

zZ(1=2)F"+[v—(a+B+1)zF —afF =0,
Cjtl-w 1 1 (9.88)

= —_ :2 7:. 2.
5 , B atg,v=2+; Jj+3/

Taking F(z) as the Kummer solution u;(z) (see notations in [48]

)
i +1—-w 74+42—w 3
J J Jri

ul(z):F(O"ﬂa’Y;Z):F( 9 ) 9 ) ;Z)a (989)
we get situation, when it is possible to obtain solutions in polynomials, @« = —n, n =
0,1,2,...:

. 1
w=2n+j+1, w(z)=F(—n,—n+ =,j+3/2;z2). (9.90)

2
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The corresponding complete solution is given by the formula
Gi(z) = 2UHD/2(1 — )™= UHD2 (1 412+ .+ en2")
at z = —oo we have
Gi(z = —o0) = 2UHD/2()™=UHtD/2 (1 4 ¢12 + ... + ¢,2") — const.

Thus, we have constructed solutions G (z) in quasi-polynomial form, finite at two singular
points, 7 = 0 and r» = oo; the quantization of parameter wisw =2n+j+1, n=0,1,2,...

Let us study the case of singular solutions, when G ~ z=7/2. To get it, we should use
another Kummer solution

us(z) = 2" TF(a+1-7,8+1-7,2—7;2)
— ,—i-1/2p —jow —jowtl o1 1
z ( 5 5 ,J+2,Z)7 (9.91)

the respective complete solution is

. : —j—w —j-w+l 1
Gs(2) = 29/227212 32 v - 2“" =i+ 5i2) (9.92)

In fact, also we can apply some quantization condition

i1 —

¥:7n/’ w:2n/7j+17
A —jJ2 —n+j/2 1 o1
G5(Z):Z %z ’ F(infiafrnﬂ*]%’i;z).

The structure of this spectrum is substantially different from the previous one; in particular,
at each j, there are a number of negative values for w. To find behaviour of that solution
at infinity, we apply the following Kummer formula

22—yl -
rl—a)'(B+1—7)

['(2 -yl = p)
Il =-pr(a+1-7)

us(z) = e (1=7) us(z) + ei”(l_V)U4(z) ;

at z — —oo it gives

F(2 - ’Y)F(ﬂ - a) ei‘n-(l—'y) (_Z)—a
I'l—a)l'(B+1—7)

Ir'2—yT'(a-25) em(l—'y)(_z)—ﬁ )
T Al(atl—n) ’

so the corresponding complete solution is

us(z — —00) =

e o) = I i) sy

(2 -y (a—B) in(1—v) ,—5/2,—n+j/2 +n—1/2
Ti-pl+i-y° -

whence ignoring the second term we arrive at

; _ TE-IB-a) e,
e X CES=CT R,

(9.93)
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Thus, solution us(z) leads to complete solution G5(z) with quasi-polynomial structure,
which is singular at z = 0 and regular at infinity z = —oo; the corresponding quantization
rule is w = 2n/ — 4. This type of solutions is hardly of physical interest.

In order to clarify physical sense of arising problem, let us turn back to eq. (9.81), written
in the form

@(d d s JG+1)

= T =0: .94
dr@dr—i—w r2 <‘0>G 0 (9-94)

and transform it to a new variable

d _d g - dr dr
Car ~ dr. Tl T T (9.95)
ry = arctanr, tanr,=7;1r — 0,7, = 0;r = 400,7x — —l—%.
Equation (9.94) in this variable reads
[i2+w2—'('+1)(1+ )G =0,r G(OE) (9.96)
dr? I tan2 r, I T2 '
Here we have Schrédinger-type equation
[ﬁ—&- 2 U( )}G—O U—'('+1)(1+L) (9.97)
dr? w " o — tan?r, '

This problem is easily interpretable in quantum mechanics if the following inequality is valid

2
WS+l = Q*> %j(j +1). (9.98)

In this point we should recall that related to solutions Gy(z) spectrum for w satisfies
this requirement
w? =i +1)=4n® + (dn+1)(j + 1) > 0. (9.99)
Let us consider from this point of view the spectrum related to G5(2):
w=k—j, where k=(2n"+1)€{1,3,5,...}. (9.100)
From (9.100) it follows w? — j(j + 1) = k% — 2kj — j. Taking in mind the roots
k=7 —jV1+1/j, =1 <k <0;  ko=j+j\V/1+1/j, ko> 27,
we conclude
w?—j(j+1)<0, when 20/ +1) <j+j/1+1/j, (0.101)
w?—j(j+1)>0, when (20 +1)>j+j\/1+1/j;

solutions of the type G5(z) are relevant to the situation badly interpretable from physical
point of view.
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9.7 Maxwell equations in Schwarzschild metric

We may start with eq. (9.50), specifying it to Schwarzschild space-time with ¢ = 1— % The
main equation formally is the same

& ¢d WG+ A

but explicitly it reads

(d2 1 d Wi jG+1) )G‘:O.

I S 1
et na T2 2 o1 (9.103)

Here we have an equation with three singular points, the points » = 0, 1 are regular, and the
point 7 = oo is irregular in rank 2; this is the class of confluent Heun equation. Equation
(9.103) becomes more understandable after transforming into other variable:

d d 5 JG+1) ~ dr 1
—p— -2 2|G=0, dr,=—=dr(1 ,
((pdrspdr+w 90) ’ " 2 rt )

r2 r—1
re=r+In(r—1), r—o0, r —4o0; r—=14+0, r,— —oc0, (9.104)
d2 2 = 2 ](]+]‘)
(d—rz +w fU(r*))G:(), Ulry) =w -T2 ¥

Let us specify behaviour of the effective potential at two infinities

iG+1)r—1
Ulr, - +o0) = 10D g
.(.T+ D " ) (9.105)
U(m—)—oo):]ij 5 r—- = +0;
T T

this means that here we have an effective potential of barrier type, tending to zero both at
r — 1 (r. = —o0) and infinity r — oo (r. — +00).
Now we are to construct formal solutions of eq. (9.103):

{ﬁ + ( 1 _ l)i
dr? r—1 r’dr
+w2(1+i+#)+j(j+1)(1—L)}Gz—o. (9.106)
r—1 (r—1)2 ro r—1
In (non-physical) singular point » = 0 solutions behave as
1 i(j+1
G”—;G’+MG:O, Grr®, c=0,c=2. (9.107)
Near the point 7 = 1 we have
d? 1 d w? ~
— — G=-0, G~ (r—1)° = +iw. 9.108
[dr2+r—1dr+(r—1)2 ’ (r—=1°% a W ( )

To find asymptotic at infinity, we transform equation to the variable z = 1/r:

[d2 FREI. d w? 3G +1)

da? m_l—x)@+x4(1—x)2_x2(1—x) ¢=0.
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It becomes simpler near the point x = 0:

— }G:O, G ~ zhef/®

[di 2d @ i+l
dx?  xdxr ot 2

further we derive

whence it follows
B’+uw? = B =+iw,

(9.109)
AB+B(A—2)+2B=0, 24B=0, A=0.

Therefore, general solution of eq. (9.103) may be searched in the form G = r¢(r — 1)®
e g(r). After needed calculation we arrive at

/

2c 2a 1
g+ (—+—+2b+7)g
T r(r—1)

r—1

clc—1)  ala—1) 2ca  2ca  2cb  2ab 9
_ a2 b
+[ r2 (r—=12 r—-1 r et ot
c c chaJr a a n b b
r—1 2 r r (r=12 r—-1 r—-1 r

2w’ wr GG+ U+

2

- —0.

+w+r_1+(r_1)2+ r r—1 /9

Imposing evident restrictions, we get eight variants of parameters a, b, c:
a=24iw, ¢=0,2, b=+iw.

So resulting equation becomes simpler

2 1 2c—1
g”—i—( a+ n c +2b)g’

r—1

+{2ca+2ab+c—a+b—j(j+1)+2w2

r—1
-2 2cb — —b+j5(j+1
4 T2catb-cta +7(+ )}g:O. (9.110)
T

Because the physical region of radial variable is the interval r € (1,400), the most
interesting would be a series in the variable x = r — 1. Transformed to this variable z,
equation reads (the prime designates derivative d/dzx):

" b1 D2 / q1 q2
— — =0 0,4+00). 9.111
g+(p+x+x+1)g+(x+x+1)g s .%‘E(,-f— ) ( )

Its solutions may be constructed as a power series, g(z) = ZZOZO cpx®. After performing the
needed calculations, we derive recurrent formulas

n=0, qc+pic=0;
n=1, (g1+aq@)co+@+p+p2+aq)c+(2+2p1)c2=0;
n=23,.., [p(n—1) + q1 + ¢2] cn—1
+nn—1)4+@+pr+p2)n+aqlen +[(n+1)n+pi(n+1)] e =0.
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Possible convergence radii are found by Poincaré—Perron method: dividing the last relation
by n2cn_1

%[p(n— 1)+ q +qo)

1 Cn,

C. C.
+—5n(n— 1)+ (p+p1+p2)n + 1] ol

=0

1

— 1 1
gl 4 D4 1) S
and tending n — oo, we obtain algebraic equation which determines possible convergence
radii: 1
lim =R, R+R*=0, Reopp=-—=1,00.

n—00 Cp_1 |R|

Cn

Recall that complete solutions have the structure

GO) =1 = 1)) = G = () et g,
c=0,2; a=—iw,+tiw; b=—iw,+iw; x€ (0,+00); '
below we list eight types of solutions (they are collected in pairs of conjugate ones)
c=0, a=+tiw, b=+tiw, G =atwetwl+2)g (z)
c=0, a=—iw, b= —iw, Gf =z we wltz)gx(q).
. ! g (@) (9.113)
c=0, a=+iw, b= —iw, Gy=atwWe wWl+ts)g (g),
c=0, a=—iw, b=+iw, G}= J:_““e‘”“(l'*‘“)g (x);
2, a=-+iw, b= +iw, C}'g (14 x) x“‘we"’“"(l‘*‘”)gg(x),
=2 a=+iv, b=—iw, Gi=(+aprte i), (9.114)
c=2, a=—iw, b=+iw, Gi=(1+z)2x"wetwl+ta)gr(y),
=2, a=—iw, b=—iw. G=(1+x)2x"we wlt2)gd(y),
|
9.8 Solutions in spherical Riemann space
Now we consider Maxwell equations in spherical Riemann model:
dS? = dt? — dr? — sin® rd6? — sin® 0d¢?
1 0 0 0
o 0 -1 0 0 (9.115)
2% =(67.0,0),  gap = 0 0 —sin’r 0 ‘
0 0 0 —sin®rsin® @

We use the following tetrad

ey = (1,0,0,0), ey = (0,1,0,0), (9.116)
X 1 o ! |
ety = (0,0, @70)7 ¢iz = (1,0,0, );

sinrsin 6

by changing the numeration for coordinates x® = (¢, 7,60, ¢) = z = (t, 60, ¢,r) the tetrad
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(9.116) becomes diagonal. Ricci rotation coefficients equal

0 0 0 0
0 0 0 —-1
= = tanr
Yab0 07 Yabl 0 0 0 0 )
1
0 +tanr 0 0
0 0 0 0
0 0 e 0
Va2 =| g ___1 tang s |y Yas =0,
tan @ sinr tanr
0 += 0
Starting with the general spinor equation
c o c 1 ab 1 ab
o€l ()00 + 0 (52 QI+I® 52 VYabe(z) | &(z) =0, (9.117)
we arrive at
; 2 I T 2 1 T I 1
[3t+{0367~+ 4 (_010 QI+I®0o +020’ QI+1I®0o )}
tanr 2 2

210, +cosB(0® QT +1®0°)/2\7,
sin 6 }]5_0'

1
+—{0189 — i

sinr

Comparing it with eq. (9.42), we can write down radial equations by formal changes in the
system (9.50):

d d
—iwf + (— + )+ ——h=0, iwg+ (— + )g+ ——h=0,
dr  tanr sinr dr =~ tanr sinr (9.118)
d a d a ’
ZWh_‘_(dr+tanr)h+sinrg 0, th+(dr+tanr) +sinrf 0

Summing and subtracting third and fourth equations, we derive

d 2
+ ] —

2(2
(dr tanr

(f+9)=0, 2iwh+$(f—g):0. (9.119)

sinr
It is readily checked that the first equation in (9.118) is the result of combining three

remaining ones. Therefore, we have only three independent equations

a

h=—-———(f-9),
2iwsinr
—iwf—i—(i—i- )f+ L h=0, iw +(i+ ! )g + ® h=o0 (9:120)
dr = tanr anr . Iy T aned TEmr
Excluding the variable h(r) we obtain
d 1 . ia?
(— —iw)f+ ——(f—9) =0,
dr  tanr 2w sin“ r (9.121)
(i 1 + iw) +L(f— )=0 |
dr  tanr g 2w sin? r 9="5

Summing and subtracting these two equations, and using new variables, f+g=F, f—g =
G, we arrive at the system
d 1 ia? d 1

F —iwG G=0 —
) h +wsin2r ’ (dr+tanr

)G — iwF = 0. (9.122)

(5 tanr
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System (9.122) may be simplified by separating multipliers, ' = sinl'rF, G =
sin™!r G, in this way we get

2

—)G =0, diéziwﬁ, (9.123)

d
—iwF 4 (w? — —
sin®r r

dr

whence it follows an equation for main function

d> 9 a? \ -
_ _o. 9.124
<d7“2 tw sin2r>G 0 ( )

In the new variable, y = LQ"”, the last equation reads
2 a2

[y(l _y)i +(5 —y)% +w? — m}

dy? 2
Its solution are searched in the form G = y* (1 — y)® g(y); this results in

G=0. (9.125)

y(1—1y)g" +[2A+1/2 - (2A+2B +1)y] g’
a2 1 1 a
+[w? —24AB - A(A—-1)-B(B—-1)—A—-B]g=0.
1

2

1 1

Equating coefficients at y=! and (1 — y)~! to zero, we get

The above equation for g(y) is simplified and recognised as hypergeometric equation with
parameters

v=2A+1/2, a=A+B-w, f=A+B+w. (9.126)
Let us fix parameters A and B: A= (j+1)/2, B = (j +1)/2, so obtaining
vy=j7+3/2, a=j+1-w, B=j+1+4w. (9.127)
We get polynomials imposing evident restriction
a=-n, n=1,23.., w=n+j+1; (9.128)
corresponding complete solution has the structure

Gy) =y (1 —y) U2 P(—n, n+2j+2, 5 +3/2; y), (9.129)

it equals to zero at the points y - 0, y =1 (r — 0, r — 7).

9.9 Solutions in Lobachevsky space
The main radial equation reads
d2 2

- - _\Gg= 9.130
(dr2+w SiHhQT)G 0, re(0,00). ( )



Solutions in Lobachevsky space 237

In the new variable y = 1=S51" 'it takes the form
d? d a? _
yy—1)—+y—-1/2)— +w? - ——|G=0. 9.131
[yl gz + v -1/2) g =) (9.131)

Formally, this equation differs from that used in the previous section only in the sign at w?.
Substitution for G(y) is the same

_ 41

G=y (1-yPgl), a=11 I p_ItL 7, (9.132)

for g(y) we get an equation of hypergeometric type
1
y(1—=y)g"+ |24+ 5 - 2A+2B+1)y| ¢ = [(4+ B)* +w?] g =0
with parameters
vy=24+1/2, a=A+B—-iw, [f=A+B+iw. (9.133)

Let us fix parameters as follows (negative B ensures the term (1 —y)? tending to zero when
Yy — 00):

A:77B:_i~ y=4j+3/2,a=1/2—iw, B=1/24+1iw, (9.134)

thus we have constructed the needed solution
Gi(y) =y ™2 (1 =) 7P ua(y), wy) = FlaB,7%), (9.135)
it tends to zero at the point y = 0 (r = 0). The singular point y = 1 does not belong to a

physical region. To find behaviour of this solution in infinity, we should apply the Kummer
formula

(T (a = 5)

TG =) Y TG = e (0150

where )
uz(y) = (—y) " “Floya+1—vy,a+1-5; Q)

. 1
= (—y) TV P(1/2 — iw, —iw — j,1 — 2iw; ~),
Y
_ 1
us(y) = (—y) PF(B+1-7.8,8+1 704;5)

. 1
= (—y) TV P(iw — 4, (1/2 + iw), 1 + 2iw; ).
Yy
As y — +00, the last formula gives

L(y)L(B - a) N (=1/2+iw) ()l (a = B) N (=1/2—iw)
TN RS vy ey ) '

Therefore, the complete solution behaves as follows

ui(y) =

G (y — 0)
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_(_p-G+ne [FOTB-a) v  TOIN@=8) i
(-1) {F(v—a)l‘(ﬁ) Y) +F(7_mr(a)( Y) } (9.137)
Taking in mind identities

f—a=2iw, a—fF="2iw,y—a=j+iw+1l,y—F=7—iw+1,

we conclude that G; (y — 00) is real up to simple phase factor. In initial variable r,
asymptotic (9.137) is determined by the formulas

1

(_y)iw ~ (E)iweiwr7
G (r — 00) = Me™" + M*e™ ™, (9.138)
_TOrB—-a) 1,
M=o —arm @

It is readily proved that when using Kummer solutions us and ug, their corresponding
complete solutions G3 and G4 are conjugate to each other and have the asymptotics

wr

ug ~ const " wuy ~ const e ",

9.10 Cylindric solutions in spherical space

Let us consider spinor Maxwell equations in cylindric coordinates of the spherical Riemann
model, it is specified by the formulas

dS? = dt* — dr® — sin®r d¢? — cos®r d2?, % = (t,r, ¢, 2),

1 0 0 0
S oy=|0 L0 0 (9.139)
(@) 0 0 sin"r O ’
0 0 O cos™lr

these coordinates belong to: r € [0, +7/2], ¢ € [-7, +7], z € [-7, +]. Ricci rotation
coefficients are (we write down only non-vanishing ones)

CcoST sinr

Yabo =0, Yab1 =0, Y2 = ——, 7313 = . (9.140)
sinr cosT
Starting with general spinor form of Maxwell equations
c o c 1 ab 1 ab
o€l ()00 + o (52 QI+1I® 52 )Yabe(2) | £(z) =0,
L ) ) ) (9.141)
on:§aj’ 212:_%(73’ 223:_%([17 231:_%(72’
we obtain , ;
[0 + 010y + ——0y + ——0,
sinr cosT

+02(212 QI+I® 212)7122 + 03(231 RI+T® 231)7313}5(@ =0,
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that is

)
O +c'o, — Zi(03 ®I+I®03)C.Oﬁ
2 sinr
sinr o2 o3
+ s + 0,1 £=0. (9.142)

cosr sinr cosT

;3
—%(02®I+I®02)

The structure of this equation assumes the following substitution for electromagnetic
spinor

iwt 3 ; h(r)
t,r, b, z) = e Wt im® gihz I (r) ‘7 9.143
so we derive
d . ..
—iwl + o' — — Zc,ﬂ(ﬂ(o?’ RI+I®c%) — ﬂa?’(aQ @I +1®0?%)
dr  2sinr 2cosr
im o, ik 4 f(r) h(r)
—_— =0 9.144
+sinr0 + cosrar }‘ h(r) g(r) , ( )
and further we find the system of four equations:
d m sinr ik
— — h+ (=i =0
(dT sinr cosr) + (i cosr)f ’
d i ik
(5 = oo = b (i = ——)g =0,
dr sinr cosr cosT (9.145)
(i m cosr_lsinr) +lsinrf+(_iw+ ik Yh=0
dr sinr sinr 2cosr g 2cosr cosr’
i_ m Cf)sr_lsinr)f_'_}sinrg_’_(_iw_ ik Vb= 0.
dr sinr sinr 2cosr 2cosr CcosT

Summing and subtracting equations in each pair, we obtain (let it be F = f+¢g,G = f—g)

ik

2
FoiwG+ " h=o0,
cos T sinr
" d .
PG iwF 2=~y 2o,
cosT dr  cosr (9.146)
_Qik L m d cosT sinr)G:()’ ’

cosrT . sinr (% sinr  cosr
d cos
—2iwh — G 4 (= + = p — o,
sinr dr = sinr

Let us express from first, second, and fourth equations the variables wG, wF', and 2iwh and
substitute them into the third equation; this results in the identity 0 = 0. Therefore, only
three equations in eq. (9.146) are independent:

ik 2
P opiwet+ h =0,
cosT sinr
T d .
C G iwF 425~ =0, (9.147)
cos T dr  cosr
d
2iwh — G+ (= D p =,
sinr dr  sinr
Taking into account identities
1 - d cosr 1 dF 1 - d sinr 1 dh
F=_—F, (2 F=—— 2. h= ho(L h— an
sinr” ' (dr sinr) sinr dr’ cosr (dr cosr> cosr dr’
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we may simplify eq. (9.147):
) 1 = 2 1 -
ik F—iwG+ =0,

cosr sinr sinr cosr
ik 1 - 2 dh
o=y, (9.148)
COST smmr COSsT dT
1 - 1 dF
iy ——h — 2 -
COST si7r sir d’f’

Let it be 2ih = H. The last system is presented as follows

EF —mH
wG = ————,
cosrsinTr
k 2 dH 1 - dF
oG po e A p Vg m o @ AP
cosT sinr cosr dr cosT sinr sinr dr
Excluding the function G, we derive
1 d k _ 1 k2 _
[ AL + SR O VF =0,
cosr dr cosrsinr sinr cos? r (9.149)
1 d km _ 1 2 :
— - F —w? H=0.
sinr(wdr Sinrcosr) +co r( @ JrsinQr)

Let us transform the system to new variable sinr = /2, z € [0, 1], then we arrive at

d k _ L
[2w—+ m }H+” iy
dz  z(1-2) z(1—2)
) ) (9.150)
{2 d km } FL MW g
w— — = 0.
dz  z(1-2) z2(1—2)
Note that from eq. (9.150) straightforwardly follow two differential equations with four
singular points:
— k2 _ m?
H, z:O,l,oo,(l—ﬁ); F, z:O,l,oo,ﬁ.

There exists possibility to reduce the problem to equations with three singular points.

Indeed, let us define new variables, H = V 4+ W, F =V — W, then the system (9.150) reads
d km w2 — k% —w?z
2—7]VW — (V-W) =0,
{wdz—’_z(l—z)( W)+ 2(1 —2) ( )
2_ 2
T Y2 view)=o.

{ . m )}(V_W)—F z(1 —2)

Ny — ———
dz  z(1-=z
Summing and subtracting these equations we get

2 _ 12 2 _ 9.2 2 _ 2
d w—k*+m wZ}V_oJ (k+m) W=o0.

dw—
[ Yz + z2(1—2) z(1—2)
2 _ g2 2 2 2 2 (9.151)
{4w£W—w_k +m —sz}W_'_w—(k—m) ~o
dz 2(1—2) 2(1—2) '
We readily derive a 2nd-order equation for W(z):
2 k2 2
wlw+2) " lw =o. (9.152)

z(z—1)w“+(2z—1)w’+[— rama T e
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Near the points z = 0, 1, solutions behave as

k
z%O,W:zA,Azi@; z—>1,W:(z—1)B,B::I:|2—‘. (9.153)

In all region of z, solutions are searched in the form W (z) = 24(z — 1)BW (2). After needed
calculation we arrive at

(z = 1)2W" + [24(z — 1) + 2Bz + (22 — 1)] W’

(w+2) k? B? m?  A?
- + +
4 4(z—1) z—-1 4z z

+((A+B)(A+B+1) -2
Imposing yet known restrictions (9.153), we obtain
2(1—2)W" +[2A+1— (24 + 2B + 2)2)|]W'

“[(A+B)(A+B+1)— iw(w +2)|W =0, (9.154)

which is identified with the equation of hypergeometric type

d
z(lfz)d—;‘Jr[’yf(oz+ﬁ+1)'y]d—1:fozﬂF:O.

Let us fix parameters A and B so that solutions be finite at the points z = 0, 1:

m k
A:+%, B:+%, v=1|m|+1,
(9.155)
|k| + |m| —w k| +m| +w
a = ) /B = + 1’
2 2
and accept the standard requirement for polynomials:
a=-n, w=2n+|kl+|m|, B=n+1+|m|+ |kl
(9.156)

n=0,12.. W()=2"120E - )H2E, 8.y 2)

Now, let us turn to equation for the second function V(z). There exists symmetry be-
tween two equations (9.151): the system is invariant under the formal changes

V=W w —w, m<<= -—m. (9.157)

Therefore, from the 2nd-order equation (9.152) for W (z), without any calculation we obtain
a respective equation for V(z):

w(w —2) k2 m?

2(z—=1)V"+ 2z - 1)W' + [— R TP + E]V =0. (9.158)

We are to apply the same substitution V' (z) = 24(2—1)BV(2). After the needed calculation
we get an equation for V(z):

(z = 1)2V" +[2A(z — 1) + 2Bz + (22 — 1)] V'

1 k> B2 m?  A? _
2 RN — J— — e — =
+[(A+B)*+A+B 4w(w 2) 4(z_1)+2_1+ y P |V =o.
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Imposing evident restrictions on A and B, we arrive at an equation of hypergeometric type

2(1=2)V"+ 244+ 1— (2A+2B +2)2)|V’

1 _
~[(A+B)(A+B+1) — Jw(w-2)]V =0 (9.159)
with parameters
k
A=+ g g1,
1+ b+ i+ m (9:160)
m|+ w m| —w
o = 5 , B = 5 +1.

Further, applying polynomial condition, we find needed solutions

pl=-—n', w=2(n"+1)+ k[ +|m|, o =n"+1+]|m|+ k]

9.161
n' =0,1,2,.., V(z)=z2""720G-1)F2E0 8,4 2). ( )
A relative coefficient between two functions, W(z) and V (z), may be found with the use
of 1st-order relations, related these function.
In a similar way, we could study the spinor Maxwell equations in hyperbolic Lobachevsky
space, being parameterised by cylindric coordinates according to the formulas:

dS? = dt? — dr? — sinh® r d¢® — cosh® rdz?, z% = (t,r,¢,2),

100 0
8 010 0 (9.162)
@@ =10 0 smh'r 0 ’

0 0 O cosh™!r

where r € [0, +00) , ¢ € [-7, +7], and z € (—00, +00). The treatment would be similar
and it does not require new ideas.

9.11 Conclusions

The vacuum Maxwell equations being considered on the background of any pseudo-
Riemannian space-time may be interpreted as Maxwell equations in Minkowski space but
specified in some effective medium, in which constitutive relations are determined by the
metric of the curved space-time. In that context, we will consider space-time models with
an event horizon. All of them have a metric of one the same structure, we restrict ourselves
to the spherically symmetric cases, and consider de Sitter, anti de Sitter, and Schwarzschild
models. Also we have studied hyperbolic Lobachevsky and spherical Riemann models, pa-
rameterised coordinates with spherical and cylindric symmetry. We will prove that in all
examined cases, effective tensors and of electric permittivity (e;;) and magnetic permeabil-
ity (ei;) obey one with the same condition: €;;(z) p1jx(z) = d;5. Simplicity of expressions
for these tensors €;;(z) and pjx(z) is misleading; for each curved space-time model, we
are to solve Maxwell equations separately and anew. We have constructed these solutions
explicitly, applying Maxwell’s equations in spinor form.
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10

P-asymmetric equation for a spin
1/2 particle in external fields

Within the theory of relativistic wave equations with extended sets of Lorentz
group representations, a new P-noninvariant 20-component wave equation for spin
1/2 particle is proposed. The presence of an external electromagnetic field and Rie-
mannian space-time background are taken into account. Due to the internal struc-
ture of the particle, additional interaction terms appears, and it relates to anomalous
magnetic moment of the particle. Exact solutions of the equation in the presence of
the external Coulomb fields have been constructed, and radial wave functions are
expressed in terms of confluent Heun functions.

10.1 Gel’fand—Yaglom basis

The goal of the paper is to construct a new P-nonivariant wave equation for a massive
spin 1/2 particle. We apply the general theory of relativistic wave equations with extended
sets of representations of the Lorentz group. In general, the existence of more general wave
equations than commonly used ones is well known within the so-called Gel’fand—Yaglom
formalism — see references [1-52] and also books [53-57].

We start with the following set of irreducible representations (it contains 20 components)

T =(0,1/2) ® (1/2,0) @ (0,1/2) @ (1/2,0)' & (1,1/2) & (1/2,1), (10.1)

where the “prime” serves to distinguish repeated representations of the Lorentz group. The
matrix I'y of the corresponding wave equation has the following structure (in the Gel’fand—
Yaglom basis)

Ly=(CY o L)a (CC? eI, (10.2)

where C'1/2) and C'®3/2) represent spin-blocks related to spins 1/2 and 3/2. With the use
of the numeration of irreducible components in eq. (10.1)

(0,1/2) ~ 1,(0,1/2) ~ 2, (1,1/2) ~ 3,(1/2,0) ~ 4, (1/2,0) ~ 5,(1/2,1) ~ 6,
possible structure of the blocks C(1/2) and C3/?) is given by relations

0 0 0 e g o
0 0 0 JdB DD . 0 D
C(§) = 1 1 1 34 35 36 C(E) = 3 36 (103)
cg ) ci% ) cflg ) 0 0 0 cég ) 0
cé? cé? C%) 0 0 0
cg) Cég) cég) 0 0 0
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From invariance of the wave equation under proper Lorentz group, follow the constraints
(3) (3) (3)

csd’ =2c38, g3 =2¢63 . (10.4)

Without loss of generality, the links between repeated components may be broken, which
yields

1 1 1
055) = cél) = céj) = 04(15) =0. (10.5)

Because, we wish to construct the model of a particle with single spin 1/2, eigenvalues of
the block C'®/2) must be equal to zero. Therefore, we set

01(36) = C((a‘:s) =0, (10.6)
whence due to eq. (10.4) it follows
1
Ci(’>6) =3’ =0. (10.7)

Relations (10.5)—(10.7) assume that the linking scheme for model under consideration has
the form

1—-

4
||
6 3 (10.8)
| |

—5.

10.2 Modified Gel’fand—Yaglom basis

Let us find the form of the matrix I'y for the equation
Ty +M)¥ =0 (10.9)

with the use of so-called modified Gel’fand—Yaglom basis, in which the components of the
complete wave function ¥ are listed as follows

%
R (10.10)
2

Correspondingly, the matrix I'y is presented in the form

T, = 02 g o6/
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where spin blocks C'/2) and C'®/?) are given by the formulas (take in mind eqs. (10.5)-
(10.7)), C3) = 0g and

o 0o &2 o o o 0o o 0o o &2 o
o 0o o &2 0o o 0o o 0o o o0 2
2 0 0 0o 0o o 0o o &2 o o o
o 2 0 0o o o 0o o o &2 o o
0o 0 0 0 0 0 & 0o o o &2 o
ch_| 0 0 0 0 0o 0o 0 & o o 0 o
o 0 0 o0 &2 0o o o &2 0o o o
o 0 0o 0o o0 &2 0o o o & o o
0o 0 &2 0o o o &2 0o o o o o0
o 0o o0 &2 0o o o0 &2 0o o o o0
20 0 o0 &2 0o 0o o o o 0o o0
0 2 0 0o o0 &2 0o o 0o 0o 0 o0

We are to perform some transformations on eq. (10.11). In particular, the matrix block

o o P o
(3)
0 0 c1:
A7 o 0
0 (3)
C41
may be decomposed into two parts
1 1
0 0 @i+di) o
1 1
1 0 0 0 CHEIE)
2 (3) (3) 0 0 0
(13’ +cui’) . )
0 CHENOHD 0 0
0 0 @di-d) 0
(3) (%)
1 0 0 0 (c13 i)
Tl » o ®
(cii” — i) ) 0 0 0
(3) 3)
0 (ca _054 ) 0 0
1 1 1 1 1 1
= 5( i +Cfﬁ)) Mty (cii) —cfﬁ) V574 (10.11)
where the Dirac matrices are used
0 0 1 0 1 0 O 0
0o 0 01 o1 0 o0
M=l 000 Tloo0 -1 0
01 00 00 0 -1
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Similarly, we get

0 0 &2 o
(3)
0 0 0 ez |_1 &, b CRNe))
1 S(ed" +egd )t 5 (c — 53" ) Y574
cé%) 0 0 0 = 5\c5 52 5 \€25 53
0 B )
Cs2
0o o 2 o
(4)
0 0 0 3 & (& Lo ()
(%) N 5(016 +c43 )va + 2(016 — 43" )54
Cy3 0 0
0 CE)
1
o 0 2 o
(
0 0 0 ¢ 1 g
(%) 20 2(056 +Cé3))74+Q(Cge)—%g))%M,
C53 01 0
0o &2 o
o o0 2 o
(3)
0 0 Co2 1
(%) o 2(0:(34 +C§31))”Y + 2(0§4) *021))75%7
Co1 0 0
0
Ce1
0 0 & o
)
0 0 et | 1o, b CRNe))
1 —(e32’ + 2 )a+ = (c — 2 )v5Y4 -
céé) 01 0 0 ~ 9\6s5 62 5 \€35 62
0 2 0 o

Collecting results together, we find the following decomposition for spin block C'1/2);

e rd?) 0 @)
COP =2l 0 (e +dl) (e [om
() +eit) () +es) 0
@ -d) 0 @ -dd)
3|0 @) s () —ad)) [ @ (10.12)
(e —cot) (e —cis)) 0

It should be emphasised that in expression (10.12) the first term corresponds to a purely
P-invariant model, whereas the second term relates to a purely P-noninvariant model. In
the present chapter, we restrict ourselves to the second variant.

It is convenient to employ the shortening notations

1 (2 1 1 (L 1 1 (1 1
o= D) a= Sl el w= P ), = Ll ),

1, (L 1
7(‘3;421) + Céi))a ae =

Lo, b
5 5 ( )

as = 5 35"+ Co3



250 P-asymmetric equation for a spin 1/2 particle in external fields

1

CNE>) L& b L& b L& b
b= —cyi’), ba=(cig —ci3’), b3:§(02§) —c55), b4:§(02§. —cs3),

DN =

1, @ 1 1 1
bs = 5(chi —cid)s bo =52 —ei3).

Correspondingly, the spin block C'(1/2) reads

a1 O a9 bl 0 b2
CUD =1 0 a3 as |@ya+| 0 by bs | @571 (10.13)
as Qg 0 b5 b5 0

For purely P-noninvariant model, it becomes simpler

by 0 by
C(1/2) — 0 b3 b4 ® Y574 (1014)
bs bs O

after re-designating b; — ib; it takes the form

by 0 by
C2 =il 0 by by |@v57a- (10.15)
bs bs 0

Because we make the model for a particle with one mass parameter, the matrix

bi 0 b
0 bz by
bs b5 O

should have only one non-vanishing eigenvalue; let it equal +1. In accordance with this,
parameters b; obey the following restrictions

by +b3 =1, bybg—bybs —bsbg =0, bobsbs + bibsbg =0. (1016)

10.3 On Lagrangian formulation of the model

Let us examine the problem of possible Lagrangian formulation of equation under consid-
eration. Hermitian matrix of bilinear form in the Gel’fand—Yaglom basis has the structure

n=nY?eL)e n®? e L), (10.17)

where the blocks 7(1/2) and n(/2) read

0 '3 0 0 0 0
1
w20 0 0 0 0
" 0 0 0 0 0] 0 -2
3 = oy T A= 0 TR (10.8)
0 0 my3 0 0 0 g5 0
o 0o o0 0o 0 p
1
o 0 0 0 2 0
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Because the bilinear form is not P invariant, the usually assumed condition 17 = 7757) does

not hold. However, due to Hermiticity of the matrix 7, we have (n (5)) = 77587-). Without loss
of generality, the last constraint may be satisfied by setting

' = —n) = i, (10.19)
For instance, let us set
1 1 1 1 . i z .
mi = -mi = =y =i, nid = -wd =ir, f=1 (10.20)

Then, from existence of Lagrangian formulation of the theory it follows

it =€)y = (CO)T =0,

T'T TT

this assumes the following restrictions

(3] =

2
3
1 1 1 1 1 1
o = 2y B = — (D) ed) = (), o2 = —p(eE))

Taking in mind still existing arbitrariness in choosing elements of the block C1/2), we
impose restrictions

(()

(3)1%
€13 ,[cﬁ)] 2

D)1 ) )1 (%
= [ = =7 [ F) =
)

(10.21)

1 1 1 1
c§2) = —céf) = ibl,cé4) = —0513) ib3,05§) = —cég) = ibg,dCég) = —04(15) = iby,

where by, b3 are real-valued and bs,bs are complex parameters. Thus, we arrive at the

1
following representation for matric Fff):

0 b 0 0 0 bo
—by 0 0 0 —by O
(%) . 0 0 0 b3 0 b4 _ .
F4 =1 0 0 —b3 0 —b4 0 & I2 =B® 17574 (1022)
0 fb 0 fb5 0 0
—fb5 0 —fbi 0 0
where
by 0 by
B=i| 0 bs by |, (10.23)
o3 fb; 0

this somewhat repeats results of previous sections. Correspondingly, constraints on param-
eters b; take the form

by +b3 =1, bibs— flba|® — fba]> =0, by|ba|* +b3|ba* =0. (10.24)
It is readily checked that if f = +1 the last system for b; is not consistent. Therefore,
only the variant f = —1 remains. For this case, we have
0 ¢ 00 O0 O
- 0 0 0 0 O
1 (Z) 0 0 ¢z 0 O L0 0
' QI = ; @L=0 1 0 |®ivs7s, (10.25)
00 = 00 0 00 1
00 00 0 —i
00 00 ¢ O
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by 0 by
1Y =B®ivsyy, B=| 0 by by |, (10.26)
—b5 —b% 0
and
by +b3 =1, bibs+|bo|®+[ba]> =0, b1|ba|®>+bs|b2]|>=0. (10.27)

The minimal polynomial for matrix 'y has the form I'3(T'3 — 1) = 0; besides, the charge
definiteness condition

(=1)?[(Sp(T'n)* — (Sp(T'in)*] > 0
holds due to the identities

Sp(I'3n) =0, Sp(T'3n) = 4by (b2 — |ba|?) + 4b3(b3 — |ba]?) = 4(b? +b2) > 0.

10.4 Spinor form of the wave equation

Now we have to find spinor form of the above equation. Representations for wave function
¥ in modified GY-basis and in canonical basis are

[ 4(0,1/2)  £(0,1/2) (1/2,0) 4,(1/2,0) 1(0,1/2) 4,7(0,1/2) 1(1/2,0) 5,/(1/2,0)
VYeym = {‘1’1/271/2’ \1’1/2,71/27 ‘111/2,1/2’ \Ij1/2,71/27 \1’1/2,1/2>\1’1/2,71/27‘111/271/2’ \1’1/2,71/27

(1,1/2) ,(1,1/2) (1/2,1) (1/2,1) (1,1/2) ,(1,1/2) (1/2,1)
\1’1/2,1/27‘1’1/2,71/27‘1’1/271/2"1’1/2771/27‘1’3/2,3/27\113/2,73/2’\113/2,3/27

(1/2,1) (1,1/2) p,(1,1/2) (1/2,1) p,(1/2,1)
\1’3/2,73/27 ‘113/2,1/27 lI’3/2,71/2’ \113/2,1/? ‘1’3/2,71/2}7

_ (0,1/2) (0,1/2) (1/2,0) (1/2,0) /(0,1/2) /(0,1/2) /(1/2,0) /(1/2,0)
Vean = {‘I’<o,1/2>v Yo 2172 Y200 V<1200 Yoo,72) 0 Yo, 2172 Y200 Y (S1y2.00

L1/2) ¢(11/2) g(L1/2)  ¢A1/2)  g(L1/2) o012 o /21) g(1/2.1)
Y2y Yoy Yz Ya iz Yotz Yion 22 Yaren) Yz

/20 /20 /21 g1/
‘1’<1/2,—1>"I’<—1/2,1>7q’(—l/z,ow‘p(—l/z,—l)}

relate to each other through linear transformation

\IJGY,m = B\I’canv

where
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Wl

3
1
3
1
1
3
2
3 -

"

253

win
w

i
V3 .

and canonical and spinor wave functions relate to each other as follows

Vspin = {‘1’17‘1’27‘1’1,\1’27‘1’/17‘1’/27‘1’37 '2,‘1’%11),‘1’(112)7‘1’(122)7\1’%11)7\1’(212)7‘1’(222)7

ii i2 22 ii i2 22
R TR T R S S §

\I]can = A\Ilspin.y B =
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we conclude that in spinor basis, the matrix I'y has the form
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0 0 O
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0
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FEquations in spin-tensor form

The matrix I';}”"" acts on the wave function Wy, as follows

spin.
F4 \Ilspin.

bl%(a‘*)dl’\llb + @bﬁ(&)lgm,@dé)
—byL(o%),;, U0 — \f ba (05wl
. bg abqu+\/7b4 bw (ac)
=1
bt (04) U = \[ba(o ),
~J5i0s((0M)iy + (0 )5%)—%%56(( ey + (01)5Ty)
T by ((0)AUP  ()o) 4 L Lbo((o)E 0 4 (o))
where
0
(04)ab_ (Z) i

0 1
(Gl)db _‘ 1 0

Taking in mind the above relations, we find the system of spinor equations

) (Uz)db =

i 0

; 2 ac ;
{01090 W, + \@bzaﬁ?\pg N4+ MUt =0,

. ; 2, oo
—i{b18,; V" + \/;anb\pbm)} + MY, =0,

R 2 aé .
i{b30%0 W} + \/;b482x1/,§ N+ MU =0,

| o 2 e
_Z{b3aal.)\11/b + \/;b‘lai)\:[lbac)} + M\Ij:z = 07

—Lb5(8§‘1’b +0yV,) —

i .
—bg(0°
7 6(0y

V6

_bg(90W + 9P 'E) 4+ MLAD)

+8b\11’)+M\If(ab) 0,

207

)

255

(10.28)

(10.29)
(10.30)
(10.31)

(10.32)
(10.33)

(10.34)

V6

—b5(02W° + 9LT) +

7 5( )
where 9 ; = %8“055
|

10.5 Equations in spin-tensor form

Let us obtain spit-tensor representation of egs. (10.29)—(10.34), taking in mind identities

—_

\Ilgdb) — 7(0;1&\1}6 _’_Jub

\V]

U, = a“b\I/Z, To =

\IJZ)v \Ij(ab) -

ab
= O'# \I/uln

1
(0 \I/ub + o} \I!W) ,

U = W0, U4 = Tl

(10.35)
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Equation (10.32) can be presented as follows

P-asymmetric equation for a spin 1/2 particle in external fields

(10.36)

(10.37)

(10.38)

(10.39)

. a é 1 aqé Eya a
z{bla bafc\llu + %bzalg(al‘f v+ ol \I/H)} + Mo* b\I/Mb =0,
or
b .
i{ ool v + \/26[ o 9y W + a Wi} 4+ Mo, = 0.
Similarly, from eq. (10.30) it follows
{010,500 0+ L2 [0 0, 1 20, Mo" wb =0
1 010,40 HC+%[_UCL[) xw"‘; W Wpal p + Mo ah Fpn Y-
Joining eqs. (10.36) and (10.37), we get
aab M 0 ¢ b a
; I 0‘{1)1 Op D ‘ \I/#‘+2[ \I/#’
0 —I 0 8(11'70'# \Ilcp, \/6 ) \I’au
O.,u[zbab 0 \ch 0 oghab \I/b
H =
0 0’“ 8bc ’ CH ]} + M O_Zi) 0 ’ \I/b“
or
. A 4by . 14
Y5 4 010(vu V) — \[[ 48(7/t p) + (0,9 ¢ + M(v,¥,) =0,
where ) N
pa 1 0 otad
- I - =
P e |0 T 0
Acting in similar manner, from eqgs. (10.31) and (10.32) we derive
b0, + P [ grita, w4 29, wi Vv = 0
Z{S bO"‘%[_U bé #—'—;N u]} 0o="Y
. b by i abe 2
—i{bs0,, 95+ el Ve + Zaﬂqf,m]} + MU =0.
Joining them into one equation, we produce
adb H 0 é b a
7 I 0 {b?, Tbe 3 Yo + - |:7, ‘I]M
0 —-I 0 9,0M Yo VeLi| Yau
JMdbabc 0 \IJC
_ M -
0 U 8bc ' c,u :| } * ’ \I/bO O’
or
4by 12
5 {bsOWo - il0,2,) - 100+ MT =0
where

(10.40)



Equations in spin-tensor form 257
Now, let us consider eq. (10.34). With eq. (10.35) in mind, we derive

M
Bk ke + oo naky o} i g+ bW + —[ ““\Ifb + g“b\Iﬂl] —0.

f{ f{aa

After multiplying the last by 02“1, we obtain
f{ 5‘>\0“bk\11 — ool otk Y z\[{ aA\pb obeod Wi

+7{2\If’; — oot} =0. (10.41)
Similarly, from eq. (10.33), we derive

: . M. .
47{62 g‘k\p’“ + o0, xpk} - \/6{62%0 + 000} + S {ol Wy + oW, =0.

Convoluting the last with o2° we get

. b5 2 L ' i
—Z%{ga)\ ll;k\llﬁ 8béa’\caa;‘k\llﬁ} \/>{ 8)\‘1/170 —81700' Ca\I’ 0}
M
+?{2\I/Mb —oflo W} = 0. (10.42)

Joining eqgs. (10.41) and (10.42), we find

i I 0 {b [28 0 ogHen \IIZ 0 3caa/\b0“b" \Ifﬁ ]
V6|0 =1 [Pl ot 0] ¥, Deao gt 0| Ynp
RN O )
6 i A \IIC# 0 aCdUAdb \Ijb/,l,
My | W ohéag, 0] wh
— 12 Bl — . 5 } =0,
* 2 [ ’ Yoy 0 UgaUMb ’ Wiy

or

7 A 2 A M
%{55 (205 (7. Y p) + O (7Y )] + 56[;@‘1’0 - 13%‘1’0}} + 7[2% + 9 mY,u] =0.

Finally, we obtain

21 1 4
%75{55 O3y ¥ ) = 3712070 )]
. 1 4 1
—ibg[0rWo — 1%8\110} + M{W, = (1 ¥,)} = 0. (10.43)
Thus, the complete spin-tensor system reads
. A 4by . 14
{10 W) = 23000 ,) + (0 0)] | + M) = 0, (10.44)
4by 14
wg,{bgaxyo —ipl0.,) - 48(7#\11#)]} + MU, =0, (10.45)

2i a ) 1 4
%Vs{bs [OA(Vu¥p) — Z%@(W‘I’u)] — ibg[0AWo — 1%8\1’0}

+M{ W - %w(%\pu)} ~0. (10.46)
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10.6 On reducing the system to minimal form

We multiply eq. (10.44) by bs, eq. (10.45) by (—ibs), and sum the results. This yields

- %bes {(

=] =

175{b1b55(%%) 9,1,) —

. o 4 1.
+m5{ — ibsbgdWy — ——bybg [(aﬂxp“) - Za(”“l’“)” — MbgWy =0,

V6

or
4

V6
+M{bs5 (7, ) —ibg Vo] = 0.

i75{51b5é(7u‘1’u) — ib3bgdW, —

Allowing for identities
bi1+b3=1 — by =1—-b3, b3=1-—by,

we rewrite the previous equation as follows

4
%

+M[b5(’yu\11u) — ibﬁ‘llo] = 0 5

2'75{(1 — bg)bs(v, W) — (1 — by )bedWg — —= (babs + babg) | (9, 7,) —

or

(i750 + M) [bs (7, W) — ibsWo] — iv50[bsbs (v, W) — ib1be W]

4 . 1A
—%275(17255 +b4b6)[(0u ¥ 0) = 70(7. )] = 0.

Whence taking into account identity b2bs + bsbg = b1b3 , we obtain
(750 + M) [bs (7, 9,) — ibe o] — iy50[bsbs (7, W) — ib1b6 Vo

4 ‘ 1
7%b1l)3%’}/5[(aulp‘u) - 18(7#\:[]#)} =0.

Oy, } + Mbs(,%,.)

(babs + bubi) [0, 2,) = 700, }

] =

(’Y;L\Pu)} }

(10.47)

Now, let us multiply eq. (10.44) by bsbs, eq. (10.45) by (—ib1bg), and sum the results.

This yields
4
V6

+i’Y5{ - iblbgbeé\l/o —

i%{blb?absé(%‘l’u)

4
NG

1. .
—18(7#\1@)]} — iMbbgWp =0,

b1b4bs[(0, V)

or

M[b3b5(’yu‘l’u) — iblbﬁ\lfo]
_ 4
V6

N

+Z.’Y5{b1b3[b5é(’)/u\llu) — ibﬁé‘l’o] (b2b3b5 + b1b4b6)[(8u‘lfu) —
that is

M[b3b5(’}/ﬂ\llu) — iblbﬁlpo} + b1b3i7/5é[b5(’}/u\l’u) — ibﬁ\l’o] =0.

14
bababs[(0,9,) = 300 ¥,)] | + Mbabs(,%,.)

w1} =0,

(10.48)
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From eq. (10.48) we derive
: bibs . 4 .
bgbg,(’)/uqlﬂ) — lblbﬁ\lfo = 7WZ’)/58[Z)5(’YH\I/“) — Zb@qfo] = 0,

therefore, eq. (10.47) can be presented differently

b1b3

(i’Y5é + M)[b5(’)’u\11u) —ibgWo] + ﬁéQ [b3b5(7u\11u) — ib1bg Vo

4 ) 14
—%blbﬂ’)’fy[(aﬁpu) - Za('ﬂ\l’u)] =0.
Now, act on eq. (10.46) by operator d, this gives
2 3. , 1,
%7513 (b5 (Vu W y) — ibsWo] + M[(0,¥,) — 16(%‘1’;1)] =0,
whence it follows
A . 4M | 14
i [b5 (7, ¥ i) — ibg Vo] = %Wﬁ(aﬂpu) - 18(7;1\1/#)] ‘
Taking into account eq. (10.51) in eq. (10.50), we obtain
A _ 4 ) 1
(1756 + M)[b5(71t\1/u) — ’Lb6\110] + %blbgws[(ﬁu\llu) — 18(%\1!“)]
4 . 14
—%blbsz%[(aﬂ’u) = 2906 %) =0,

where two terms cancel each other and the final result is
(i750 + M) [bs (7, ¥,) — ibe o] = 0.
Below we use the notation
D = b5(7,V,) —ibg ¥y .
Taking into account eq. (10.52) in eq. (10.49), we get
b3bs (v, W) — ib1bgWo = b1bsbs (v, ¥,) — ib1bsbs Vo =0,

or
b3b5(1 — bl)(’}/#\:[/“) - ’Lblb(;(]. - bg)\:[l() = 0,

that is
b305(v,¥,) — ibTbe¥o = 0.

Consider together two relations

bs('Yu\I’#) —ibgVy = @, bgbs('ﬁt\l’u) - ib%bﬁ‘l’o =0.
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(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

They make up linear system with respect to variables ¥y and (v,¥,), its solution is

bi

—ib3
NG
5\Y1 3

Upg= —————
O b6 (7 - b3)

(7.9 4) P .

The main function ® satisfies the modified Dirac-like equation

{ivs(vu00) + M } & =0.

(10.54)

(10.55)
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10.7 The presence of electromagnetic field

In the presence of external electromagnetic field, we have to start with the system (let
D, =0, +1ieA,)

e {Ba D) = 2D, = TDO, 8,1} + M, 8,) = 0. (10.56)
i {ba W zjbgmm D)} MW =0, (10.57)

2
V6

‘ 1. 1
—ibg(DaWo — 1%Dxlfo)} + M[\I:A - iw(%qfﬂ)} =0. (10.58)

15{ DA T,) = $72 D0, 0,)

Equation (10.58) may be re-written as follows

1
Uy — =7 (’Yu‘l'u)

4
2i 1. _ 1.
—m75{b5 [Da(7,¥,) — Z%D(%‘I’u)] —ibg(DAVo — Z%D‘Ifo)} ,
whence it follows
1.
D)\\I/)\ - ED(’YN\I/M)
2D (B [DA () — S DT, — ibe(DaTy — DU Y (10.59)
M\f 4 4

Taking into account the last relation in eq. (10.56), we obtain

1 N

Da[b3lDa (%) = 77D %,)

2
\/éM\/élys

. 1 4
—ibg(DA¥o — ZVAD\IIO)} } + M(y,¥,) =0,

5 { b1 D) +

or differently
) - 4
{M + Zbl’}/5D - mb2b5(
4 A
+z3—Mb2b6(D2 —~DD)¥, =0, (10.60)

where D2 = D>\D,\.
Taking into account eq. (10.59) in eq. (10.57), we produce

1A
*Zmbﬂ’s( - ZDD)(W‘I’/L)

. ~ J P
+{M +ibgysD — 3—]\41741%(1)2 ~ DDy bwy =0, (10.61)
Now we act on eq. (10.60) by operator
M + ibgysD — — bybg(D? 1[)[))
0375 37 46 1 )
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and on eq. (10.61) — by operator
. 2 lan
—Zibgb(;(D - ZDD) y
then sum the results. This yields
S 4 9 1A
{M + mD — 537 (babs + bibg) (D? = 2DD)
—b1b3DD i b2b3b5%(DD2 DQﬁ)}(VM\IlM)

3

-3 M2 ——bobsbgys(DD? — D*D)¥y = 0. (10.62)

Now, we act on eq. (10.61) by operator
M + ibiys D — ——byb (D? 1Df7)
10175 3L 208 1 )
and on eq. (10.60) — by operator

z—b4b5(D -

bh
3M )

then sum the results. This yields
{M 5D — = (babg + babs)(D? — 2 DD)
3M 4
1 - 4 R .
716 DD — i bibabsys(DD? - DQD)}\IIO
——b1bsbsys(DD? — D*D)(7,¥,) = 0. (10.63)

3M 2
It is readily derived the following identity

. A 1
DD = D? — ieri(%ﬂu — YY) - (10.64)
Thus, we have equations

) . 4 1.~
{M + ibyys D — mb2b5(D2 - ZDD)}('VM\IIH)

44 1~
+3—Mb2b6(D2 - ZDD)\IJO =0, (10.65)
4i 1. - ‘ .4 1~
—3—Mb4b5(D2 - ZDD)(%\I/#) + {M + ibgysD — 3—Mb4b6(D2 — ZDD)}\IJO =0,

~ 4 ~
{M + 95D = g7 (babs + babe) (D* — 1 DD)
1. .. 4 . )
0105 DD — z‘—bzbsbm(DD2 - DQD)}(%%)

3M2 ——bobsbgys(DD? — D?D)¥y =0, (10.66)
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A 4 1.
{M +iysD — 3—(b4b6 +babs)(D? — 7 DD)
— DD —
Mblb3 3M2
———bibsbsvs(DD? — D2D)(7,¥,) = 0. (10.67)

b1b4b6’)/5(DD2 Dzﬁ)}\l’o

3]\42
Substituting eq. (10.68) in eq. (10.66), we get

1
— (Y — 1)

. 4 1 ;
{M + 95D = o (bobs + bab)[D? — 3 D + ieFlu) o

1 ) 1 R
+Mblbg[D2 — zeF[W]Z(’Wy,, — oY) — b2b3b5’y5(DD2 D2D)}(71L\IIH)

3M2
3M2 begb@’}/g,(DDz DQD)\IJO =0 5
whence due to identity D?(—babs — bybg + b1b3) = 0 (see eq. (10.16)) it follows

. 1 .
{M + iy D — mbleZeF[uv] (Yuo = V) — 77 b2bsbs 7 (DD? — D D)}( V)

3M2

3;42 babsbgys(DD? — D2D)¥y = 0. (10.68)
Substituting eq. (10.68) in eq. (10.67), we get
{M +ivsD — i(bz;be + babs)[D? — lp2s ieFu) — : (Vv = 1Y)
3M 4 et !

1 ) 1
+Mb1b3 [D2 — ZeF[W,] —

4(ku — YY)l —

3M2 b1b4b6’75(DD2 Dzb)}\IJO

4
+33 —b1bybsys(DD? — D*D)(7,¥,) = 0.
Again, three terms proportional to D? cancel each other, thus we obtain

.o 1 . .
{M+irD - —blbszeF[W] (e = 30) — 7 egbibibes (DD — D2D) b

3M2

3M2 ——b1bybsys(DD? — D*D)(7,¥,) = 0. (10.69)

Let us derive equation for the new bispinor function
P = b5(’yM\I/M) - ibG\IJQ.

To this end, we multiply eq. (10.68) by bs, eq. (10.69) by (—ibg), and sum the results. In
this way, taking in mind identity bobsbs = —b1b4bs (see (10.16)) we find

~  4byb: v = Y
{w’)D — B e, Wy W M}(I)(a;) ~0. (10.70)
M 4
It remains to get expressions for bispinor components ¥ = 0 and (,¥,) through the
main bispinor ®. Acting in the same way as in the free case, we can derive the following
formulas:

b% 4 7b1b3\2. Y Vv — Wl
W= gy 5 ar ) ieFe T (107)
b2 4 rb1b3\2 VYo — VoY,
Uy = —j——3 J1 4 Z(Z225 e, Iy 10.72
0 Zbﬁ(b%—bg){ +3(M)w” 4 } (10.72)
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10.8 Extension of the model to General relativity

In order to follow the extension of the model from flat Minkowski space to any Riemannian
space-time, we should turn back to the system (10.56)—(10.58) and make several simple
modifications to it.

1. Taking in mind that in Minkowski space the ict-metric was used, however, in Rie-
mannian space we use the metric gog(x), related to signature (4, —, —, —), we must make
the following change:

M —iM. (10.73)
2. Now Dirac matrices in spinor basis are determined by the formulas

0 —of

0 I ;
0_ i
3. Derivatives are modified according to the rules [55]
Dy (z) = 0 +ieAy(z) =
Do(z) = Vo 4 To(z) + ieAn(z), D =~%(x)Do(z), (10.75)
where T, () is bispinor connection by Tetrode—Weyl-Fock—Ivanenko [55,57], and v*(z) =
Vel (@).
4. Note important commutation rules [55]:
D('T) = ’Yp(x)D,@ = D,@’Yp(x) ’ Do(x)gaﬁ(-r) = gaﬁ(x)Da(x) >
an B B~ a B A BAa
A7 i laiesieiste} i e
DD = Do Dg( 5 + 5 ) =0-%(z), (10.76)
D? = DD, B(r) = (wieFaso™ () + )
where R(z) is the Ricci scalar.
5. Note the notations [55]
Z’ (6% g
V(@) = J€aspe (@)1 (@) (2)7° (2)77 (@),
: (10.77)

€07 (1) = el e () e, () el (x) elyy (), €oro3 = —1.

Levi-Civita object ¢*%77(z) changes under tetrad transformations in accordance with the
rule [55]
PP (1) = — det[Lqi(x)] €27 () . (10.78)
In particular, at the tetrad P-reflection, it transforms as a tetrad pseudoscalar [55]
eP)aBro (1) = (=1) PP (). (10.79)
We readily derive identity

5

l‘ aoc [e3 m n o
v (z) = € bed Ca(a)B(b)€p(c)Co(d)C(m)Y e(ﬁn)’Y ef)k)’)’ke(zﬂl)

1
= ek =7 (10.80)
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The above analysis for the modified system (remember that v°(z) = ~°)

M(x){blbw(x)% - %[pwﬂ - iﬁw”(m)\l’u]} + My (2) T, =0, (10.81)
i75(:v){b3D\I/0 - z‘%wwM - ibw(x)% ]} + MUy =0, (10.82)

e @ {BID @) = (@)D (@),
_ibg[ DAy — iw(x)b%]} vint{w, - ify,\(as)v“(m)\lfu} —0 (10.83)

remains in fact the same. We can write down final result without repeating the calculation

O = bs(7,P,,) — ibe Vo, {i'ya(:r) (Vo + Dalz) + ieda(z))

4511\53 ~ [ — ieFy, (x)o" (x) + @] + mf’M}@(x) —0. (10.84)

Expressions for concomitant components through the main bispinor ®(z) are given by
the formulas

b3 4 rbibg\2 . w , B@)
ql()(l‘)—*lﬁ{l*g(ﬁ) (—ieFy,0 +T)}<1>. (10.86)

In absence of external electromagnetic field, eq. (10.84) becomes simpler

{wa(x)[va + T (x)] — %751%(1‘) + i75M}<IJ(x) =0. (10.87)

10.9 P-noninvariant particle in the Coulomb field

Let us consider an elementary example, free particle in spherical tetrad of Minkowski space
dS? = dt* — dr* — r*(d6? + sin® 0d¢?) ,
for this case from eq. (10.87), we get the following equation (let ®(z) = r~1¥(z))
1
(900 +7°0, + ~ a5 + i7" M) ¥(x) = 0,

9 i8¢ +iot2
sing

(10.88)
Yo.6 = iy 09 + v

We chose substitution for wave function with quantum number ¢, j,m (we use Wigner D-
functions, D’ (4,6,0) = D,):

e

) o e ' 2(Tr D 1/2
Ueim(z) = . f3(7‘)DJ:1/2 . (10.89)

fa(r) D)2
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Action of the angular operator is as follows
| —fa(r)D-1y2
—iet

. € +f3(r) D12
Y0.6Veim =ww— . 10.
0,0 ¥ ej (1') w r +f2(7") D,1/2 ( 0 90)

—f1(r)Dy1)2
Futher, we find radial equations (let v = j+1/2,v =1,2,... and 0 = —1):

d d
efs =i fs =it fi+iMi =0, efs +z’—f4 s fy M f =0,
(10.91)
6f1+Z f1+2*f2+wa3=0 62—Z fz—lffl-HUMsz—O

in comparison Wlth the ordinary Dirac equation here the signs at M in egs. 3 and 4 are
different.

In the case of conventional Dirac equation, we can diagonalise additionally the space
reflection operator. In Cartesian tetrad, it is defined by the formula

0 0 ¢« O

. . N 000 i - A

e=i"wP, Te=| . o o ol ®F, P.9)=F—0 ¢+n),
0 2 0 0

after transforming to spherical basis it takes the form

o o0 o0 -1
- 0o 0 -1 0 A

Oon = o 1 o0 o |®F (10.92)
-1 0 0 O
From eigenvalues equation ﬂsphllfjm = II¥;, (allow for the identity PD? mo =
(fl)jD];m_ﬂ)7 we find two eigenvalues II = 6(—1)7 and corresponding restrictions on
radial functions:
M= 6 (-1, 6==41, fi=0fi, f3=0f. (10.93)

However, these restrictions are not consistent with the above system (10.91) of radial equa-
tions, because we get (recall that o = —1)

d
62—2d fz—l*f1+Z5Mf1—0 €f1+l f1+1*f2+Z5Mf2—0
(10.94)

6f1 +Z fl +fo2+ZU(SMf2—O Efg—iﬂfg—i;fl —l—ZU(SMfl:O

Thus, the P—nonlnvarlant wave equation provides us with substantially new mathematical
tasks when we try to construct solutions for this equation, even in the simplest case of a
free particle.

We may add, for instance, the Coulomb potential, so obtaining equations (for simplicity,
let the parameter of anomalous magnetic moment vanish)

a d v )
(6+;)f3—l$f3 —Z;f4+ZMf1 =0,

d
(e+ ) fat i fat it fotiMf2 =0,
; ; 17; (10.95)
(e+ ;)fl +i*f1 +i;f2 —iMf3=0,
(0%

(e + )fz—l f2—lzf1—ZMf4—0
T T
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Let us try to diagonalise another discrete operator (adding the multiplier %)

100 o01lo o0 o -1
) 01 0 01l 0 0o -1 0 .
Rsph =| g o -1 0 0o -1 0 o |®F
00 0 -1/ -1 0 0 o0
0 0 0 -1
0 0 -1 0 .
=0 1 o o le®P (10.96)
410 0 0

The eigenvalue equation Asphllljm = A Uj,, gives

(1) fa=Af, (1 fi=A%kL, ()T fs=A%, (-1)fo=Afs,

whence follow two eigenvalues and respective restrictions on radial functions:

§=d4i, A=6(-1), fai=-6f1, fs=-0f.

(10.97)
Let us impose these constraints in the radial system (10.91):

e fo i Loty Lo M =0, —ebfy —i-Lofy — 6 fs+iMfy =0,
dr r dr r
d v . . d v .
efi+i—fi+ti—fo—ioMbfo=0, efo—i—fo—i—f1—icMdfi =0.
dr r dr r

We can see that these equations are consistent. Depending on the value of §, we get

v

d
§ = +i, €fo—i—fa—i=-fi—Mf =0,
dr T

I ’ (10.98)
ef1 +id7f1 +i—fo—Mfy=0;
T T

d
b=—i,  efa—izfo—imfi+Mfi=0,
dr 17; (10.99)
efi+i—fi+ti—fo+Mfa=0.
dr T

Their more convenient representations are (recall that v = j +1/2)
=i, (et Dyt (L iM)fi =0
= +i i€+ — ——1 =
’ dr 2 r 1 ’

g ’ (10.100)
(i€ — g)fl - (; +iM)fa =0;

(10.101)

They lead to 2nd-order equations:
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0 = +1,
d?f; —iM dfy ie V2 9 eM
_____ M2t
dr? (1/+iM1"+ )dr +( r r? v+ iMr
d2f2 iM 1 df2 i€ 1/2 2 eM
e V%2 RN ¥ o S
dr2+(+u—iMr+r)dr (r r2 v—iMr
6= —i,
21, ( iM )dfl (_ij_f_M2+ eM
dr? v—1iMr dr r 72 v—iMr
d? fo (—iM )dfz (E_E_M2+ eM N
dr? v+iMr dr r o or2 v+ iMr

2)f1 =0,
) f2 = 0;
62)f1 =0,
62)f2 =0.
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(10.103)

Note the symmetry M — —M between two pairs of equations. In egs. (10.102) and (10.103),

we have the confluent Heun functions.

In presence of the external Coulomb field, instead of eqs. (10.100) and (10.101), we have

the following equations

§ = +i,
i(e+ %)+ 1o+ (5 —iM)f1 =0
li(e+ %) = 210 = (C +iM)f =0
8 = +i,

e+ %)+ di]fz+(:+iM)f1:0,

e+ %)= )~ (b =0,

Further, we derive the 2nd-order equations

0 = +i,
d2f1 |:7+ —iM ]dfl
dr? iMr+vldr
2eav—aM —iev  o?—-1v? M (—iMa + ev)
— M2 [r=o0
{ vr Tt T v (iMr +v) h ’
d2f2+|:7+ iM :|df2
dr? —iMr+wvldr
2eav—aM+icv  a?—-1v? s M(@iMa+ev)
fo—} =0;
Jr[ vr T T v (—iMr+v) f2
0 = —i,
d2f1+|:7+ iM :|df1
dr? —iMr+wvldr
2eav+aM —icv  a?—-1v2 5o M(@iMa+ev)
R v I
[ o + g te +y(—¢Mr+u) fr=0,
d2f2 |:7 —iM i|df2
dr? iMr+vldr

(10.104)

(10.105)
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2 2
-M
vr r? + v (iMr+v)

2Q2eav+aM+icy o2 —v? M(—iMo+ev
+[ + +e€ ( ) J2=0.

Here again, we have differential equations for confluent Heun functions. Note the symmetry
M — —M between two pairs of equations. Also, we can see that equations for f; and fs
are complex conjugate to each other. Therefore, we can study only one equation. Let it be
the equation for fi:

d2f1 |:7 —iM j|df1
dr? iMr + vl dr
2eav—aM —iev o —-v: M (—iMa +ev)
M } = 0.
[ vr * r2 e v (iMr+v) hi=0
It is convenient to use the variable x = Mr, then we get
d?fr 1 1 df,
dx? + (; B xfiz/)a
2Bq —y —iE  T? E
+(%——+E271+7+Z )flf() (10.106)

where E = ¢/M , I'? = v? — o2, and v = «a/v. We find behaviour of solutions near singular
points:

x—iv, fi=(@—-w)’, p=0,2; =0, fi=a4 A=4I2.

In the variable y = 7!, eq. (10.106) reads

2 d y d
B (R wae o) (i

Y dy dy 1—ivy dt
)
+((2Ea—'y—iE)y—F2y2+E2—1+w>f1 =0.
1 —vy
In vicinity of y = 0 it becomes simpler
a2 2d E*-1
- 4 4= - =0
(dy2 + y dy 4 )fl ’

therefore, we conclude that the singular point y = 0 is irregular of the rank 2.
In eq. (10.106) we change the variable, y = —iz/v:

d2f1+(1 1 )@

dy? Y dy
E+2iBa —i 2 E
+[V (E+ ; a—iy) e V2 (—1 +E2) w}ﬁ =0. (10.107)

We search solutions in the form f; = y*(y — 1)BeY f(y), getting for f(y) the following
equation

e 2441 2B—1\df

2 -

a7’ +(20+ R— )dy
+[—2AB—B—|—A—|—1/E—il/’y+2i1/Eoz—|—2AC'—|—C'+A2—
Y y?

B—-vE+2BC—-A+2AB+ivy — B(B—-2
1O PR L2y vE+2BC + +wy C+ ( 1))]

y—1 (y —
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Evidently, we should impose restrictions
A=+T, B=0,2, C==+v-1+E2;
to bound states may correspond the values
B=0, A=+, C=—iv/1—E? fi~atTe VITF2f(y), (10.108)

Equation for f(y) becomes simpler

df 2A+1 2B—1\df
- 2 'l
dy2+( C+ + y—1 )dy
+|:72AB7B+A+VE7’L'Z/’}/+2Z.I/EOZ+2AC+C
Y
B—-vE+4+2BC—-A+2AB+ivy —
N vE+ C’y_nlL +ivy C}f:O;

it may be identified with canonical form of the confluent Heun equation

d )dH+< )\+/\—ta

c
_ el - - = H=0. 10.1
z +< t+z+z—1 dz z z—l) 0 (10.109)

Its parameters are given by relations

t=-20=2irV/1-E2, c=2A+1=2T+1, d=2B—-1=-1,  (10.110)
A=2AB+B-A-vE+ivy—-2iwwEa—-2AC-C
=-I'-vE+ivy—2iv Ea+ 2Tlivy/1— E?2 +ivy/1— E2. (10.111)

From relations
A—ta=B—-vE+2BC—-A+2AB+ivy—-(C =

2ivy/1— E?a = —2iv EFa + 2Tivy/1 — E?
we find expression for parameter a:
Ea
a=———=+I, T'= j+1/2)2 — 2. 10.112
i VG172 (10.112)

Transcendental Heun functions are determined by additional constraint a = —n, which
gives the quantization rule for energies

Fa 1
———=n+({+1/2)?-a?=N = FE=———. (10.113)
V1 — E? 14 22

We can see that the energy spectrum for the P-noninvariant spin 1/2 particle in the external
Coulomb field coincides with that for ordinary particle, though the explicit form of the wave
function is different.
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10.10 Conclusions

Within the theory of relativistic wave equations with extended sets of Lorentz group rep-
resentations, a new P-noninvariant 20-component wave equation for a spin 1/2 particle is
proposed. The presence of an external electromagnetic field and a Riemannian space-time
background are taken into account. Due to the internal structure of the particle, additional
interaction terms appear, it relates to the anomalous magnetic moment of the particle.
Exact solutions of the equation in the presence of the external Coulomb field have been
constructed, radial wave functions are expressed in terms of confluent Heun functions.
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Fermion with two mass parameters

in the Coulomb field

Generalised wave equation for a spin 1/2 particle with two mass parameters is
studied in the presence of an external Coulomb field. After separating the variables,
the problem reduces the system to eight differential equations of the 1st order.
Taking into account for diagonalization of the space reflection operator, we derive
two independent systems of four equations, referring to states of opposite parity.
When considering these equations at the large distance from the centre, they take
the form of two subsystems for two ordinary Dirac particles in an external Coulomb
field, with masses of M7 and Ms, respectively. To simplify the problem, we perform
a transition to the nonrelativistic description of the system. In this way, we derive
two systems of linked 2nd-order equations, referring to states with different parities.
They lead to 4th-order differential equations for separate functions. Their solutions
of the Frobenius type have been constructed, they involve power series with 10-term
recurrent relations. Two solutions are appropriate to describe bound states. As a
quantization rule, we apply the known transcendency condition; in this way, we
derive two analytical formulas for energy spectra. They are similar to nonrelativistic
spectra for ordinary spin 1/2 particles, but they are governed by masses M7 and Mo.
Results of constructing solutions and obtaining the energy spectra are extendable
to relativistic theory as well.

11.1 Introduction

In [1-3], it was proposed the relativistic equation for a spin 1/2 particle with two mass
parameters. In the presence of an external electromagnetic field, there arises the system of
equations for two bispinor components. In [3-5], exact solutions of those equations in the
presence of the uniform magnetic field were constructed.

In this chapter, we will consider such a particle in an external Coulomb field. The system
for two bispinors ¥y (x), Ua(x) has the structure

{w [i(0a + Do) — eAq] — M + bAlE(x)}\Ill(o:) — aA1D(2)Ts(z) = 0,

(11.1)
{w [1(0o +T) — eAg] — Mz — aAgZ(a:)}\Ilg(x) 4 bALS ()T () = 0,
where
(@) = eyt Sa) = —ieFapo™(a)
B () = v (@) (@) = (@) (@) (11.2)

4
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We will apply the following parameters

M M
Ty Me= /75
(14 cosv)/2 (1 —cosv)/2

11
a= 2]\4(4 31/1+ (1/3)sin? v — cosv ),
11
b= 4 —34/14 (1/3)sin? v + cosy
Sar (4-3\/1+1/3) ) "

cosy — /14 (1/3) sin® 5

e0,7/2], M;=

Ay = (1+4/1+(1/3)sin?y)

)

cosy(1 + cos )

cosy +4/1 4 (1/3) sin® 5
Ay = (1+4/1+ (1/3)sin?y)

cosy(1 — cos)

Parameter M with dimension of inverse length is arbitrary.

I
11.2 Separating the variables
We consider this equation in the Coulomb field, using spherical coordinates and tetrad

ds* = dt? — dr? — r?d0? — r*sin? 0d¢?, % = (t,r,0,9¢),
6(0) (1 0 0 O) 6(3) (O, 1,0 O)

(11.4)
1
0, 0 O % =1(0,0,0, ——) .
et = ) ey = (0.0, ’rsinQ)
We will apply the notations
e e e?
At:_fa Ftr:_ﬁrA0:_77 Z(x)_liry 7 )
r r2
CLA1€2 =g, CLA2€2 = (2, bA1€2 = ﬂl, bAQ@ = 62 .
The system (11.1) takes on the form
1
[Vo(i&s — %) +i7°0, + ~ gy — My + iﬂ%voﬂ U, - ¢%7073\112 =0,
(11.5)
1
70 (i0y — g) +iv20, + =Ygy — My — i 27073 Wy + i&“yo’y‘gllfl =0,
r T r2 r2
where ” 12 e
So.p = iv'0p + 7?“ '
sin 0
Further, we will apply the following expressions for four parameters
,1 (1 —cos”) (— cosyy/12 — 3 cos? vy + cos? v + 2)
M=y M cosvy (1 + cosy) ’
2 sin?y 2 sin?«y
2 2
_ .2z , — _e2Z2 <0, 11.6
= 3 M cosvy fr © 3 M cosvy ( )
1 €2 (1+cosy) (COS’}/\/].Q — 3 cos?y + cos? y + 2)
= >0
& 3 M cos (cosy —1) ’
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note two identities

Q2 :_ﬁ17

a1Be = —P12.

(11.7)

The substitutions for two bispinors with quantum numbers €, j, m have the form

» f1( )D_1/2 ” g1(r)D_q /2
e | fa(r) D2 e " (r)D1/2
Uy(x) = Us(x) = 11.8
(@) r J3(r)D —1/2 2(7) r 93(7")D—1/2 ( )
fa(r)Di1/0 (1)D41/2
Using the Dirac matrices in spinor basis, we derive eight radial equations
a .d v i i
<€+*) fa—i—fs—i—fa—Mif1+ Blfl—ﬁlsh—o
r dr r
a .d v i ia
<€+*) fatio fatiofs— Mif2— Blf2+7192—0,
" (11.9)
i iy
( >f1 +Z*f1+2*f2—M15f2—*f3+ T2 93=0,
. d . o
(€+*) fo— i fo—is fy = Myfa+ Blf - 2194—0;
r dr r
o ) v 16" 7
(€+ *) 93 — g3 —i—gs — Magi — —-g1 + /62f1 =0,
r dr r r
o ) v 1" 7
(6 + *) gatio gati—gs— Mg + *292 - /62f2 =0,
N g " 1/8 (11.10)
<€+;>91 i g1 tis 92—M293+f 3—*25f2 =0,
. d v ia i
(6 + *) g2 — g2 —i—g1 — Mags — —-ga + /82f4 =0,
r dr r r

where v = j+1/2; j =1/2,3/2,...

. The system (11.9)—(11.10) allows for imposing the

linear constraints (they follow from diagonalization of the space reflection operator)

fa=0df2, fa=6fi, d==%1, gz=092, ga=0dg1, d==%1;
in this way we obtain
v ) Qo
(c+2) o —iop—iop —anfi+ Dy~ g =0,
14 1 1

(c+ XY ontionvilop—anfo— Dot By, =0,
« v 1 1

G*?)““ Shtisfo = Midfy - B%ﬁ+—%m:m
« 1% 2 16’

(c+2) fomittfo =iy~ Mibfi + 61 Bsn— sg =0
T T T
o v e ) zﬁg

(6 + ;) 0g2 — l 592 - 1;591 Megr — —ag+-—5/hH=0,
« 16 (3

<€ + ;) dg1 + z 591 +i—0g2 — Maga + 7292 7,62 f2=0,
« d i

<€ + ;) g1tiz g1 +i—gs— Madgs + —28gs %5& =0,
« d i

<€+*>92—1 g2 —i—g1 — M25g1—f5 1+B25f=0~
r dr
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Preserving only independent equations, we arrive at two subsystems of four equations (de-

pending on § = +1)

a v 7 16
(6+?> h +z—f1+l;f2*M15f2 ﬂ15f2+ 1592*0
a d v 7 Q
(€+?> f2*17f2*1;f1 Midfr + 515f1 71591*0
o d v L
<e + ;) g1+ 1*91 + ngz M3dgz + ?692 BZ §f2 =0,
o ZBQ

. d v ’i()éQ
<€+ *) g2 —i——g2 —i—g1 — M2dg1 — —-dg1 + *5f1 =0.
r dr r r
In order to eliminate the presence of imaginary unit, we use the new variables

f=(fa+f1), F=ilfo—fi); 9g=(2+taqa), G=ilg2—ag1).

This results in

Q%—Z+5%)F-(e+%—dMQf—§%G:o,
(%+;—5%)f+(e+g+5M1)F+6T—; —0,
&%—%—g%G—G+——&%ﬁ+d%F:,
Qi+:+5—)y+G+i+ﬂMaG 5@f:o.

It is convenient to consider the states with different parities separately:

S
A N P VA R

5= +1, (dr r r2) ( r ) 2
(-2 )a (e 2w B
(%+%+%)g+<e+g+Mg)G—% 0;
(%—;—%)F—(e—i———i—Ml)JW—%G:O,
o (dii+;+%)f+(e+——M1)F—%g—0,
G T
(L4792 (e+ - an)a+ 2r=o

We can note the symmetry between two systems:

My, My, aq,00,81,82 = —Mi,—Ms,—aq,—as,—B1,—B2.

(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

It may be noticed that at the large r the systems split into independent subsystems:
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0 =+1,

(-2 tomyrmo. (Ead)sa(oosompron,
(2o (5=, (o Do (050
5=-1,

N I SO
(2o (g omlo-n. (Gros(orsompono

This means that far from the origin » = 0, we have equations for two ordinary Dirac particles
with different masses M7 and Ms. In other words, at large distances we observe two unlinked
particles with different masses.

11.3 Derivation of the 4th-order equations

With the help two equation in eq. (11.14), one can eliminate the functions G(r), g(r); then
we obtain the system of the 2nd-order equations for functions f(r), F(r). Below we write
down only their general structure (let My — My = M):

d? a1 as.d by by
(W—F(?""ﬁ)%-‘rl)—F?—F...“rﬁ)Jc
d cCy Cy (s _

2 A Ay d By By
—+(—+=)—+B+—+..+—F
(dT2+(T+T2)dr+ +t +T4)

d 1 ca  C3
M— —+=+—=)/=0.
+< drf+ r +r2 +r3>f 0

(11.19)

Let us introduce special multiplier at f and F, so that

— —Cq & C3
F=®F, &=x ™M e¢Mze2Ma?

(Mi L, +%)¢F=¢M1F,
dr r r2 3 dr (11.20)

F —c1  C2 °3
f=wf, @p=ameremn?,

d C1 C2 C3 = d -
<M$+7+T—2+T—3)<pF—<pMﬂF.

Correspondingly the system (11.19)—(11.19) takes the form

1 d2 al a9 d bl b4 r d
TSM< 7+b+7+...r—4)¢f+d—F—0, (11.21)

@ TGt "
1 d2 A1 A2 d B B4 R d

dr
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Let us apply more symmetric notation, f(r) = fi(r), F(r) = —f2(r); then the system
(11.21)(11.22) reads

2
(Kola) s 4 K (o) 4 K)o = 2
11.23
&2 d df1 (11.28

(Lo(@) 2 + Li(@) = + Lo(@) ) o = 5

Let us detail the method for obtaining equations of the 4th-order. First, we will eliminate
the function f:

2) = [ (Kolw) g + K)o+ Kalo)

d d? d d? d
(Lag +0) (Kagy + Kage + Ko) 1+ Lo [ do(lags + Kage + Ko ) fy =0

Then we divide the second equation by Lo(z) and differentiate the result. In this way, we
derive a 4th-order equation for f;(z):

{di(iz dci + %) (K dd22 + K dd +K0)

+ K1 —

2
o T K dd + Ko) }fl(:z:) =0 (11.24)

Similarly, we obtain the 4th-order equation for function fs:

{di(gi di +%><L dd2 +led +L°)

—I—(Kz d

2
+(dei2 +L1dd +Lo)}f2(x) =0. (11.25)

11.4 Nonrelativistic approximation

In order to simplify the problem, in the system of radial equations, let us perform the
nonrelativistic approximation. We start with

(e e ()=S0

§=+1, 7(%+;7? fﬁ<e+g+Ml>F77"21g:0’ (11.26)
(-2 a2 o
et (e B
(-t By (e S o-n,
S e SO

§=—1, A " b (11.27)
(g -y )+ (e THM)o+ ZF =0,
S
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By means of substitutions
f7F ~ e*iet — e*’i(MlJrEl)t’ g,G ~ e*iet — e*i(MngEg)t’ ]\41 +E1 — ]\42 +E2

we introduce two nonrelativistic energies. As a result from eqgs. (11.26)—(11.27), we obtain

dr 2
. —(%—F%—%)f—(QMl—kEl—k—)F—% ~0, s
e L G
() (B e 2y 0
(£ e (s ) e o,
L Gt eI
(- E+B)o (e mrs Do+ Br o,

et (D)o B

r

First consider the case § = +1. Neglecting the nonrelativistic energy in comparison with
the rest energy M; and My

2M1+E1+EN2M1 2M2+E2+QN2M2,
r T

we get
d
—(——5+ﬂ;)F+(E1+3)f+a21G—0,
dr r r T T
d
—(—+5—&f—2MlF—%g: ,
dr r r T

(11.30)

d
7(—+5+a—§)g72M2G+B—§f:0.
dr r r T

With the help of second and fourth equations, we eliminate the functions F' and G, so
obtaining nonrelativistic equations for f and g:

& f [2M10é v(v+1) n 261(v +1) _ /3712 M, a1fz Lo, E1]f

dr? r r2 r3 r My
a1 a1 My dg ( var; 2a1 Miaiv a1 aias Ml)
e 9 (v fa - -0, 11.31
(1"2 r2Ms ) dr + r3 r3 Mo r3 r4 Myrt )9 ( )
d?g 2Mya v(v+1) 202(r+1) a2 Msoay B
£y - - _2 bz oy E]
dr? + [ r r2 r3 ré + My r? * 2829

Po  BaMoNdf  (vfB2 202 Mafov  azfs  Bif2M;
+( r? + T2M1)d7“ (7’3 + r3 + My 73 r4 My r4

)f:(). (11.32)
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These equations are symmetric with respect to the changes eq. (see (11.7))
=9, a1= —f2, ax= —P1, M= My; (11.33)

therefore, it suffices to examine only a 4th-order equation for the function f.
Far from the origin r = 0, eq. (11.30) simplify

d d
(5= 2)F+(B+ ) =0, —(5+2)f-2mF =0,
dr v r dr v (11.34)
d v « d v '
—(E—;)G—l—(Eg—k?)g—O, —(5+;)9—2M2G—07
whence follow separate equations for f and g:
d? +1
(L +onn( + & - L) 2
_ dr r r
§ = +1, " 1) (11.35)
@ v(v
N

This means that far from the origin, the system looks as two independent nonrelativistic
particles with masses of M7 and Ms, respectively. Their solutions are confluent hypergeo-
metric functions:

0= +1, Xr = 2\/ 72M1E1 T,

f(z) =2’ e ™ 2F(—n' 20+ 2,2), B = o Mie® n' =0,1,2
) ) ) 1 2(’/7,/+l/+1)27 3 Ly Ly ey
Moo (11.36)
v+l _—x/2 / o ples /
g(x)—:ﬂ e /F(fn,Ql/‘i’Q,iC), EQ—*m,n —0,1,2,....
The case of opposite parity is considered similarly:
d v B Qg
—N\———--—=)F+2Mf— —5G=0,
(dr T r2) +2M0f 72
d
(= 5+5—;)f (Bi+2)F+5g=0,
6 — 1 d?“ T T T T (11 37)
’ d v « '
(5 =2+ 5)G 2y + SF =0,
dr r r r
d
(LT ey, (B Y)e-Zi—o.
dr v 12 T r2
Eliminating the functions f and g, we obtain
d*F  2Mia  v(-v+1)  2B1(—v+1) Bi?  MiaiBe
dr? +[ r + r2 + r3 - TT+ Maort +2M1E1}F
(e5] _ a1M1 dG & . @ M10¢11/ Ot1ﬁ1 _ a1a2M1 o
+(ﬁ 7'2M2> dr ( r3 r3 + Moyr3 + r4 Myrt )G =0, (11.38)
d’G 2Moae v(v—1)  2a2(v—1) az?  MyaiBs
dr? [ ro 72 + r3 St Myr4 + 2M2E2]G
B2 BaMoN\ dF vBa | 282 Mafav  asfa PiffaMay .,
_‘—(_7'72 7"2M1)ﬂ+(_r73 3 Myr3 rd Mird )Fﬁo' (11.39)
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It should be noted that egs. (11.38)—(11.39) differ from egs. (11.31)—(11.32) by formal
changes

f = F g = G, v = -v. (11.40)

Far from the origin, we get more simple equation

(ﬁi+2MﬂEy%g%fQ:iB)F:Q

2 2
§=-1, % r (TD (11.41)
« v—1)v
— +2My(E f-_gggf)gzo
(dr2 +2M3(B + r) r2
Their solutions for bound states are
(5 = —1, xr = 2\/ —2M1E1 T,
M 2
F(I) = IVB*ZI/’/Q 1F1(77'l/,21/, I), El = *1701, TL, = 0, 1,2, ey
2(n' +v)?
9 (11.42)
G(z) = axve /2 |\ (—n'2v,2), E;= __Mea” n =0.1.2
11 y 4V )y 2 2(?7,/+V)27 y Ly Ly eee s

We can see that the transition from states with parity 6 = +1 to states with parity
6 = —1 is performed by means of the formal change v + 1 = v.

11.5 Solutions of the 4th-order equations

The structure of the 4th-order equation is

T P

d*qg (m1+m2r3+m3r2+m4r+m5)d3g

art a3

n5r3+n5r2+n7r+n8)dig

P dr?
3 2

D1 D2  P3  Pa  DPsT” +DeT +p7T+P8)dg

+<r+r2+r3+7°4+ P dr

a1+ qror® + qui T+ qiz
iz )g=m

n n n n
+Gm+—l+—§+—§+—§+
r T r r

q1 q2 q3 g4 qs
+Ho+2+5+2+8. 5
DT r2 3 opt b

+ B+ L+ L4
where
P =2E, My (My — My)*r* + 2 My oo (My — My)* 3 +2 My (v +1)[(2v + 1) My + M;] 72
+2My (v 4+ 1) [(=3B1 + az) My + My (B1 + az)]r
+[Baar + 21 (—o + B1)] Ma? — My My (*0122 + 812 +28s 041) + Mo Bs .
First, we make substitution g = e%"g(r), which leads to

d*G my
dr4+[ +r+

m5+m2r3+m3r2+m4r}@
P dr3
ni1+3m1 B N9
oy T2

+[6B% +no + + g™
T T
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+

(3mgB+n5)T3+(n6+3mgB)r2+(3m4B+n7)r+ng+3m5B]d2g

P dr?
2
+[4B3+2n0B+3mlB +f1+2n13+;D3+T23n33+p2+r22n23+2n4i+p4

%((p5+2n53+3m232)r3+(3mgB2+2naB+p6)7“2

+(p7+2n7B+3m4B2)r+2n8B+pg+3msB2)]%

Q1 +mlBS+nlB2+p1B+q2+n2B2+pr+q3+n332+pr

r r2 r3

+[B4+noBQ+QO+

+q4+n4B2+p4B

g5 g6 , g7 gz 1 3 2 3
< +T—5+T—6+T—7+T—8+F{(p53+m23 +ns5 B® +qo) 7

T
+ (ms B* + quo + 16 B* + ps B) 1> + (q11 + ma B* + n7 B> + p7 B) r

+Q12+m533+n832+p83}]§:0-

Imposing restriction on parameter B:
B4—|—n0 B2+q0 :0, qo0 :4E‘1LE’2]\41]\427 no :2E1M1 +2M2E2, (1143)

we get four possibilities

B=+\/-2ME,, B=+\/—2ME,. (11.44)

Now we make substitution
g=r2e"G(r), (11.45)

the resulting equation for G(r) is cumbersome, by this reason it is not written out explicitly.
Let coefficients at r~8 and r~7 be vanished
ct C?
G C Fmb (11.46)
r
gr+ (—m1 —4A4+12)C3+n3C?* +2ny (1 - A)C
7

=0, (11.47)

where
mi =8, n3=2(—as+B)v+1), ni=2a;B—pBi" —a?,

1 =2 (—aa+ 1) (—a1 ot B1) (1 +v), gs=(—a1fBa+a2f) .

For parameter C', we get the algebraic equation of the 4th-order
C'+ (204 B2 — B1? — %) C? + (—a1fBa + azf)? =0,
whence it follows (allowing for eq. (11.7))
C*—4C%*B8% =0 = C =428 ,0, 0. (11.48)
We consider two first possibilities (see egs. (11.46) and (11.47))

I. C =425, <0, A=v+2; (11.49)
II. C=-25>0, A=—v. (11.50)
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When C = 0, eq. (11.47) holds identically and for defining parameter A, we require that
that coefficient at % be vanished

(252 a1 —Bi° — 0422) A% + (512 + az® — 2, al) A+48% (v+1)
16

= 0 s
whence it follows

III, C=0, A=v+1. (11.51)
IV, C=0, A=-v. (11.52)

Only the variants I and III are suitable for describing the bound states.
For states with opposite parity, we have the following four variants (see eq. (11.40))

I') C=428,<0, A=-v+2;
I, C=-28>0, A=+v;
IIr, ¢=0, A=-v+1;

v/, C=0, A=+4v.

(11.53)

Only the variants I’ and IV’ are suitable for describing the bound states.
For function G (see eqs. (11.45) and (11.49)), we obtain the equation

‘G

(P10 rt0 + P r’ + Ps r® + Pg r® + Py 7"9) ey

3G
_|-(Q107*10+Q9r9—|—Q8r8+Q77‘7+Q5T6—|—Q5T5+Q47"4) dr3
2
+(M10T10+M97“9+M87“8+M77“7+M67“6+M57’5+M47“4+M3T3+M2T2)%

+(Nm?“m+N97“9+N87“8+N77“7+N67“6+N57“5+N47‘4+N37“3+N27“2+N17“+N0)%
-‘r—(Lg?“g+L87‘8+L7T’7+L67‘6+L5T5—I—L47“4+L37'3+L2T2+L1T+L0)G:0.

Solutions are searched as power series

F=S dr, —= s, == (1 —1)dyr' =2
l;nn o ; it d Z 2,

PP & d'F &
=3 1l-D1-2dr' 2, == =N"11-1D(1-2)(1-3)dr'*.
— Z;( )1 -2 = ;( )L —2)(1 - 3)dir

Further, we obtain

Pio iza 1) —2)(1 = 3)dir'® 4 Py i 11 =1)(1 —2)(1 = 3)dyr'™®

oo

+P ) U= 1)1 —2)(1 = 3)dyr'

+P; iz(z —1)( —2)(I —3)dr' ™ + Ps i I(1=1)(1 —2)(I — 3)dyr'™?
=4 =4

+szll—1 (1= 2)dir'™" + Qo 211—1 (1 —2)dir'™° + Qs 211—1 — 2)dyr'*?

=3 =3 1=3
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+Q7 > U= 1)1 = 2)dir™ + Qs Y 11— 1)(1 - 2)dir'?

1=3 =3

+Qs iza 1) —2)dir' + Qu i 1(1=1)(1 = 2)dyr' ™

=3 =3
+Mio Zl I —1)dir'™® + Z 1 —1)dir™™ + My Zl [ —1)dyr'™®
=2 =2 =2
Mz > U= D) dr'™ + Mg Y U= D™+ Mg Y 11— D'
=2 =2 =2
+M4lefl P2 4 Z Py Z (1 —1)dyr"
=2 =2 =2

+N1o Y ldir™ + No chzn«l*s + Ns Zldlrl+7 + N ZZd,rl+6

=1 =1 =1

+Ne > 1dr'™® 4 N Y ddir'™t 4+ Na Y ldr™? 4 Ny Y 1dir't?

=1 =1 =1 =1

+N> Zldlrl“ + N Zldlrl + No Zmlr“
=1 =1 =1

+Lo Z dl’/'lJrg + Lg Z dl’/'lJrS + L~ Z dzrl+7 + Lg Z dlrl+6 + Lsy Z dlrl+5
=0 =0 =0 =0 =0

+L4 Zdlrl+4 + L3 Zdﬂ“”rg + Lo Zdlrl+2 + L1 Zle’hLl + Lo Zdﬂ’l =0.
=0 =0 =0 =0 =0
After changing summation indices, we obtain

oo

Pio Y (k—6)(k—T7)(k—8)(k — 9)dx_er" + Py i(k —5)(k —6)(k —7)(k — 8)dg_5r"

k=10 o
+Ps Z (k — 0)(k — 5)(k — 6)(k — Thdi—ar® + P Sk — 3)(k — 4)(k — 5)(k — B)ds_sr*
p
+Ps ki(k —2)(k = 3)(k — 4)(k = 5)dx—2" + Quo kf: (k —7)(k — 8)(k — 9)d—77"
Qo i(k —6)(k = 7)(k — 8)dr—or" + Qs ki(k —5)(k — 6)(k — T)dx_sr"
+Q7 i(k —4)(k — 5)(k — 6)d—ar" + Qo Ii(k —3)(k — 4)(k — 5)dy_sr"
T@s ;i,(k —2)(k = 3)(k — 4)dr—2r" + Qu Ii(k —1)(k —2)(k — 3)dg_1r"
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+Mio i (k —8)(k — 9)dg_sr" + My i(k — ) (k — 8)dg_7r" + Mg i(k —6)(k —T)dg_er"

k=10 k=9 k=8

[e') oo oo

+Mz Y (k= 5)(k — 6)dk 5" + Ms Y _(k—4)(k — 5)dx_ar" + Ms > (k — 3)(k — 4)dy,_sr"

k=7 k=6 k=5
My (k= 2)(k = 3)dx—or® + Mg Y (k= 1)(k — 2)dx—17" + Mz Y k(k — 1)dwr”
k=4 k=3 k=2
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+Nwo Y (k= 9)di—or" +No ) _(k —8)ds—sr" + Ns Y _(k = T)dp—7" + Ny Y _(k — 6)dj—or"

k=10 k=9 k=8 k=7
+No > (k—5)dk—5r" + N5 Y (k= 4)dx—ar™ + No Y (k= 3)d—sr" + N3 Y _(k — 2)dj_or"
k=6 k=5 k=4 k=3
+N2 > (k= Ddear® + Nu Y kdr® + No Y (k + )dyeyar”
k=2 k=1 k=0

+Lo Z di—or" + Ls Z dy,—sr* + L7 Z d—7r" + Lg Z di—er" + Ls Z dy—sr"
k=9 k=8 k=7 k=6 k=5

+L4 i d—ar™ + L3 idk_;grk + L, idk_grk + Ly i dk—17" + Lo idm‘k =0.
k=4 k=3 k=2 k=1 k=0
Finally, we get 11-term recurrent relations
k=0, Nody + Lody =0,
k=1, 2 Nody + (N1 + Lo)dy + Li1dg =0,
Qr—9dr—9 + Qr—gdr—s + ... + Qrdr, + Qr41dp=1 = 0. (11.54)
The known transcendency condition for Frobenius solution has the form
Qro=0 = Np(k—-9+Lys=0 k-9=n=1,23..; (11.55)
explicitly it reads
8{[a(By + Ba) My + (%QB + By (<T+ A+ k) ) B| My
+[(%QB + By (A+k —9) )M + B (k+ A= 8) | B}E My (M, — My)” = 0.
Let
A=v+2, B=—\/-2ME, (11.56)
then the above equation takes the form
By (My — M) Mo (ﬁ\/m(k Yv—5)— aMl) (E1 M, — E;M,) = 0.

This equation has three roots

a2M1 M1

Ey=0, Bj=-—— 1 _
T T T k=54 0)2 Mo

As physical, we consider only the second root

012M1

B=__ &7
! 2(k —5+v)%’

k—9=n=1,23,... (11.57)

Now, let

A=v+2, B=—\/—2ME,, (11.58)
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then eq. (11.56) takes the form
Ey (My — Ma) My (E1 My — ExMs) (aMg — V2 /=By My(k +v — 7)) —0.

As physical, we consider only the root

1 oM
By=—7 22

Now, we consider the case I1I: C =0,A = v + 1. Here we have the following equation

d*G

(Pgr +Psr8 4+ PrrT + Psrb+ Pyr ) ey

3G
+(Qor” +Qsr® + Q7"+ Qs1° + Q57" + Qu1?) =5
d2G
d2
G
dr

(Mg?“ +M87“ +M77“ +M67" +M5’]" +M4’)" +M3’f’ +M2’I" +M17’)

+ (Ngr? + Nsv® + Nov™ + Nor® + N5 v® + Nayr + N3 r® + Nor? + Ny + No)

+ (Lsr® + Lyr" + Ler® + Lsr® + Lyr* + Lyr® + Lor* + Lir + Lo) G = 0.

Solutions are searched as power series

> dF & P a—
F=S dr, == 1", == (1 —1)dyr' =2
; i, d?" lzzl r 5 d ; r )

d°F .- 1-3 d'F - 1-4
= => 11 —1)(1—2)dr'?, —T= S U= 1) —2)(1 - 3)dir
=3 =4
Further, we get

(oo} oo

Py il(lf1)(l72)(l73)dlrl+5+Pg S U= (A=2)(1=3)dir' T+ P Y 1(1—1)(1-2)(1-3)dir't?

=4 =4

+Ps Y U= 1) (1= 2)(1=3)dir'™* + P Y (1= 1) (1= 2)(1 = 3)dir'™ + Qo D 11— 1) (I - 2)dyr'
=4 =4 =3
+Qs Y (1= 1)1 = 2)dir'™® + Q7 D U1 = 1)(1 = 2)dir'™ + Qs Y 11— 1)(1 — 2)dir'*?
=3 =3 =3
+Qs5 Y 11— D)1= 2)dir'™? + Qa Y U= 1)(1 = 2)dir'™ + My > 11— 1)dpr'*T
=3 =3 =2
+Ms > 11— 1)dir™C + Mz Y 11— 1D)dir™ + Mg Y U= D)™ + M

=2 1=2 1=2

I(1 = 1)dyr' ™

St

e} [eS)

AMa > U= D)dr'™? 4+ My > 11— 1)dr ™+ My Y 1= Ddir' + My Y U1 = Ddir'

1=2 1=2 1=2 =2

+No Z Id;r' ™8 + Ny Z I + Ny Z Id;r' % + Ng Z 17+ + Nj Z Idyrtt
=1 =1 =1 =1 =1

+Ny Zldlrl+3 + N3 Zldlrl” + N Z Idr'™t + Ny Zldlrl + No Zldlr“l
=1 =1 =1 =1 =1
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oo oo oo oo oo
+Lsg Z dir'™® + L, Z dir'tT + Lg Z dir'™® 4+ Ls Z dir'™? 4 Ly Z dyr'
1=0 1=0 1=0 1=0 =0

+L3 idw”g + Lo idwl+2 + Ly idlrlﬂ + Lo idﬁl —o.

1=0 1=0 1=0 =0

Changing the summation indices we get

Py i(k —5)(k —6)(k — 7)(k — 8)dx_s7" + Py i(k —4)(k = 5)(k — 6)(k — T)dg_ar"
k=9 k=8
+P; i(k —3)(k—4)(k—5)(k — 6)dr_3r" + Ps i(k —2)(k —3)(k — 4)(k — 5)dg_aor"
k=17 k=6
+Ps i(k: —1)(k —2)(k — 3)(k — 4)dx_17" + Qo i(k —6)(k — 7)(k — 8)dg_er"
k=5 k=9
+Qs i(k —5)(k—6)(k — 7)dk—sr" + Q7 ki(k —4)(k —5)(k — 6)dg_ar"
+Qs ki(k —3)(k — 4)(k — 5)di_sr"
+Qs i(k—2)(k—3)(k—4)d“r’“+qz4 g(k—l)(k—2)(k—3)dk1rk+Mg ki(k-?)(k-g)d“rk

+Ms i(k —6)(k — T)dx—or" + My i(k —5)(k — 6)dg_57" + Mg i(k — 4)(k — 5)dp_ar”
pr e =6

+Ms i(k —3)(k — 4)dg_sr" + M,y i(k —2)(k — 3)dp_or* + Ms i(k —1)(k — 2)dg_17"
pa pvt par

+M> i k(k — 1)dgr® + M, i(k + Dkdgs17* + No i(k — 8)dy_sr* + Ng i(k T ——
k=2 k=1 k=9 k=8

+N~ Z(k’ — 6)dk767”k + Ng Z(k — 5)dk757“k + N5 Z(k — 4)dk747‘k

k=7 k=6 k=5
+N2 > (k= 3)dk—sr" + N3 Y (k= 2)dx—or* + N2 Y _(k — 1)dg_17"
k=4 k=3 k=2

+N1 de}d"k + No Z(k + 1)dk+17“k
k=1 k=0

o0 oo o0 oo oo
+Lg Z di—sr" + Ly Z dy—77" + L Z di—er" + Ls Z d_sm" + Ly Z dp—ar”
k=8 k=7 k=6 k=5 k=4

+Ls defﬂk + Lo Z dr—or® + Ly deflrk + Lo deTk =0.
k=3 k=2 k=1 k=0
So we arrive at 10-term recurrent relation
Qr—sdi—s + Qr—rdp—7 + ... + Qrdy, + Qr41dp+1 = 0. (11.60)
Transcendency condition for Frobenius solution has the form

Qrk-s =0 = No(k—8)+Ls=0, k—8=n=1,2,3,...;
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explicitly it reads
1
8{ [a (v + o) M + (0B + Es (—6+A+k)>B} M,
1
+[(§QB + By (A+k = 8) )My + B (k+ A—7) | B}E\ My (M, — My)” = 0.
Let

A=v+1, B=-/—2ME, (11.61)

the above equation take the form
E1 (M1 — Ms) Ma (E1M; — EsMs) (\/is/fElMl(k tv—5)— aMl) =0;

its solutions are

OL2M1 E2M2
T T T (kv -5 T My
as physical, we take the root
1 a2M1
Fi=—f——+—— k—-8=n=1,23,.... 11.62
1 2 (k*5+1/)2 n 3 &y Dy ( )
Now let

A=v+1, B=—+/—2MyE,, (11.63)

the eq. (11.61) reads
By (M — My) My (Ey M, — EsMy) (aMg V2N —Bs My (k + v — 7)) =0.
Its physical solutions is
1 M2 052
2 (k—T+v)?

Thus, we have found the following spectra

1 042M1
1. A= 2,B=—/2MFE\,E1=————""—"— k—9=n=1,2,...;
v+ ) 1441, 21 2(n—|—4—|—1/)2’ n y 4y ’

1 2 M.
2 A=v+2B=—\/—2MyEy, Fy = — — 22 j_9—p=1,2..;

B, = k—8=n=12.3,... (11.64)

2 2+ )2
X ("J’QJ\; V) (11.65)
@ 1
3A=v+1,B= —/2M B, By = —> —— 1k 8=pn=12.;
v+1 181, £ 2 n+3+0) n
4. A=v+1,B=—\/—2MyEs,E L_Moa? ¢ 1,2
A=v =—y/- =————— k—-8=n=
B} 2152, L22 2(n—|—1—|—1/)2’ y 4y

For states with opposite parity, we have the following spectra (changing the notations
v+2=rvv+1=v)

1 CV2M1
A=v,B=—/-2ME;, E,=—-

2k —7+v]’

1 2 M.
A=v,B=—\/"2MyEy, Ey=->—>"2 .

2 k-9+v]

Ly (11.66)
A=uv,B=—\/—2ME;, El:_,ailz;

2 [k—-6+v]

1 1\42052
A:V,.B:—\/—2Z\42E‘27 E2:_77]2.
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Let us examine numerically two spectra

a2M1 1 042M2 1

> o By =—— e (11.67)

B =

they are governed by the factor (let v = 1, n =0, 10, see Fig. 11.1)

1 1 1 1 1 1 1 1 1 1 1

- e
ntvE 4797 167 257 367 497 647 817 1007 121

Relation between two spectra is described by the formula (see Fig. 11.2)

Ey M; 1-—cosy

—_— = 0 21. 11.68
Ey, My 1+4cosy’ v €[0,7/2] ( )

When v = 3, two spectra are governed by the factor

1 N 1 1 1 1 1 1 1 1 1 1 1
n+v '
2 9’ 16" 25’ 367 49’ 64’ 81’ 100" 1217 144’ 169

The difference of two spectra A = E\"=% — B ig illustrated in Fig. 11.3.
Let us detail the structure of nonrelativistic wave functions. Taking in mind the approx-
imate equalities

fi=f+iF=f, fo=f—ilF = f,

. ’ (11.69)
g =g+iG =g, g2 =g —iG = g;

5= +1,

fi=f+iF=iF,  fo=f—iF ~—iF,
0=-1, (11.70)
g1 =g+1iG =G, g2 =g —iG = —iG,

we get
f(r)D_ g(r)D_
§=41, Ws_yi = ‘ (r)D—1/2 , (r)D—1/2 : (11.71)
f(T)D+1/2 Q(T)D+1/2
F(r)D_ iG(r)D_
§=—1, Ws__,=i (1) D-172 , (D172 (11.72)
—F(r)Dy1)2 —G(r)Di1/2
|

11.6 Solutions in relativistic case

In relativistic case, the structure of the resulting 4th-order equation for F(r) is as follows

d4F+(m1 mo m3r5+m4r4+m5r3+m6r2+m7r+mg>d3F

dr o2 P dr3

5 4 3 2 2
n n n n nsr° +ngr* +n7r° +ngr° +ngr+n d°F
_|_(n0_~_71_|_722 ;’ ;1 5 6 7 8 9 10)
r T T T

P dr?

p1 P2 ps  pa ps  per’ +prrt + st +por? + pror + pi1\ dF

p(B 2 B P By =
roor2 3y 75 P dr
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q1 q2 q3 q4 qs g6
+(qo+ . +r2+r3+r4+r5+r6

qarr®+gsrt +qor® + quor? + qur + qio
+ P

)F:O,
where
P = (M — M)? (e 4+ My) (e — My) 1% — (My — My)® o (—My — 2¢€ + M) r°
+ (412 =6v+2+a®) M> + ((—6 — 81 + 14v) e — 2 M (—1+v+a?)) M

+4 (=14 0)°E+2M, (—1+v)e+ M220¢2} rt

C8[B My — By + (f% +0)a] (=1 + 1) (—e + M) 13

+[(— —2€B1 + 2va+ 1 My + My 5y)?
+2(—a—2€eB1+2va+ f1 My + Ms 81) (M — M) 5,

+2a By (My — M3)(2+2v) — 6 (My — Ma)a By
—4(—2e+2ve—v M +2M, — Mav)a B ]7“2

—861 [(—%+V)oz+61 (—e+ Miar +4a?p”. (11.73)

First, we make substitution F' = X" F(r), which yields

d4F+[4K+m+@+m3r5+m4r4+m5r3+m6r2+m7r+m8 BF
drt r 72 P dr3
3 K 3 K
+{ng +6K2 4 ST T2 AR T T
T r r
1
+F[(n5+3m3K)r5+(3m4K+n6)r4+(n7+3m5K)7“3
d*F
+(n8+3m6K)r2+(3m7K+n9)r+3mgK+n10}}W
3 p+3mi K242 K po+3me K2 +2ny K  p3+2n3 K
+{2n0 K +4K° + : + ~ + B2

+p4+2n4K

ps 1
s

P
+ (p8+3m5K2 +2n7K) e+ (2ngK+p9 +3m6K2) r?

dF

—|—(2n9K—|—3m7K2+p1o)7‘+2n10K+p11+3m8K2] }%

g1 +p1 K +mi K3 +nq K? Jr(]2er2K+m2K3JFTL?KQ
2

- [(3m3K2+2n5K+p6)r5+(3m4K2+p7+2n6K)r4

+{HOK2+K4+C]0+ . ;

@GApsK+n3sK? q+piK+niK?* g+psK g
+ 3 + 4 + 5 6
r r r r

1
+5 [(g7 +ps K + ns K + m3 K?) 1° + (gs + pr K + my K +ng K?) r*

+ (ps K +qo +n7 K> +ms K*) r® + (ng K* + pg K + mg K° + quo) 7
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+ (no K* + qu1 + p1o K + mr K*) r + ms K* 4 p11 K + n1o K2 + q12] }F =0.
Impose restriction on parameter K:
K'4+ngK*+qo=0, ng=—-M>-M>+26, q= (M) (-M),
(K2 — My* + €%) (K? — Mo + €%) =0,

in this way we find four possible solutions (below we follow only the negative values)

Ki=—\M?*-e<0, Ky=—\/M?-€e<0. (11.74)

Further, we make the second substitution
F=rHellTE, (11.75)

we will not write out the resulting equation because of its bulkiness. Let the coefficient at
r~8 be vanished

L? (L* —my L 4 ny)

r8

=0, me =0, ny=—457.

There exist four variants
I. L=28,<0, H=v >0; (
II. L=-28>0, H=1-v<0; (
II1. L=0, H=+v1v2-0a2>0; (11.78
(

IV. L=0, H=-/12-a2<0.

Only variants I and III are suitable for describing bound states. Allowing for this restriction
we arrive at the following equation for F":
d4
(P127“ +P11T11—|—P107“10+P97“ —|—Pg’l“ +P77“ —|—P6’I“)d4
d*F
+ (Qu2r? + Qur + Quor™ + Qor? + Qs ¥ + Qrr’ + Qe r® + Q517 + Qur?) =7
+(M127’12 + Mll’l"ll + Mlo’l"lo + Mg’l’g + Mg’r’s + ]\471"7
d*F
dr?
+(N12 7’12 + N11 ’I"11 + N10 ’I"10 + Ng 7’9 + Ng ’I"8 + N7 1"7

+M6T6 + M57“5 + M47"4 + MST?’ + M27“2)

dF
+N6r6+N5r5+N4r4+N3r3+N2r2+N1T+NO)E

+(L11 ’I"ll+L10’I"10+L97‘9+L87’8+L77’7+L67’6+L57’5
+Lyr* + L3r® + Lyr®* + Lyr + Lo)F = 0.

Solutions are searched as power series

B oo dF oo F o0
F=S drt, =—= ', == (1 —1)dyr'—2
; i, dr ; T , ar2 z; r s
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S — d*F
—_ = —1 -2 =3 - = -1 ) _ 1—4
= L= D=2’ G =301 - 2 - 9

=4

oo

further, we get

Piy il(l — (1 —2)(1—3)dir' ™ + Py izu — D —2)(1—3)dir'"”
=4 =4

+Pio i I(1=1)(1 —2)(1 = 3)dir'™® + Py i 1(1=1)(1 —2)(l = 3)dyr'™®

=4 =4
+Ps iza — 1)1 —2)(1 = 3)dir + P; izu — 1) —2)(1 = 3)dyr'?

=4

+Ps iz(z —1)(l = 2)(l = 3)dir" " + Q12 lf: 11— 1)1 = 2)dir'™*® + Qua lf:z(z —1)(I = 2)dyr'*®
=4 =3 =3

+Quo D U= 1)1 = 2)dir™ T+ Qo D 11— 1)(1 = 2)dir' ™ + Qs Y 11— 1)(I — 2)dir'*®
=3 =3

=3
oo

+Q7 Zl(l -0 - 2)dz7‘1+4 + Q6 Z 11— 1)1 — 2)dﬂ'l+3 4O
1=3 1=3

I(1—1)(1 — 2)dyr' ™
=3

+Qa D> U1 = 1)1 = 2)dyr™ + Mip > 11— 1)dir™0 + May Y 11— 1)dyr'™?

=3 =2 =2
+Mio > 11— 1)dir ™+ Mo > 11— )™ + Mg Y U= Vo™ + Mz Y U1 = V)dir'
=2

=2 1=2

=2

+Me Y U= Ddr™ + Mg > 11— D™+ M Y 1= 1)dir™? 4+ Mg Y 11— 1)dyr'™

1=2 1=2 1=2
0o

+Ms > U= 1)dirt + Niz Y ldr™H 4 Nu > 1dir'™ 10 4 Nig Y ldir™ + Ny > 1dir't®
1=2

=1 =1

=2

=1 =1
+Ng Z ldﬂ’“ﬂ + N7 Z ldﬂ“l+6 + Ng Z llel+5 + N5 Z ldl’f’l+4 + Ny Z llel+3
=1 =1 =1

=1 =1

=1 =1 =1

+N; Zldlrl+2+N2 sz,rl“ + N Zldlrl + No Zldﬂ'l_l + Lt Zdn““ + Lo Zdlrl+10

=1 =0 =0
+Lg Z dﬂ'lJrg + Lg Z dzT‘lJrS + L~ Z lel+7 + Lg Z leZ+6 + Lsy Z dl’l'l+5
=0 =0 =0 =0 =0

oo oo oo oo oo
FLOS At Ly S A L S dr S e Lo S dirt = 0.

=0 =0 =0

=0
We change summation indices

=0
) oo

Pio Y (k= 8)(k—9)(k—10)(k — 11)dx—sr* + Prx Y (k—7)(k — 8)(k — 9)(k — 10)dj 71"

k=12 k=11

+Pro i (k—6)(k—T7)(k—8)(k—9)dx_sr" + Py i(k —5)(k—6)(k—7)(k — 8)dg_5r"

k=10 k=9
+Ps i(k —4)(k = 5)(k = 6)(k — T)di—ar" + Py i(k = 3)(k = 4)(k = 5)(k — 6)dr—sr"

k=7
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+Ps i(k —2)(k — 3)(k — 4)(k — 5)dr—2r" + Q12 i (k—9)(k — 10)(k — 11)dy_or"
par R=12
+Qu kin(k —8)(k — 9)(k — 10)di—sr" + Q10 ki(k —7)(k — 8)(k — 9)dp—_7r"
+Qo ki(k —6)(k —7)(k — 8)dx_c7* + Qs ki(k —5)(k — 6)(k — T)dj_sr"
+Qr g(k—4)(k—5)(k—6)dk4rk+Q6 g(k—3)(k—4)(k—5)dk3rk+Q5 gj(k—z)(k—:a)(k—z;)dmrk
+Q4 i(kfl)(ka)(k73)dk_1rk+M12 i (k—10)(k—11)dg_ 107" 4+ M1, i (k—9)(k—10)dy_or"
+Mio i (k — 8)(k — 9)dy_sr* + My i(k —7)(k — 8)dg_77" 4+ Ms i(k —6)(k — T)dg—_er"
k=10 =0 par

+My i(k —5)(k — 6)dr_5r" + Mg i(k —4)(k = 5)dg_ar™ + Ms i(k —3)(k — 4)dy_sr"

k=7 k=6 k=5
FMy Y (k= 2)(k = B)d—or® + Mg Y (k= 1)(k — 2)dx_1r" + Mz Y k(k — 1)der"
k=4 k=3 k=2
+Nio Z (k—ll)dk_urk—l—Nn Z (k—lO)dk_mTk-i-Nlo Z (k‘—9)dk_g7‘k+Ng Z(k—S)dk_s’l'k
k=12 k=11 k=10 k=9

+Ng Z(k’ — 7)dk777”k + N7 Z(k’ — 6)dk761“k + Ng Z(k — 5)dk757“k + N5 Z(k — 4)dk747‘k

k=8 k=7 k=6 k=5
+Ns Y (k= 3)d—sr* + N3 Y (k= 2)de—or* + N2 Y (k= Ddx—17" + N1 Y _ kder®
k=4 k=3 k=2 k=1
+No Z(k + ) dps1r” + L Z di—117" + L1o Z di—107" + Lo Edk—fﬂ“k
k=0 k=11 k=10 k=9

+Lsg Z dp_s" + Ly Z dp_7m" + L Z dp_er" + Ls Z dr_sm" 4+ Ly Z dy_ar®
k=8 k=7 k=6 k=5 k=4

+Ls de—srk + Lo Z d_or* + Ly de—ﬂ”k + Lo derk =0.
k=3 k=2 k=1 k=0
We arrive at the 13-term recurrent formula
Qr-11dk-11 + Qr—10dk—10 + ... + Qrdy + Qr+1d+1 = 0. (11.80)
Transcendency condition for Frobenius solutions has the form
Qk—llZLll +N12(k711)20, k—llznZO,
in explicit form it reads
—4 (M — &) (My + ) (M; — My)? { (k— 10+ H) K3 + a e K

1.1 1
+ 62(H—10+k)+(g—ik—§H)M12—§ (H - 11+ k) My?|K

1
—gae (M2 407 —28) } = 0. (11.81)
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Let
K=—\/M}—e, H=u, (11.82)
then eq. (11.81) has the form
2 2 2\3/2
—2 (M — €) (My + €) (My — M) {(—2k+20—2y) (M2 - &2)
(2420 = 20) € + (k= 9+ v) My
—|—(k—11+1/)M22}\/M12—62+ae (M2 — M2) } —0,
whence we find three roots
M
e=+4+M;, —Ms, e==+ !
V1+ta2/(k—11+v)2
Now let
K=—/M}—e, H=u, (11.83)
in this case, from eq. (11.81) we find the roots
M.
e=M;, —My, e=+ 2 . (11.84)
V1ita2/(k—9+v)?

Let us consider the variant (11.78). Here we have the following equation for F'

d*F
(Purn—i—Plor —‘rPgT —|—Pgr +P77" —|—P6r +P5r)d4

d*F
(Qur' + Quor" "+ Qo1 + Qs + Q7" + Q1 + Q5 1° + Qur' + Q37°)

dr3
(Mt

+ M107“10 + ]\49’/“9 + Z\fg?“8 + M77“7 + M6T6

d2F
+Msr® + Myr* + Msr® + Mor? + Myr)—

d 2
—|—(N11’I“11 + N107“10 + Ng?“g + N87“8 + N7T + N6T6

dF
+N5T'5 -+ ]\747“4 + Ng’)"s + NQT’Q + NlT + N())di
r
+(L10 r10 + Lg rd + Lg r8 + Lo r7 + Lg 8
+L5T5+L4T4+L3T3+L2T2+L1T+LO)F:O-
Solutions are searched as power series

F=>"dr', —=> 1dr'", —:Z 11— 1)dpr'=2,
=0 dr =1 d
Y A— F &
(fir le—1 Y1 —2)dyrt 3, d—zz 1(1—1)(1—2)(1 — 3)dyr'™*.

=4
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Further we get

Py i (k—7)(k — 8)(k — 9)(k — 10)dy_77" + Py i (k—6)(k—7)(k —8)(k — 9)dj_gr"

k=11 k=10

+Py i(k: —5)(k —6)(k —7)(k — 8)dp_sr* + Ps i(k —4)(k —5)(k — 6)(k — T)dj_ar*
k=9 k=8

+P; i(k —3)(k —4)(k —5)(k — 6)dj_3r" + Pg i(k —2)(k —3)(k —4)(k — 5)d_or"

k=7 k=6
+P5 i(k ~ 1)k = 2)(k = 3)(k = 4)d 1" + Qu i (k — 8)(k — 9)(k — 10)dj_gr*
k=5 k=11
+Q1o éo(k = T)(k = 8)(k — 9)dy—7r" + Qo gg(k —6)(k —7)(k — 8)dg—_gr"
+Qs ki(k = 5)(k = 6)(k — 51" + Q7 ki(k — 4)(k —5)(k — 6)dj_ar*
=8 —
+Qs ]i(k —3)(k —4)(k — 5)dy, 37" + Qs ki(k —2)(k = 3)(k — 4)dy_or"
= =
+Q4 g(k —1)(k —2)(k — 3)d17"Qs ,i k(k —1)(k — 2)dgr®
+Miy i (k = 9)(k = 10)dj—or"* + Mg i (k —8)(k — 9)dy_gr*
k=11 k=10
+My i(k —7)(k — 8)dp—7r" + Mg i(k —6)(k — 7)dp_gr"
k=9 k=8
+M7 i(k — 5)(k — 6)dyx_sr" + Ms i(k —4)(k — 5)dg_qr"
k=17 k=6
My S (k- 8)(k — st 4 0y Sk — 2k~ 3)dyort
k=5 Pt
+Ms i(k —1)(k = 2)dg 17" + M, i k(k — )der® + M, i(k + Dhdyrr®
b= pr; P
+Nu i (k — 10)dg—107" + Nig i (k — 9)dx_or* + No i(k — 8)dj_sr*
k=11 k=10 k=9

+Ns Y (k= T)dg_rr* + Nz > (k= 6)di—er* + N Y _(k — 5)dp_5r"
k=8 k=7 k=6

+ N5 Z(k’ — 4)dk._4’l“k + Ny Z(/ﬂ - 3)dk_3’/‘k + N3 Z(k — 2)dk_2rk
k=5 k=4 k=3
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+N2 > (k= Ddp_1r* + Ny Y kdr® + No Y~ (k + gy 17"

k=2 k=1 k=0
+Lio Y dp—ror™ + Lo > dp_or® + Lg Y dp_gr*
k=10 k=9 k=8

+Lr Z de—77* + Lg Z di—er* + L3 Z di—sr"
k=7 k=6 k=5

+L4 Z d—ar® + L3 de—zﬂ“k + Ly Z d—or® + Ly de—ﬂ“k + Lo deTk =0.
k=4 k=3 k=2 k=1 k=0
We arrive at the 12-term recurrent formula

Qr—10dk—10 + Qr—9dk—9 + ... + Qrdy + Qr+1dr41 = 0. (11.85)

Transcendency condition for Frobenius solutions has the form

Qr—10 = L1o + N1 (k—10) =0, k—10=n2>0

in explicit form it reads
—4 (My — €) (My + €) (M — M,)? { (k—9+ H)K® +aek?

1.1 1
+ (k79+H)e2+(4f§kf§H)M1275(k710+H) M2 | K

—%ae (M12+M22—262)}=0. (11.86)
Let
K=—\/M}—¢e, H=+\1v2-a2
then eq. (11.86) takes the form

—4(My — €)(Mz + €)(M;y — M2)2{ — (k= 9+ V12 —a?)(M% - )32
1 1
+(M? — e —[(k—9+ V2 —a2)e® + (4 — 3 k— 3V v2 — a2)M,?
1 1
=5 Mo?(k =10+ Vv? — o)y Mi? — €2 — S ae(My* + My — 262} =0,

whence we find the root

M,y

6:M1,—M2, €=+ 5
\/1+a2/(k—10+\/W)

(11.87)

Let

K=—\/Mj—¢, H=+\v?-a? (11.88)
then from eq. (11.86) we obtain the roots
M,

62]\417—]\427 e== 5
Vi+a2/ (k—8+ViZ—a?)

(11.89)
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11.7 Conclusions

Generalised wave equation for a spin 1/2 particle with two mass parameters is studied in the
presence of an external Coulomb field. After separating the variables, the problem reduces
the system to eight differential equations of the 1st order. Taking into account diagonaliza-
tion of the space reflection operator, we derive two independent systems of four equations,
referring to states of opposite parity. When considering these equations at a large distance
from the centre, they take the form of two subsystems for two ordinary Dirac particles in
external Coulomb field, with masses of M; and Ms, respectively. To simplify the problem,
we perform a transition to the nonrelativistic description of the system. In this way, we
derive two systems of linked 2nd-order equations, referring to states with different parities.
They lead to 4th-order differential equations for separate functions. Their solutions of the
Frobenius type have been constructed; they involve power series with 10-term recurrent
relations. Two solutions are appropriate to describe bound states. As a quantization rule,
we apply the known transcendency condition; in this way, we derive two analytical formulas
for energy spectra. They are similar to nonrelativistic spectra for ordinary spin 1/2 parti-
cles, but they are governed by masses M; and Ms. Results of constructing solutions and
obtaining the energy spectra are extendable to relativistic theory as well.

11.8 Figures

-1.0f

FIGURE 11.1
Energy levels E1(n) up to a factor.
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FIGURE 11.2
Relative coefficient E1/Ey = My /M.
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FIGURE 11.3
The difference of two spectra Ei”zs) - Eiyzl).
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On modelling neutrinos oscillations
by geometry methods

In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave
equation for spin 1/2 fermion, which is characterised by three mass parameters, is
derived. On the basis of the 20-component wave function, three auxiliary bispinors
are introduced, in the absence of an external field, these bispinors obey to three
separate Dirac-like equations with different masses M7, Ms, M3. It is shown that in
the presence of external fields, electromagnetic field, or gravitational non-Euclidean
background with non-vanishing Ricci scalar curvature, the main equation is not split
into separate equations, instead a quite definite mixing of three Dirac-like equations
arises. It is shown that a generalised equation for a Majorana particle with three
mass parameters exists as well; such a generalised Majorana equation is not split into
three separate equations in a curved background if the Ricci scalar of the space-time
model does not vanish.

12.1 Fermion with three mass parameters

In the context of existence of the similar neutrinos of different masses, we examine a pos-
sibility within the theory of relativistic wave equations to describe a spin 1/2 particle with
three mass parameters. In general, existence of more general wave equations than commonly
used ones is well known within the so-called Gel’fand—Yaglom formalism — see references
[1-53] and also books [54-58].

Recently, a model for a spin 1/2 particle with two mass parameters was developed
[60,61]. The main properties of that model are as follows: The main wave equation for a
16-component field is presented in spin-tensor form and is based on the use of the usual
Dirac matrices. For two auxiliary bispinors — they determine the initial 16-component wave
function — in the absence of external fields, two separate Dirac-like equations are derived,
they differ in masses of M; and Ms. However, in the presence of an external electromagnetic
field or gravitational one with a non-vanishing Ricci scalar, the wave equation does not split
into separated equations, instead a quite definite mixing of two Dirac-like equations arises.
It is shown that a generalised equation for a Majorana particle with two mass parameters
exists as well, such a generalised Majorana equation is not trivial if Ricci scalar does not
vanish.

In fact, in the present paper, we extend the analysis from [60] to a fermion with three
mass parameters. A model for such a fermion is based on an extended set of irreducible
representations of the Lorentz group (we adhere to notation from [58])

1). (12.1)
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After performing rather laborious analysis (it is omitted for technical reason), we derive the
system of equations in spin-tensor form

Clé(')’#\l/u) + = (3(%}11#) - 4(au\11u)> + My, ¥y) =0,

V6
. 4 1 .
20Ty —i—2 ( — =0y, T,) + (aﬂxyu)) + MUy =0,
2fck \/16 ! 2g¢; 1 (12.22)
_ 3 - A . 4 - A
75 (0300, = 3700)) + =7 (9300 — 37 0W)
1
+M (W = (L)) =0,

where 20-component wave function consists of bispinor ¥, and vector-bispinor ¥, ; the
system contains a number of numerical parameters: ¢y, co are real, c3, cq are complex, and
fyg € {£1}. The physical sense of these parameters will be clear below. Dirac matrices are
specified in the Weyl spinor basis (we use ict-metric in Minkowski space):

0 ot
ot 0

1 0
1

0 —i
v 0

4

2 _
O =

Vu = =

)

1
1

L_|o 1
’U_‘10

12.2 Reformulation of the initial equations

The system (12.2a) may be presented differently, which is substantial point for further
studying. Let us act on the first equation in eq. (12.2a) by operator i’y;u it yields

1 A 1 4 M
ZCI'YAa(’Yuwu) + % (Z'Yx\a(')/u'(/)u) - 'YA(auwu)) + I’Y/\('Vuwu) =0.

Summing this equation with the third one in eq. (12.2a), we obtain

2fcs 1 4 2gc; A
- \J;cg?’ (@(’YM/);J - Ewa(wwu)) + i% (@% - i%&/}o)
1 A 1 4
+em00ntn) = 5 (M @ut) = 3700t ) + Mibr =0,

In fact, this equation, together with the second equation in eq. (12.2a), makes the system
that is equivalent to the initial system (12.2a):

~ 4 14
c20vg — 'L% ( - 18(7//‘/)/1) + (&ﬂ/’u)) + Mo =0,
2fck 1 4 2gcs 1 -
- \J;Cg (O (wm - 1%5(%%)) + 17\9/%4 (@% - Z%‘WO) (12.2)
1 ~ 1 .
+1017A8(7uwu) - % (%(3“%) - Z'Y)\a(%ﬂpu)) + My =0.

To prove this, we multiply the second equation in eq. (12.2a) by the matrix «, and take
into account identity yyvx = 4. Then we derive

Clé(%ﬂpu) + % (éWM/’u) - 4@;”%)) + M () =0,

which coincides with the first equation in eq. (12.2a).
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Because the vector-bispinor ¥, is determined through bispinors, Wo, (7,¥,), (0, V)
(see the second equation in eq. (12.2a)), let us re-formulate the main system so that it
contains only these three bispinors: (v,¥,), ¥, and (0,¥,). To this end, let us act on the
second equation in eq. (12.2a) by operator Jy, so we get

6
—f%c;a)\a)\(’y’u ) + Zg\/>C4a)\a,\\I/0 + 701({9}\8}\(’)% )

C3 A C3 .
—6000.0) + 0303 (W) + M (0, 7,) = 0. (12.3)

Now, let us act on the first equation in eq. (12.2a) by operator d, this yields

463

\/68(8 W) = MO(y, 0 ,)

C;
%a@m%) =

with this in mind eq. (12.3) can be re-written as

C1 8>\8>\('Yu‘1/u) +

V6 V6 M
—chga,\a,\(W ) + 19— 648)\5)\\1/0 + M(a v ) ZG(W\I!N) =0. (12.4)
Now, acting on eq. (12.3) by operator J) we obtain
1 403 A ~
OO0 UV,)=—#H——|—70(9,¥,) — MO(~,¥,)|. 12.5
ZOA(Vu V) 01+C3/\/6 NG (0u¥y) (Vu M)] ( )
With eq. (12.5) in mind, we reduce eq. (12.3) to the form
fles]* 4 V6 fe
-0V, + M— —————
01+C3/\/6 (O] 4 01+63/\/6
6 M A
+ig%cj;8>\8>\\llo + M(0,¥,) — IB(%L\I/N) =0. (12.6)

Also, acting on eq. (12.2a) by d we derive

000, = i

which (taking into account (12.5)) can be re-written as

DN\ Vo + i a(9,7,) — M%} :

1 |:403
\/601 + 03/\[ V6

whence for the term 0,0\V¥y we derive

(0, ¥y) — Mé(vp\llﬂ)} - é{zi

20 O\ U +z
2000\ Vg 7

s(0,9,,) — M|,

{ 2 03C4 4ey M-
Ao 2[ e+ & +\f} (0 Pp) + 02\[ 01+ 03 ('VH ) o 0
Therefore, eq. (12.6) reads
2 2 5 o
_ feales| +gccs1|c4| 8(0,9,,) — z'gM£ N M(9,7,)
coer + %) 4 e
M 1 * 2 C3 A
+462(Cl+c\/%)[\/6f0203 — glea|” = ca(er + %)]8(%\11 )=0. (12.7)
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Equation (12.7) is one of equations we need — it does not contain the vector-bispinor ¥y. To
derive another equation of that type, it suffices to express the term (9, ,,) from eq. (12.7)
and substitute the result in the first equation of the system (12.2a). In this way we get

1
-
ca(er + %)

_dez feales]® + gerleal? 4
MV6 e+ )

[0102(01 + = —) + J002|03|2 - i‘33|C4| } (V¥ 0)

C
V6 V6
(0,9, — zg ci 3\1/0 + M(y,%,)=0. (12.8)

Similarly, expressing the term (9, ¥,,) from eq. (12.3) and substituting it into the second
equation in eq. (12.2a), we derive

5+ glea]? Oy — i 4cy f62|03|2+9001|C4|25(8H\I,H)
C2 M\/é 02(C1+ﬁ)
7 51 4
_ (v, ¥ MUy=0. 12.9
tam T |VBFeacs — gleaf?| D(,) + Mo (12.9)

Thus, the needed form of the main system with respect to bispinors (v,¥,), Yo, (0, )
is as follows:

1 g .
—— leiealer + ¢3/V6) + feales|? — —=cslea)? tO(, T
62(01—1—63/\/6){ 1¢2(c1 4 ¢3/V6) + feales] NG 3]ca| } (7.9 ,)

* 2 2
g%y, — ey feoles|® + geiled] (0,9,) + M(7,¥,) =0, (12.10)

C2 0 MV6  ca(cr +c3/V6)

- 2 2
¢ 2\ 4 c3 + glea|”
_—_— o(v,v,) + =—"—-0Y
V6 ca(cy —|—c3/f (VB feacs — gleal?) (7 u) Co

ey f62‘83‘2+901|04‘23

MV6  cy(cr + c3/V6)

(8,9,) + MU, =0, (12.11)

M 1 § R
o e e VY8 = gleal’ - ealer + 0/ V) 150,

/G

—igh Y o, - caleal” + gerleal?

ca(c1 + c3/v/6) 3(8#\11H) +M(0,¥,)=0. (12.12)

12.3 Characteristic equation, possible values of masses

Let us find the characteristic equation for the matrix of the 1st-order system (12.10)—(12.12)
with respect to bispinors v, ¥, , ¥o, and 9, ¥,; it has the form det F' = 0, where the matrix
Fis

-1 c3 2 g 2 ; c3c) dcg | feales|®4gerlea|?
c3 _ 9 _ —i _ .
C2(61+67%){<:102(01—|— =) + feales|” — Fsesleal’} — A 9=, YV calert L)
) 2 2 2 2
i, _ catgleal” _ s 4cy | feales|"+geileal
7 cz(c1+ <5 ){\[fc263 g|04\ } o A By oa(e1+ 55
Moo 1 _ _ c3 s M@ e _ feales|®4geqleal?
4 02(01+%){ff0263 glea|* = caler + \/6)} igh ¢ - 2 gyt A
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In this way we get
A = X(c1 + ¢2) + Aerea — fles|* = gleal?) + (feales|” + gerleal?) = 0. (12.13)

The matrix of the system (12.10)—(12.12) can be transformed to a diagonal form

A1 Bi Ry A 0 0
K=| A By Ry == 0 X 0 |, (12.14)
A3 Bs Rj 0 0 )\3

and the system will take the form of three separated equations of the Dirac type but with
different masses:

M M M
M, == M,= " M.=—. 12.15
1 v 2 Ny 3 s ( )
That transformation is done in accordance with the following procedure
R A0 0
(K-M¥ =0, ¥V=5¥, SKS'=K=|0 X 0 |. (12.16)
0 0 X3
The matrix S obeys the following relations
al an as a1 ag as A1 Bl R1 Al O 0 a1 a9 as
S=|b by b3 |,| by b b3 Ay By Ry |=| 0 X O b1 by b3 |,
1 ro T3 1 ro T3 A3 Bg Rd 0 0 )\3 1 ro T3

whence three linear subsystems follow

a1 Ay + axAs + azAs = \ay,
a131 + (IQBQ + a333 == /\1a2 5 (1217)
a1 Ry + axRy + azR3 = Mas;

b1 Ay 4 b Ay 4 b3 Az = Aoby,
b1B1 + ba By + b3 Bs = Agbo (12.18)
b1R1 + boRo + b3 R3 = \obs3;

r1Ay +reAs +r3As = Agry
r1B1 +1roBy +1r3B3 = )\37"2 R (12_19)
r1R1 +roRy +1r3Rs = A3rs.

These systems are solved easily. For instance, we get
—igescy (e + %)Al
a 5
"Area(h = e2) + (A — e)[feales® + gealeal?] = Maler + Z)gleal?

a1 c3(M — ) [feales|® + ger|ea|®
V6 M Arc2(A — c2) + (A1 — c2)[feales|? + gerfeal?] — Ar(er + S5)gleal®

as =
(12.20)

az = —
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At these as, as, the first equation in (12.17) reduces to the above characteristic equation
cs
(e + %)Q{)\? — A(e1 + ) + Mi(erea — fles® — gleal®) + (feales® + gerlea’y = 0,

where A = \q.
Similarly we get solutions of the system (12.18):

—igescy (el + %))\2
Azcz(Xz — e2) + (A2 — ) [feales|? + gerleal’] — Az(er + Jy)gleal®”

AL cs(A2 — ca)[feales|” + geafeal?
V6 M daca(Xa — c2) + (A2 — e2)[feales|® + gerleal?] — Az(er + TE)glea]? ’

by = by
(12.21)

by =

and the first equation in eq. (12.18) reduces to characteristic equation with A = Ao.
Similar results are for the system (12.19):

—igesey (e + %))\5
Asc2(As — e2) + (A3 — ) [feales|? + gerleal’] — As(er + Jy)gleal®”

S c3s(As — c2)[feales|® + ger|eal®
V6 M Asc2(As — c2) + (As — c2)[feales|® + gerleal?] = As(er + S5)gleal® |

T2 =T1

(12.22)

r3s = —

12.4 On solutions of the characteristic equation

Characteristic equation may be presented in the short form A3 4+ A2a + Ab + ¢ = 0, where
(recall that f,g € {—1,+1})

a=—(c1+c2), b=cieo— f|03|2 — g|04\2, c= f02|03|2 + gcl|04|2 . (12.23)

After standard change of the variable, we get to a more simple form

Jr
Prpyta=0, y=r- 2 =42,
3 3
where
a® 1 3 2 2
pP=—73 +b=—§(01+03) +cico — fles|® — gleal”,
a ab 2 c1+ec
q=2(§)3—§+02—2*701+033+ 13 2{0102—f|03\2—9|C4|2}+{f|03|2+9|C4\2}-

By physical reason, we assume real-valuedness of all three roots. It is possible if the following
inequalities are valid

p<0, Q<0, where Q=2+ (%2, (12.24)

Solutions can be presented in trigonometric form:

c1 + co P « c1+ co
A = =92,/ = —
1=Y1+ 3 \/ 3COS3+ 3

A2:y2+01§62:—21/—§cos( - )Jr%, (12.25)

@ T
3 3
c1+ ¢ p a c1+c2
A3 = = —2/—= — + — .
3 =1ys+ 3 1/ 3cos(3+3)+ 3
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We may readily derive relations (remember on real-valuedness of the roots):
M+ + A3 =rc1 +ca, )\f+)\§+>\§ :cf+c§+2f|C3|2+2g|C4|2 >0,
MAz + Mz + Aoda = crca — fles]? — glea” s Mdads = = feoles|” — gerleal?,
p= %{(/\1 + A2+ X3)% =30\ + A3+ A3)} <0,

1.5
= {5+ ha +X5)" = AT+ 23+ A1 + 22 +A5) = Mdods,
2)\1 — /\2 - )\3
cos — = )
3 V/2[(\ + A2+ A3)2 — 3007 + A3 + A2)]

a 7 20 — A — A3

cos(= — =) = ;
337 /2[00 + A2+ A3)2 = 3003 + A2+ AZ)]
a 7 203 — A1 — A

cos(—= + =) = 3 2 AV
3 3 \/—2[()\1 +>\2+)\3)2 —3()\1 + A3 +>‘3)}

In the first place, we are interested in positive roots. Evidently, three positive roots may
arise only if

c1>0, ¢c>0, f=-1, g=-1. (12.26)
Let us introduce notation |c4|? = a?, |e3|? = b2, and consider two constraints from
above
Mt+Ade=ca+e—A3, MA2= 01(12/\—202[)2»
whence expressions for i, Ao follow
M — c —|-622 — A3 " \/(cl —|—c22 — /\3)2 B cla2>—\&—02b2 ’ (12.27)
3

under square root we should have positive term. Note that due to inequality
AM+Ado=c1+co— A3 >0,

we have obligatory inequalities 0 < A3 < ¢1 4 ¢o. Therefore, the following parametrization
is possible:

2 2
T cra” + cob
A3 = (c1 +¢o)cosa, ae(0,=), 's ——. 12.28
3= (c1+c2) ©0,5) PETNE ( )
Correspondingly, for the roots we get expressions
1
A2 = A3 ( sin?(a/2) £ 1/sin*(a/2) — T'/ cos ) (12.29)
cos

The term under the square root should be positive: cosa sin*(a/2) > T. Further, we
obtain expressions for three possible mass parameters:

MM 1
A3 (c1+c2) cosa cosa’
M, = M_ H ’
A2 in?(a/2) - y/sin*(a/2) — T/ cosa (12.30)
M, = % - H

sin(/2) + \/sin4(oz/2) —T'/cosa .
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There exists a special case:

a—>0b—-0=I1—=0 M;= u, My — oo, My = a

S 12.31
cos o 1 —cos? o ( )

if additionally o = 0 or @ = 7/2 then yet another mass will be infinite.
Let us study inequality cos a sin(a/2) > T, here we have the problem

1— 2 2
flo) =cosa L r - fa=0)=0, fla=T=0)
In the variable & = cos «, we have
1
fla) = J2(1 - 2 >T, ze(0,1),

in the interval = € (0,1) there exists a point of a local maximum «y:

df (1 —2?)(1—52?) 1 4
-— = , cosqp = ——, ag) = —— .
Thus, we have the following constraint for f(«):
4
'<Ty= fla)>T,

255

and there exists some finite interval containing the point . The value Ty = 4/ 25v/5 is
peculiar because the interval for o degenerates into a single point: @ = «g, and we have
situation when two masses are fixed and equal to each other:

1 P
cosag = —=, My = —F— = /5, My 5 = K _ 25 (12.32)

V5T cosag “ (1 —cosag)/2 'uf_l

12.5 Diagonalization in the case of a free particle

Let us introduce shortening notations

1 C3 2
M= e flaP) + e - gl
ca(cr +C3/\/6) ' G
Ay = —[fchc — gleal?,
V6 ca(c1 + ¢3/1/6) ’
Ay = %; {f\/@CQCg - g|C4|2 —ca(er + 03/‘@)}
4 co(er +C3/\/6)
x 2 2 A
31:71.90364’ B2:M7 B3:7ig @074’
s ca 4 C2
_ 4 ¢ feles]® + ger|eal? _ 4 ey feales|? + gerfea|?
Ri=——— » By = ———=

M /6 02(01+63/\/6) M /6 c2(cr +C3/\/6)

feales|? + geiea|?

ca(er + Cs/\/é)

Ry=—
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With the use of the above notations, three equations (12.10)-(12.12) read
A1 (7,9,) + B10 o + R19 (8,9,,) + M(7,9,) =0,
A0 (1,9,,) + B2d U + Ryd (0,9,,) + MUy =0, (12.33)

A30 (7,9,,) + B3d Vo + R3d (9,9,) + M(9,¥,) = 0.

These equations may be transformed into equations for separate bispinors. To this end, first
we sum three equations with coeflicients a1, as, ag, this yields

(a1A1 + agAs + G,QAg)é (’}/M\I/H) + (alBl + a9 By + a3B3)é U,
+(a1 Ry +az2R2 + aSRS)é (0u¥y) + M{al('Yu\I’u) +a¥o + a3(6u\11u)} =0,
taking in mind identities

a1A1 + a2A2 + a3A3 = /\1(11 s
alBl + GQBQ + agB3 = )\10,2 5 (1234)
a1R1 4+ asRo + asR3 = Mas,

the last equation is re-written as
)\1041(9(’)/#\1/#) + )\10,23\:[/0 + )\1&35(3#\11#) -+ M{al(’yﬂ\ll#) + GQ\I/() + ag(aﬂ\I/“)} =0.

Thus, we produce equation

~ M
@1 = al('yﬂ\I!u) + GQ\IIO + ag(ay‘\:[/#), (8 + )\7)@1 = 0, M1 S M/)\l m. (1235)
1

Similarly, the root Ay enters the system

its solution is known. Turning to eq. (12.33), we sum them with coefficients by, ba, b3. In this
way, we derive an equation for new bispinor

~ M
q)g = bl(’)/p,\p;» —|— bQ‘IJO —|— b3<au‘lju)7 (8 —|— /\72>(I)2 = O,Mg = M/)\g (1236)

Finally, turning to the system which contains the root As:
1Ay +1r9As +1r3A3 = A3r1, 71 By + 9By +1r3B3 = A3ro, 1Ry + 1o Ro + r3R3 = A3rs,

and acting as above, we obtain an equation for the third bispinor

A~ M
P53 = 7”1(’}/“\1/”) + roWo + T3(8M‘I’M)’ (6 + 73)(1)3 =0,M3 = M/)\3 (12.37)

12.6 Presence of electromagnetic fields

The presence of electromagnetic fields is taken into account by modifying the derivative:
D, =0, —ieA,(z). We proceed with eq. (12.2a), but now in presence of external field (let
D =+~,D,,) we should work only with second and third equations:

4iC4

V6

(D0, = D0, 0,)] + g =0, (12.38)

Cgﬁ\l/o — 4



310 On modelling neutrinos oscillations by geometry methods

2fch 1 - 2igc 1 - 1 a
- \/63 [D)\(’Y,U«\IIH) - Z'VAD(’YM\II#)] + \@4 [DA‘IJO - EW\D‘I’O} + Z’YAD(’VM\IJM)
C3 1 ~
- [ (D) = 10D 0,)| + My =0, (12.39)

We have to perform some transformation over this system. First, let us act on eq. (12.39)
by the matrix «y,, this results in

C3 | ~ 4C3
(e1+ %)D(%‘I’u) - %(Du‘l’u) + M(y, ) =0. (12.40)
Now, let us us act on eq. (12.39) by operator D):
2fc o 2igc; 1ax Cl A2
- \/63 [DZ('YM\IIM) - ZDD('YM\IIM)} + \/64 {DQ‘IIO N ZDD\IJO} + ZDD(VM\I’H)
c3 [ - 14
_% [D(D,w,) - ZDD(%\I/H)] +M(DAW,) =0, (12.41)

where D? = D, D,. It is readily proved the following relations

A A 1 1
DD = D\D, [ 5('79\%0 - ’YpVA) + *(VA’YP + VP'VA) ]

2
= [ D*+(DAD, — D,Dx)ox, . (12.42)
With this identity (12.41), eq. (12.41) reads
_2\];? ZDZ(’YM\I’M> - i(DADP - DPDA)U)\P(’YMWH)} + M(Dy\¥))
Qi%ii EDQ\IJO - i(D,\Dp — DyDA)o, W]
+%[(D>\DP — DpDy)ox, + D) (7, 9,)
—% D(D,,) - i[(D,\DP ~ DyDy)or, + D (3, ,)| = 0. (12.43)
Note the commutator DyD, — D,Dy = (—ieF),). Equation (12.43) can be re-written as
2&? EDZ (Vu¥p) — i(*ieFAp) Txp (7#\11“)}
% EDQ Uy — i(fieF)\p) or Vo — %D (D0,
%(c1 + %) [ D2+ (—ieFx,) oxp ] (7,0,) + M (DAWy) =0. (12.44)
Acting on eq. (12.40) by operator D, we get
(c1 + %)[ D? + (—ieFxp)ong | (Vu¥y) = %ﬁ(Duq’u) - MD(’Y/L\IJM) : (12.45)

With this relation in mind, eq. (12.44) reduces to the form (we introduce a new numeration
of equations):
equation III

2fc5 13 1,
% |:*D2_*(_Z€F)\p> oxp | (1 ¥p)
2igcy 13 1

4 4
=p?— 7(—i€F)\p) U,\p} Uy —

75 L 1 Mf)(w%) + M (Dy\¥,) =0. (12.46)

4
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Let us write down two other equations:

equation I
~ 4iC4 1~
2DWo - 7 [(DM\II ) - 1Dy wu)} + MUy =0, (12.47)
equation II
C3 | ~ 403
(c1+ %)D(qu’u) \/E(D p W) + M(y,P,) =0. (12.48)

We see that only equation III contains the 2nd-order operator D?. The task is to get
the system of 1st-order for three bispinors

(Vu¥yu), Yo, (Du¥,).

Therefore, we have to exclude operator D? from eq. (12.46). First, let us re-write eq. (12.46),
distinguishing separate terms

Ve fes fey
T BDQ('VM\PM) + 2\/%(_16F>\p) oxp (V)
iv6gcs igcy . 1. -
+— LD*, — W%(_Z&F)\p) oo W0 = T MD (7, ¥,) + M(Da¥x) = 0.
With the help of eq. (12.45) in the form
D2<7u\I’M) = ("'ieFAp)UAp(’VM\Iju)
4 C3 ~ M A
+—————DD,V,)——F=D(,V,), (12.49)

V6 (c1 + ¢3//6) s (c1 4 ¢3/V/6) e

we transform in eq. (12.46) the first term

M .
Gy, M VIS _p g
4 V6 (c1 +cs/V6) 4 (c1 + c3/V6)

) c iger .
+ \/;g 1D%2y, — ﬂ(—zeF,\p) oxp¥o

2v/6

., V6 1 , 1. .
+fes ( o4 F BN ) (—ieFp) oxp (Vu¥y) — EMD(%‘I’M) + M(D\¥y) =0.
In this way, we transform eq. (12.46) to the form
 flesl? MBS :
- DD,) + o [ 5 1) Dy, w,)
(01+03/\[) (c1 + c3/V6)
iv6gcy igcy , .
D — =——(—ieF v
+ 1 0 2\@( e )\p)JAp 0
2 .
+%fcg(—’L€F)\p)0)\p(’y‘u\I/#) + M(D)\\I/)\) =0. (1250)
_ In order to transform the term D?W, we turn to eq. (12.47) and act on it by operator
D:
4ic4 T 1. 4 .
DD, — 7 [D(DN\IJ ) — ZDD(%\IJM)} + MDU, =0:
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whence with the use of identity DD = D? + (—ieFy,)o, we derive

47 ~
D*Wy = —(—ieF),)ox, Vo + —2D(D,T,,)

V6es

iC4 ’L'C4 . M .
— — (—ieF v,)— —DVY,.
N N (—ieFxp)onp (V) e 0

Because the term D?(v,¥,) may be expressed with the use of eq. (12.49) as follows

DQ(%L\IJM) -

D2('7;L\I/u) = ("‘ieFAp)J/\p('ﬁL\I}ﬂ)
4 C3

. M .
"‘% (&1 +03/\/6)D(D#\IJH) - (@ _i_cg/\/é)D(’Y#\I}u)v

then the previous relation takes the form

M - )
D0, = —aD\IJO — (—ieF\,)o5,¥

47 c1C4 ~ . 1 C4
S e S 5 1§ 5 020 WAV . S—
\/602(01 +03/\/6) : M) \/662(01 +C3/\/6)

With the help of this, we can exclude the term D?W¥ in eq. (12.50), so deriving

D(7,9,). (12.51)

_ flesP? 4 aa :
[ (c1 4 ¢3/V6) - V6 ca(cy +03/\/6)}D(DM‘I’M)

[% V6fes —(ci+e3/V6) M gciea
4 (c1 + c3/V/6) 4 co(er + c3/V/6)
iv/bygc %ﬁ% B (i\/ﬁgcz igc;
4 C2 4 2\/6
2 ., .
+—6f63 (—ieFxp)oxnp (vu¥yu) + M (DY) =0.

NG

Thus, equation III reads

}f)(%t\l}u)

) (—ieFy,)o, o

M * _ 2 6 o
+7\/6f0203 02(61 +CS/\/8) g‘c4| D(PYIL\IIM)_ZKM & D\IIO
4 ca(c1 + c3/V/6) 4 2
feales|? + gerleal? - .2 )
- D(D,¥,) —i— gc; (—ieF\,)on, Yo
02(61 +03/\/6) woH \/6 4 r r
2 N .
—l—%fc?, (—ieFyp)onp (Vu¥u)+ M (D,V,) =0, (12.52)

it does not contain the 2nd-order operator D?.
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12.7 Quasidiagonal form of the system

We start with three equations

~ 4iC4 1~
CQD\IJO — % (DM\I’#) — ED(/Y#‘II“) + M\Ijo = 0, (1253)
C3 | ~ 463
(Cl + %)D(’YHLI/#) — %(D#qj“) + M(’yﬂ\]:l#) = 0, (1254)
ko _ 2 *
M V6 fcacs — caler + e3/V6) — glea] D, 0,) — i@M 9 Py,
4 ca(c1 + c3/v/6) 4 2
feales|® 4+ geilea]® - L2 L
— D(D,V,) —i— gc; (—ieF,)oxn, Yo
62(61 +03/\/6) ( 1% P«) \/6 4 ( P) P
2 N .
+%fc3 (—ieFxp)onp (Vu¥p)+ M (D,Y,) =0. (12.55)

The next task is to transform the system into a form that is similar to that existing
for free particles, but modified in the presence of an external field. To this end, first let us

consider eq. (12.53):

N iC4 A 42’64
CQD\IJO + %D(’yquﬂ) — %(D#\I}#) + qu() = 07
The term (D,¥,) is excluded with eq. (12.55), so we obtain
2 2 : . 2
gl py o icy V6fcacs — glea Dlyw,)
€2 V6 ca(c1 + c3/V6)

dicy 1 feales]? + gerleal? A 41 9, .
— D(D,V,)+ - —g|ca|*(—ieFx,)ox,Yo
\/6 M 02(61+C3/\/6) ( 13 N) 3M l | ( P) P

43 1 )
gﬁfcgczl(fzeF)\p)aAp )+ MTy=0. (12.56)

+
Similarly, from equation

(c1 + %)D(’W\I]u) - %(DM\DM> + M(’VN\IJ“) =0,

we can exclude the term (D,¥,) as well

1 [ 9 2 C3 2 N
——————|ca(c] + fles|?) + —=(cic2 — gac )}D(v v,)
ca(c1 + ¢e3/V6) ! V6 o
4 ¢z feales|? + gerlea? - _gesch o dics 1 _
- D(D,Vv,)—1 DUy — ——qgc;(—ieFr\,)or, ¥
\/EM 02(61 +C3/\/6) ( H H) Cs 0 3 Mg 4( /\p) Ap ¥0
des 1, ., .
+433 Mch(_ZeF)\p)U)\p (’YM\IJ#) + M('yulllﬂ) =0. (12_57)

Let us introduce notations:

"}/#\I/lu = (i)l, (i)g = \I/(), (i)g = D#\I/# y (71‘6F)\p)0')\p =3.
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Thus, we have the following three equations

1 2 2 C3 2| AE
——————— |cale] + fles|®) + —=(c1ca — galc™) | Dy
ca(c1 + ¢e3/V/6) ! V6

_Z.gc;gcz DPo 4 c3 feales|? + geileal?

c2 ? \[M 02(C1+C3/\[)

4 4ics 1 = =

03 fc32 3, — 1363 79T B2+ MP, =0,
icy V6 fcach — g|C4| Hé 3 —|—g|C4\2D(I) dicy 1 fealcs]?® + gerleal? Dé
“ el L 3
V6 ca(cr + c3//6) c2 \[ M ca(cr + c3/V/6)

43 1

41 _
*fC§C4Z oy + **g|04|22¢2 + MPy =0,

M\ffCQCS—cQ(cl—&-Cg/\[) 9\04\

DCI)
4 ca(c1 + ¢c3/V/6)
* 2
YO 94 g, Jelal taelal pg
4 C2 ca(e1 + ¢c3/V/6)

2 - 2
+—fcz X &) —i—
\/éf 3 \/6
Having used the previously introduce notations A;, B;, R;, i = 1,2, 3, we may re-write
the system in a shorter form:

gcz Z@g—i—M&’g:O

4 flesl? o = 4i gesch o =
AD @ B,D ® RD ® M o, Y b, — — Yy =0
1 1+ b1 2+ 3+ +3 i N 2 )
4i fezea dgleal o -
AsD @ ByD @ RyD @ M ® — > d, Py, =0
2 1+ b2 2+ Ho 3+ 2+3 i +3 i 2 )
. . L _ 2 2
A3D(I)1+B3D¢2+R3D(I)3+M(I)3+%fcgE‘I)l—l%gCALEQQZO.

Now, we act in the same manner as for the free field case. We multiply equations 1,2,3
by a1, as, a3 and sum the results:

(a1A;1 + az Ay + azA3)D®; + (a1 By + az By + a3 Bs) D,

+(G1R1 + as Ry + a3R3)ﬁ<i>3 + M(alfﬁl + (12@2 + a3<i>3)

4f\c;3|2 4i fcheq 2 -
—fa)X P
+(CL 3 M as 3 M ag\/éfCS) 1
4i gesel 4 g|04|2 24
Yoy =0,
+(—a1 3 M T3 \/6904) 2 =

whence taking in mind three relations
a1 Ay + agAz +azAsz = May, a1B1 + aaBs +a3Bs = Aaz, a1Ry +ax Ry + azR3 = M\as,

we get . ~ ~ ~ ~ ~ ~
A D(a1®1 + az®s + azPs) + M (a1 Py + axP2a3Ps)
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4f|c;>,|2 o 47 fciey

2 _
+(ay +az3—fc5)Ed,

'3 Mm 3 M NG
4i gescsy dglea* 20 Lox
— a3 —= YPy =0. 12.
+(—aq 30 T3 \/6904) 2=0 (12.58)

Similarly, we obtain yet two equations (in fact, changing a; on b; and on ;)

M D(by @y + by®y + bs®3) + M (b By + ba®y + b3®s3)

4 fles|? 4i fcheq 2 -
+(b +b bs—fc3)2P
(13M 23 M +3\/6f63) 1
4@ csc 4 gley|?
+H(=bi 91\3‘44 b239|]\;| —bg\/ggc4)§](1)2—0 (12.59)

)\115(7’1@1 + TQ(BQ + 1"3&)3) + M(’I’lél + 7‘2&32 + Tg(I)g)

4 fles]? 4i fckeq 2 _
—fc3)Xd
3Ta T ar T ple)E

4i gescs 4g|C4| 2 -
—gc;)XP, =0. 12.60
3 M "3 \@904) 2 ( )

+(rq

+(—rq

By definition, we introduce three new bispinors

D) = a1 Py + as®y + azPs,
By = b1 Py + by®y + b3P3, (12.61)
D3 =711D1 + ro®s + r3P3,

then the above system is presented shorter

AN D®; + M,
4 f|03|2 41 fC3C4 -
Z_feHn @
3 Tagap Tl

+(a1=

4z cac 4 glc 21 -
(a1 9&4 as 39|J\;| a7 gL by =0, (12.62)
A\ D®y + M,
4 fles)? 4i fcheq 2 -
+(b +b +b3—=fc5)E @
g T Ty T aE®
44 gesc 4 glc P
( b1 3 g]\i};; b23 g|]\;| — bS% gC4)Z ‘bg = 0, (1263)
AN D®s + MO,
4f|03|2 4i fciey 2 L a =
+(r 3T r2g ]\34 rgﬁfc?))ﬁl D
4i gese 4g|c 1
Hrig g]\:}‘* ro 3%\;' ~re s 9T By =0. (12.64)
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12.8 Mixing the components in the system

Relationship between two sets of bispinors ®; and ®; is determined by the formula

®q ar az ag (i)l ~
Py |=| by by b3 ?2 , ®=590. (12.65)
O3 Tt T2 T3 O3

In fact, we need the inverse matrix:

) 1 Si1 S21 Sai
@:Sil@, St :m S12 S22 Sz |,
S13 Soz S33
X 1 (barz — bara) —(agrs —asrz)  (agbs — asba)

—(birs —bsr)  (airs —asri) —(aibz —asbi) |,

det 5 (birg —bor1)  —(a1m2 — asry) (a1b2 — azby)

det S = T1 (a2b3 — a3b2) — 7’2((111)3 - a3b1) + ’I”3(a,1b2 — ale) . (1266)

The elements of the matrix .S were given above. Because a1, b1, and 71 are arbitrary, let
us fix them so that elements look most simple (we collect them into three sets)
ar =M e2(M1 = ¢2) + (M1 — ¢2) [feales? + gealeal’] = M (er + e3/V6) glea|?,
b1 = Ao ca(Aa2 —c2) + (A2 — ¢2) [f02|03|2 + gC1|C4|2] — X2 (1 + 03/\/6) g|C4|2 ,
r1 = A3 ca(As — c2) + (A3 — c2) [feales|® + gerleal®] = As (ex + e3/V/6) gleal®;

as = —igescy (e1 + 03/\/6))\1,
b2 = —’igC;;CZ (Cl + Cg/\/é))\g y
ro = —igescy (1 + 03/\/6))\3 :

4 1
as = V6 M c3(M — c2) [feales]? + gerleal?]
4 1
b = V6 M c3(A2 — c2) [feales|? + gerleal?]
2 e — ) [fealesl? + gerleal?]
rq — — — C. — C C2|C: c1)c '
PTU VoM e T ssE e

We note symmetry in these expressions with respect to indexes 1,2, and 3. With notation
K = [fea|es|? + geleal?], L= (c; +¢3/V6), (12.67)

the formulas read shorter

ar =M CQ()\l — Cg) + ()\1 — 62) K-\ L g|C4|2,
b1 = Ao CQ()\Q - 62) + ()\2 — CQ) K—X L g|C4|27
r = )\3 CQ(>\3 — Cz) + ()\3 — 02) K — )\3 L g|C4|2;
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as = —igesgcy LAy, by = —igesc; L)y, 1ro=—igescy L As;
4 1 4 1 4 1
as \/EMC?’( 1 02) ; 03 \/éMcg( 2 62) y T'3 \/GM 03( 3 02)

Let us collect together results related to the matrix S—!.

21\/6 62263262 ()\1 - /\3) (/\1 — )\2) ()\2 — /\3) KLg

det S = — 3 %

(12.68)

and the complete inverse matrix S~1

S*l
. I S .
(A1=A3)(A1—=A2)c2 (A2=A3)(A1—A2)c2 (A2=A3)(A1—A3)c2
iLg(|ca])®+i(=Aatea)(=Ast+ea)  —iLg(lea])®—i(=Mitea)(=As+eca)  iLg(|ea])®+i(=Aiteca)(=Aatca)
(A1—=A3)(AM1—A2)Lc} ges ca (A2—=A3)(AM1—A2)Lcj ges ca (A2—A3)(M1—As)Lcj ges ca
1 M\/é()\g >\3+K) _1 M\/E(Al )\3+K) 1 M\/E(Al )\2+K)
4 Cc3 C2 ()\1—)\3)()\1—)\2)1( 4 C3 C2 (A2—>\3)(>\1—)\2)K 4 C3 C2 (A2—>\3)(>\1—)\3)K
(12.69)

Let turn to egs. (12.62)-(12.64) and calculate the term

4 flesl? 4i fc304 2 . \ws 4 9w =
{CL 3 M as 3 M a3%f03}2 ‘Pl _)\1(>\1_C2)37Mf02|03| Zq)l.

Let us calculate the term

4i 4 gleal 2i 3
{ o di gescs glea* 2 geacsch S By,

47 1
3 M a3 i \/6904}2(1)2 (A —e)=——

3 M
Therefore, eq. (12.62) takes the form

402 C3

DP )
MD® + Mo, + i

AM(A1 —c2) B (fes @1 —ige;®se) = 0. (12.70)

Similarly calculate the term

4 flesl® 4zf0304 2 v a 4 2y §
Fby—=fc 4T By = Ag(Ag — 52 % @
{ 3T 3TN 5\/6f03} 1= Rl mealgypfenlesl R B

calculate the term

41l gesc 4 gleq)? 24 - 44 -
2 —b *}E(I) = oo — co) 5 By
{ 3 M 3 M 3\/6 gcy 2 2( 2 02)3M90203C4 2

Therefore, eq. (12.63) takes the form

4 _ _
A D®y + MO, + ;2\;% (A2 — c2) B (fe) By — igej®s) = 0. (12.71)

The third eq. (12.64) is presented as

4 _ _
A3D®3 + M3 + 5]2\/613/\ A3—c2) (fc}j d — z'gcjiq)g) =0. (12.72)
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Let us collect three equations together:

- 4eoc - -
MD®y + Md;y + ﬁxl(h — o) B [fe; B —ige;®2] =0,
~ 46203 * T . % F
/\QD(I)Q + M(I)Q + W}\Q()\g — CQ) b [fC3 (I)l — 2904(1)2] = 0, (1273)
46203

/\3D‘I)3 + M3 +

3M /\3()\3 — 02) b)) [fc}j (i)l — ichég] =0.

Taking in mind the explicit form of inverse matrix S~!, the functions ®, and ®, are
expressed in terms of @1, ®,, and ®3 by the formulas

_ 1 1 1
o, = b, — Py + ds,
! ()\1 - )\3) ()\1 - )\2) C2 ! ()\2 - )\3) ()\1 - )\2) C2 2 ()\2 - )\3) (>\1 - )\3) C2 3
and )
&, — Lglleal)” +i(=A2 +e2) (A3 + )
()\1 — )\3) (/\1 — )\2) LCZ gcs Cco
—iLg (Jea])? — i (=M1 + c2) (= A3 + ¢2) By 1 iLg (Jea])® +i (=M1 + c2) (“ X2 + c2) o
()\2 — )\3) ()\1 — /\2) LCZ gcs Cca ()\2 — )\3) ()\1 — /\3) LCZ gcs Cca
Further, calculate the term
fes Q1 (x) —ige;®a(n) = Li®y(z) + Lo®o(z) + L3®Ps(x) = ®(2) , (12.74)

where expressions for L; turn to be rather symmetrical:

_ gL‘C4|2 + fL‘63|2 + 622 — CQ(AQ + )\3) + )\2 )\3

Ly = ,
! LCQ Cg()\l — )\2)()\1 — )\3)
L= gLlca|® + fL[es|* + c2® — ca(As + A1) + As M 7 (12.75)
L62 Cg(AQ — )\3)()\2 — )\1)
I gLlca|? + fL|c3|? + 22 — ca(A1 + Aa) + A1 Ao
3= .

LCQ 03(/\3 — )\1)()\3 — /\2)
Recall the notation L = (c; + ¢3/v/6); as shown above, positive value for three masses
appear only when f = —1 and g = —1. With notations

402 C3

Y;L-:
3M

()\Z'—CQ), i:1,2,3,
eq. (12.73) may be presented as
Dy (z) + M @y () + V) 2(x)®(z)
D®y(z) + Ma®y(x) + Yy X(x)® ()
D®3(z) + M3®3(x) + Y3 X(2)®(x) =

b

0
0, (12.76)
0

b

where X(x) = —ieFy(2)0ap-

12.9 Extension to general relativity

In order to follow the extension of the model from flat Minkowski space to any Riemannian
space-time, we should turn back to the system (12.53)-(12.55) and make several simple
modifications to it.
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1. Taking in mind that in Minkowski space the ict-metric was used; however, in Rie-
mannian space we use the metric go5(x), related to signature (+, —, —, —), we must make
the following change:

M = iM. (12.77)

2. Now Dirac matrices in spinor basis are determined by the formulas

0 __ 0 I i 0 —O'i
3. Derivatives are modified according to the rules [57]
Dy (z) = 0y +ieAy(z) =
Do () = Vo + To(x) +iedq(z), D =~%(x)Dy(z), (12.79)
where T'y(z) is bispinor connection by Tetrode-Weyl-Fock-Ivanenko [57], and *(z) =
Vel (@).
4. Note important commutation rules [57]:
V(x)Dp = D’ (x) Do ()gap(7) = gap(x) Do () ,
anfB B A anfB B
A7 e e e N 7
DD = Do Dj( 5 + 5 )=0-%(z), (12.80)

R
D?>=DD,, ()= (—ieFa30°"(z) + 1

)

where R(z) is the Ricci scalar.
After that all above analysis but now for the modified system (12.53)—(12.55):

. 4ic 1
exDWo — T (D"w,) = 2 D(*(@)v,) (12.81)
+iMYy = 0,
c3 .~ 4c .
(@1 + ZDOM@Y,) — THDM,) + MO (@)F,) =0, (12.82)
. * _ 2 R *
LM V6 each — ealer + 5/ V/6) — gl Dy (x)¥,,) V6,00 9 py,
4 ca(er + 03/\/6) 4 C2
feales|® + gerleal® - L2 R
— D(D*V ) —i——= gc; (—ieF\,0x,(x) + —) ¥
025614-03/\/6) ( u) \/694( Ap Ap() 4) 0
—i-%fc; (—ieF\,0xp + Z) (Y(x)¥,) +iM (D*¥,) =0 (12.83)

is repeated with no substantial changes, and we arrive at the generally covariant system
iD(2)® (x) — M (z) + Y7 S(z)®(z) =0,
iD(2)®y(x) — Ma®y(z) + iYs X(z)®(z) =0, (12.84)
iD(z)®3(x) — M3®s3(z) + Y3 S(z)®(z) =0,

where

D(z) = y*(z)Do, Dalx) =V +To(z)+iedq(z),

deac
Vi = 222 (N —ca), @ =L1®y(x) + La®s(x) + Ly®s(z), (12.85)

CTO3iM
R(z)
5

Y(x) = —ieFxy(x)or,(z) +
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Note that because bispinors are scalars with respect to general relativity, the covariant
derivative V,, acts as an ordinary one 0.

One important remark should be made. Evidently, that the system (12.84)—-(12.85) allows
for restriction to Majorana case (that is when e = 0), then instead of eqgs. (12.84)—(12.85)
we have

iv (1) (Vo + To)®1(x) — M1®Pq(z) + Y/ Rglx)CD(x) =0,
i7*(2)(Va + Do) Pa(z) — Ma®s(z) +Y, Rix) O(x)=0, (12.86)
iv*(2)(Va + Do) ®3(x) — Ma®s(z) + Y3 Rf) B(x) =0,
where
Y/ = 4;2\;3 (Ai —2), @ = L1®y(z) + La®y(x) + L3®s(z), (12.87)

In any Majorana basis, the properties hold [iv*(z)]* = iv*(z) [Ta(2)]* = Ta(x), there-
fore bispinors @4 (z), Po(x), P3(z), and ®(x) may be real or imaginary.

12.10 Model example

For simplicity let us follow 1-dimensional case (¢t,z,y = 0,z = 0). So we start with the

system (the curved background is taken into account by the constant Ricci scalar R)
(1720, +iv' 01 — M1)®1 + di (L1 @1 + Lo®y + L3 ®3) =
(i7°0; + i 01 — Ma)®o + do(L1®1 + Lo®s + L3®s)
(720, +iv' 01 — M3)®3 + d3(L1®1 + La®s + L3®3) =

0,
0, (12.88)
0,

where d; = Y; £, i =1,2,3. The system (12.88) is transformed to the matrix form

4 b
D
(ivoat + i’yl(')l — M) (I)g
3
M—M1 —|—d1L1 d1L2 d1L3 @1
= - do Ly M — My + daLs doL3 oy |,
dsLq ds Lo M — Mz + d3Ls D5
or in brief
Ad=T®, A=—(ir0; +iy'0, — M), (12.89)
where
M — M; +di Ly diLo diLs3
T = dolLq M — My + doLs doLs . (1290)

sl ds Lo M — Ms + dsLs
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The 3-column @ in eq. (12.89) is subject to linear transformation to diagonalise the mixing
matrix 71"

w0 0
O=5d, STS'=To=| 0 p 0 |. (12.91)
0 0 ps

After that we will have three separate Dirac-like equations with different masses M :

(700, +iv'01 — My ] @1 =0, My =M+ pu1;
[i7°0; +iy'0) — My ] @y =0, My =M + pg; (12.92)
[i(7°0; + iy'01 — M3 ] &5 =0, Mz=M + ps,

by physical reason we assume the real-valuedness of p;, and positiveness of M + p;. To find
the transformation S, we should solve the equation ST = TS, where

S11 812 S13
T =] so1 S22 823

8§31 532 833
It leads to three linear subsystems

(M — My +diLy) s11 +deLy s12 +dsLy s13 = p1s11,
diLa s11 4+ (M — My + daLs) si2 + d3La s13 = pisia,
diL3 511+ daL3 s12+ (M — M3 + d3L3) s13 = pu1513;

(M — My +diL1) so1 + daLq S22+ dsLq Sa3 = p2so1,
d1Lg s91 + (M — Ma + daLa) S22 + dsLa Sa3 = p2Saa,
dyL3 891 + daLg S92 + (M — M3 + dsL3) Sa3 = p2S23;

(M — My +diLq) s31 + daLq 32+ dsLq S33 = p3s31,
d1Lg s31+ (M — My + daLy) s32+ dsLo s33 = pigssa,
diL3 s31 +daL3 s32 + (M — Mz + d3L3) s33 = j13833 -

Each row of the matrix S may be fixed up to an arbitrary multiplier. For diagonal elements
in Ty, we get a cubic algebraic equation

M — M1 + d1L1 — U d2L1 d3L1
dlLQ M — M2 + dng iy d3L2 =0
di L3 doLs M — M3+ dsLs —

or explicitly
*H3+(3M*M1 7M2 7M3+d1L1+d2L2+d3L3),LL2
+[=Lydy (2M — My — Ms) — doLy (2M — My — Ms) — d3 Ls (2M — My — M;)
—3M? +2 (M + My + M3) M — (M Ms + My Mz + MaMs)u
+Lydy (M — M) (M — M3) + Lado(M — M3)(M — M)
+Lad3(M — My)(M — Ma) + (M — My)(M — Ma)(M — M3) =0.



322 On modelling neutrinos oscillations by geometry methods

To get a more simple form of cubic equation, we are to make several steps. The first
step is the substitution M; = {*, where M is arbitrary. We may simplify the task without
loss of generality by setting cl = ¢y = 1, then the cubic equation for \; becomes simpler

N2 (1+EA—k=0, k=a>+0°

and its roots are

1 1 1
)\3 - 1, )\172 - 5 :F 5 V 1-— 4]67 k S (0, 1) . (1293)
Correspondingly, the masses M; equal to
2M 1
Ms=M, Mi,=———, ke(0,>). 12.94
3 RN e 0.7) (12.94)

Besides, we may reduce explicit expressions for coefficients L; in the formulas

(I)(I) = L1<I>1(:c) + LQ@Q(I) + Lg@g(l‘),

1 1
L - -2 — (=142
T a =D = ){ k+2L( 20},
1 1
o ){ 2k+i( 1+2)\1},
1 1
Ly = 5(1_)\1—1_)\2{72k+—(172>\172>\2+4)\1)\2)}
where . )
L=1+—, (a®>+b)=k<-, 0<2b<1.
T @) = k<
In turn, the coefficients d; are written as
Rb 1 Rb 1 Rb 1
_ &b, 1 S W =2 Ay — o). 12.
dq GM()\l 2),d2 6M()\2 2)>d3 GM(AS 2) (12.95)

It is possible to introduce dimensionless parameters (scalar curvature R and M? have
the same dimension of meter—2);

1
R=6r M* = di:Mrb()\i—i):MD,».
Finally, the roots may be done dimensionless

wi = M A, A, is dimensionless. (12.96)

In this way, we arrive at the following cubic equation for A;:

A 2 laz i+ (1- 2(\/?+b)1gk4k>r}A
\[ _
+(1+ 2(\/66+ 3 ! 2k4k)r=0, (12.97)

where 0 < k < 3 O < b < 2. Taking in mind the relationship R = 6rM?, we expect
dimensionless parameter r is small because the effects of geometry in the model under
consideration should be small. Besides, there exist two physically different possibilities:
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r > 0 at positive curvature, and r < 0 at negative curvature. We have followed several cases
of weak and strong gravitation of different curvature sings:

r=410"% r=4+1075r=4+10"3,r = 4107 2,7 = +1;
r=—-10"% r=—-10°r=-103r=-10"2r=—1. (12.98)

The cases r = 1072, 1 correspond to a very strong curvature of space. A numerical study
showed that the dependence of the roots A; upon parameter b € (0,2) is very inappreciable,
by this reason below we take the value b = 0.

b=0, r=-107",

k=0.23,
k=0.22,
k=0.21,
k = 0.20,
k= 0.18,
k= 0.16,
k=0.14,
k=0.12,
k = 0.10,
k = 0.08,
k = 0.06,
k= 0.04,
k =0.02,

b=0, r=+10"5,

k=0.23,
k=0.22,
k=0.21,
k = 0.20,
k=0.18,
k = 0.16,
k=0.12,
k = 0.10,
k = 0.08,
k = 0.06,
k=0.04,
k = 0.02,

Ay = 0.0000109,
A1 = 0.0000114,
Ay = 0.0000119,
A; = 0.0000125,
A1 = 0.0000139,
Ay = 0.0000156,
A1 = 0.0000179,
A1 = 0.0000208,
Ay = 0.0000250,
A = 0.0000313 ,
A1 = 0.0000417,
Ay = 0.0000626,
A = 0.0001257,

A1 =0.559, Ay =1.788,
Ay = 0485, Ay = 2.060,
Ay =0.429, A, =2.333,
AL =0.382, A, =2618,
A =0.308, A, =2.248,
A1 =0.250, Ay =3.999,
A =0.162, Ay =6.171,
A =0.127, A, =T7.8T73,
Ay =0.096, Ay =10.404,
Ay =0.069, Ay =14.598,
A =0.044, A, = 22.956,
A; =0.021, A, =47.979,

Az = 0.559 Az = 1.789;
Ay = 0.485 Az = 2.060;
Ay =0.382 Az = 2.618;
Ay = 0.308 Az = 3.248;
Az = 0.250 Az = 4.000;
Ag = 0.202 As =4.940;
Az =0.162 Az =6.171;
Ay =0.127 Az =T7.873;
Ay = 0.096, Az =10.404;
Ay = 0.068, Az = 14.598;
Az =0.043 Az = 22.956;
As = 0.021, As = 47.979.
As = —0.00001;
Az = —0.00001;
Az = —0.00001;
As = —0.00001;
Az = —0.00001;
Az = —0.00002;
As = —0.00002;
Az = —0.00002;
Az = —0.00003;
Az = —0.00004 ;
Az = —0.00006;
Az = —0.00012.

At the change of curvature sign, one root Az becomes negative, though very small.
Let the curvature increase:

b=0, r=—10"3,

k=0.23, A
k=022, A
k=021, A,
k=020, A
k=018, A,
k=016, A,
k=014, A,
k=012, A
k=010, A,
k=0.08 A;
k=0.06, A,
k=004, A
k=0.02, A

=0.001,
=0.001,
=0.001,
=0.001,
=0.001,
=0.002,
=0.002,
=0.002,
= 0.003,
= 0.003,
= 0.004,
= 0.008,
= 47.98,

Ay = 0.557,
Ay = 0.483,
Ay = 0.427,
Az = 0.380,
Az = 0.306,
Ay = 0.248,
As = 0.200,
A, = 0.160,
Ay =0.124,
A = 0.093,
Ay = 0.064,
Ay = 0.036,

A3
As
A3
A3
As
A3
A3
As
Aj
A3
A3
Ag

Az =0.0105+0.014, As

=1.790;
=2.061;
= 2.334;
= 2.619;
= 3.248;
= 4.000;
=4.941;
=6.171;
=7.873;
= 10.404;
= 14.598;
= 22.956;
= 0.0105 — 0.01¢;
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There appear physically senseless complex roots.
b=0, r=+10"3,

k=0.23, Ay =0.561, Ay=1.78, Az=—0.001;
k=0.22, Ay =0.487, Ay =2059, Az=—0.001;
k=0.21, Ay =0.430, A;=2333, Az=—0.001;
k = 0.20, A =0.384, Ay=2617, Az=—0.001;
k =0.18, Ay =0.310, Ay =3247, Az=—0.001;
k=0.16, A =0.252, Ay =3.999, Az=—0.002;
k=0.14, Ay =0204, Ay =4.940, As=—0.002;
k=0.12, Ay =0.164, Ay =6.171, Az=—0.002;
k = 0.10, Ay =0.129, A, =7.873, As=—0.002;
k = 0.08, Ay =0.099, Ay =10.404, As=—0.003;
k = 0.06, Ay =0.072, Ay, =14.598, Az=—0.003;
k= 0.04, Ay =0.049, A, =22.957, As=—0.005;
k= 0.02, Ay =0.029, Ay =47.979, Az = —0.008;

The root Az becomes negative, though small.
b=0,r=-10"2

k=023, A;=0011, Ay=0.536, Az = 1.801;
k=022, A, =0012, A,=0.465, Az = 2.069;
k=020, A, =0013, A,=0.363, Az = 2.624;
k=018, A;=0015 Ay =0.290, As = 3.251;
k=0.16, A, =0017, A, =0.231, Az =4.002;
k=0.14, A;=0.020, A,=0.181, Az =4.942;
k=0.12, A;=0.025 A, =0.137, As =6.172;
k=0.10, A, =0.034, A, =0.093, As = 7.873;

k=008, A;=10403, Ay=0.485+0.256i, As=0.485—0.256i;
k=006, A;=14597, Ay =0.349+0.405i, Az = 0.349 — 0.405¢;
k=004, A;=22955 Ay =0.226+0.470i, Az =0.226— 0.470i;
k=002 Ay =47.977, Ay =0.115+0.497i, As=0.115—0.497i;
k=001, A;=097.987, Ay=0.26+0.501i, Az =0.626—0.501i.

We can see complex roots.

b=0, r=+10"2

)

k=024, A;=0.697, Ay=1480, As=—0.010;
k=023, A; =058, A,=1776, As=—0.011;
k=022 A;=0505 Ay=2051, = —0.011;
k=021, A;=0447, Ay =2.326, As=—0.011;
k=020, A;=0.399, A,=2613, As=—0.012;
k=018, A;=0.325 A,=3244, Az=—0.013;
k=0.16, A;=0267, Ay=3998 As=—0015;
k=014, A;=0.220, A;=4.939, As=—0.016;
k=012, A;=0.181, Ay=6.171, As=—0.019;
k=0.10, A;=0.148, A, =7.873, = —0.021;
k=0.08, A;=0.120, A= 10.405, = —0.025;
k=0.06, A;=0.097, Ay=14.599, As=—0.030;
k=004, Ay =0077, Ay=22958 As=—0.035;
k=0.02 A;=0061, A,=47981, Az=—0.043;
k=001, A;=0055 Ay=97.992, As=—0.047.

S
!

bk
e

The root Az becomes negative.
If the curvature increases further, we see complex roots at both negative and positive
curvatures



Model example
b=0, r=+1,

k=024, A;=1265+1.13i, Ay=—0.362, As=1.265—1.13;

k=0.18, A;=1.173, Ay =2.804, As=-0.422;

k=0.12, A;=0.695, Ay = 6.128, Az = —0.489;

k=0.06, A;=0.503, Ao =14.727, Az = —0.563;

k=0.01, A;=0.406, Ay =98.221, Az = —0.627.
b=0, r=-1,

k=024, A;=2339, A,=—086+0.66i, As=—0.86—0.66i;
k=018, A;=3556, Ay=—0.247+0.63, Az=—0.24—0.63i;
k=012, A;=6.213, A,=0.60+058,  Az=0.60—0.58;
k=0.06, A;=14.468, A,=0.996+ 0.53i, As=0.996— 0.53i;
k=001, A;=097.757, Ay =0.12+049%,  Az=0.12—0.49.

This means that at these values of curvature, the model becomes non-interpreted.
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Now we consider the general structure and particular examples of transformation S,
with the help of which the mixing matrix in eq. (12.88) reduces to diagonal form. Because
the rows of the relevant matrix are fixed up to arbitrary multipliers, we may construct them

within the following form

s11 s12 1

®; =S5;;®;, S=| 521 s22 1|, s13=8523=2533=+1;

s31 s32 1

that is,

Py = 511Dy + 512D + B3, Do = 521P1 + 522P2 + Py, Py = 531Dy + 532D + P3. (12.99)

For unknown elements we have three subsystems

(M — My +diLy — py) - sy +deLy - sy = —dslq,
diLy - s(1y1 + (M — My + daLa — p1y) - S(1y2 = —dsLa;
(M — My +dyLy — pu2)) - 821 +doLy - 820 = —d3Ly,
diLs - 521 + (M — My +da Lo — pu2)) - 8(2)2 = —dzLa;
(M — My +diLy — psy) - @y + dela - 832 = —dslq,

diLs - S(3)1 + (M — My +daoLo — /1(3)) ©8(3, = —dsLs .

For each 1 = pi(3y,% = 1,2,3 we have three determinants:

o0 — (M — My +diLy — p15) da Ly
d1L2 (M — Mg —+ d2L2 — /Ll)
o — —d3Ly da L1 o — (M — My +diLy — pi) —dsLy
! —dsLy (M — My+deLa—pi) |' 2 diLs —dsLa
and therefore three sets of solutions:
0(1) 0(1) 0(2) 0(2) 0(3) 0(3)

1 2 1 2 1 2
S(1 = m7 S(1)2 = m, S2)1 = W’ 5(2)2 = W’ S(3)1 = m7 5(3)2 = m

I
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Taking in mind notations from the above d; = M D;, pu; = M A;, the determinants may
be re-written in dimensionless form

o 2| - MY+ DL —A)) DyL,
DL, (17)\2_1+D2L2*Ai) ’
(@) _ 22| —Dsla D> L,y
O =M ~D3Ly (1 =M1+ Daly—A) |’
(z) _ 2 (1 — )\;1 —+ D1L1 — Az) —D3L1
O =M D\L, DLy

Recall expressions for involved quantities (in dimensionless form)

2 1
L = —2k + —+1—4k],
! (1+m)m[ 2L ]
2 1
Lo — +2k + —1— 4k,
2T 1-VI-1k) = 2L |
1 1 b
L3=%[—2k+ﬁ(4k—1”7 L:1—|—%, let b=0,

Dlz—g\/1—4k, D2:+gm, Dgzg.
Asymptotical behaviour of L;(k) is given below:

1
k—>1, Ly =+ —oco, Ly — 400, L3— -2,

k—>0, L1 — +05, L2 — +00, Lg — —00. (12100)
Let us write down several particular matrices from ® = S~ ®:

—8693394.736 4986681.114 3706713.621
k=0.20,r = +1077, S~ = —76752.901 18059.506 58693.395 |,
—2.612 2.644 0.968

—3864009.458 9059949.095 —5195939.637

k=0.20,r = —1075, St = —60689.893 —60689.898  —20708.455 |,
0.999 —2.684 2.685
36454126.28 —1.850 —1.797
k=0.10,r =+10"°, S~t=| —12200.458 420.705 11779.752 |,
—2.080  2.071 1.008

17976761.23 —36475931.28 18499170.04
k=010,r=-10"% S '=| —11796.328 12217.625  —421.297 |,
1.010 ~2.081 2.072

6331779.188 —6032189.243 —299589.945
k=0.01,r =+1077, S = —0.304 —2.673 2.976 |,
—0.052 1.049 0.002

40282943.48 —34879043.03 —5403900.450
k=0.01,r=—1077, e —1.913 10.448 —8.536
0.330 0.714 —0.044
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12.11 Plane wave solutions of Majorana type

Let us consider briefly solutions of three separate equations

[i7°0 + i7" 01 — My | @1 =0, M;=M1+A);
[i7°0; + iy 0y — My | @2 =0, My= M(1+Ay); (12.101)
[i7°0; +iy'0 — M3 ] @3 =0, Ms=M(1+A3).

It is convenient to employ a fixed Majorana basis for Dirac matrices

0 — 0 O - 0 0 O
o |4 0 0 0 1 | 0 ¢ 0 0
TMTlo 0 0 i|° ™MT|{ o0 0 —i 0]
0 0 i 0 0 0 0 =4
0 0 0 =4 0 ¢« 0 0
> |0 0 =i 0 3 |1 0 00
MTlo — 0 0" ™MT|lo0 0 0 i
i 0 0 0 0 0 ¢ O
We search solutions in the form
A1 B1 CVl
- o A - o B _ N C
__—iBtt+ikx 2 __—iEt+ikz 2 __—1FEt+ikx 2
q)l_e A3 ) @2—6 B3 ) q)B_e CS )
A4 B4 C(4
complex numerics are decomposed into real and imaginary parts:
A; :ai—i—ia;, B; :bl—‘rlbi, Ci=c¢ +7/C£ (12.102)
Because eqgs. (12.101) have the same structure, it suffices to follow one of them
[i7°0; +iy 0y — M) @, =0. (12.103)
From eq. (12.103) we get an algebraic system
k —iM, -E 0 0 ar +ia}
E —k — il 0 0 as +iah |
0 0 k—idy B || ag+idy |~ (12.104)
0 0 -F —k — 1M, a4 +ial
Let us diagonalise the known helicity operator
(V*7%01) 1 =0 ¢ ; (12.105)

its eigenvectors are

O (0 = +k) = (cosp —isinp)

( 1)
Py (0 = —k) = (cosp — isin) .Eaz N Z.aig
( 5)
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Taking into account these restrictions in the Dirac system (12.104), we obtain Dirac solutions
with fixed helicities (let k = +VE? — M?):

Ar
_ k—iM,
D, g = (cosp —isinyp) —EiAfh ,

_ik—iMl Al

Dy j, = (cosp — isinp) N vl (12.106)
- 1

Each of them is decomposed into Majorana constituents ®+:

(a1 cosp + af sinp)
E~[ (kcosyp — M sinp)ar + (M cosp + ksing)a |

or_ =
o=+k / . ’
B +(—a} cosp + ay sinp) B
E=Y —(Mj cos ¢ + ksinp)a; + (kcosp — My sin p)a) |
- (a) cosp — ay sinp) B
- E~[ —(M;jcosp + ksing)a; + (kcosp — M sinp)a] ]
=1
o=tk +(az cos ¢ + aj sin )
—E71[ (kcosp — My sing)ay + (Mj cos ¢ + ksinp)a) ]
and
(a1 cosp + a) singp)
o E~[ (kcosp — M sinp)ay + (M cos ¢ + ksing)a |
o=k ) —(—a} cos ¢ + ay sin p) ) ’
—E7Y —(Mj cos p + ksinp)a; + (kcosp — M; sin p)a) ]
B (a} cos p — ay sin @) B
5 | E7[ = (M cosp+ ksing)ay + (kcosp — My sinp)a) ]
o=—k ?

—(ay cosp + aj sinp)
E~ (kcosp — My sinp)ay + (M cosp + ksinp)a] |
Solutions for all three fields from eq. (12.92) are similar, they differ only in the mass

parameters M;.
Let us recall that with the use of the transformation S = (s;;), these Majorana solu-

tions can be decomposed in linear combinations in terms of solutions with physical masses
M17 M2a M3:
M M M.
1= 5(1)1(131 b4 8(1)2@2 24 (1)3 3
(i)l = 8(2)1(13’{\41 + 8(2)2(1)342 + q)éwd 5
= M M. M.
q)l = 8(3)1(1)1 ! + S(3)2q)2 2 + @3 3 .
In turn, the Majorana states with physical; masses can be decomposed in combinations
of states with modified masses:
(I){\/Il = 51_11&)1 + 81_21&’2 + 81_316)3 5
(1)342 = Sz_ll(i)l + 82_21&)2 + 32_31@3,

My _ —1F 1 —14
P37 = 851 D1+ 835 P2+ 533 3,

KA

(12.107)

(12.108)
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The used approximations when an external cosmological background is taken into ac-
count by a constant Ricci parameter and the Cartesian coordinates are used, are not neces-
sary. Both of these simplifications may be withdrawn. For instance, we might take de Sitter’s
cosmological background (of the 1-st or 2-nd type) and apply de Sitter’s static coordinates.

12.12 Conclusions

In this chapter, starting from the general Gel’fand-Yaglom approach, a new wave equation
for spin 1/2 fermion, which is characterised by three mass parameters, is derived. On the
basis of the 20-component wave function, three auxiliary bispinors are introduced. In the
absence of an external field, these bispinors obey three separate Dirac-like equations with
different masses My, Mo, M3. It is shown that in the presence of external fields, electro-
magnetic fields, or gravitational non-Euclidean background with non-vanishing Ricci scalar
curvature. The main equation is not split into separate equations; instead, a quite defi-
nite mixing of three Dirac-like equations arises. It is shown that a generalised equation for
Majorana particle with three mass parameters exists as well; such a generalised Majorana
equation is not split into three separate equations in any curved background with a nonzero
Ricci scalar.
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13

Helicity operator for a spin 2 particle
in magnetic field

Explicit form of the helicity operator for symmetric 2nd rank tensor describing
the spin 2 particle is specified in cylindrical coordinates. After separating the vari-
ables the system of ten differential 1st-order equations is derived. It is split into two
independent subsystem of four and six equations. The system of four equations is
solved straightforwardly in terms of confluent hypergeometric functions; there are
corresponding eigenvalues and eigenfunctions. A subsystem of six equations can be
reduced to one ordinary differential equation of the 4th-order. Corresponding 4th-
order operator is factorised into permutable 2nd-order operators, so the problem
reduces to solving two differential equations of the 2nd-order. Their solutions are
constructed in terms of Bessel functions. This analysis is extended to the presence
of an external uniform magnetic field, when solutions are constructed in terms of
confluent hypergeometric functions.

The chapter is based on [1-31].

13.1 Introduction

It is known that the eigenvalue states of the helicity operator play a substantial role in
studying any spin particle in external electromagnetic (or gravitational) fields with cylindric
symmetry. In the present work, we specify this problem for a spin 2 particle in Minkowski
space-time

0 0 0

anrt — ‘]2387 +']3187 +‘]1287a EcartHcart — O_]{cart7 (131)
X Y z

where H®"(x,y, z) consists of ten components of the symmetric 2nd-rank tensor referring
to the spin 2 particle.

13.2 Helicity operator in cylindric basis, separating the variables

We will apply the description of this field in cylindric coordinates ® = (t,r, ¢, z) and the
corresponding tetrad

dS? = dt* —dr® —1?d¢* — d2*, e[, (x) = (13.2)

co o~
cor o
)
\
3
— o oo
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Transition from Cartesian tetrad to a cylindric one is performed by means of the local
transformation (belonging to the Lorentz group)

ox© ox @

L) = e () g ea® (@) = e (01— 5 (13.3)
or in explicit form
1 00 0 1 0 0 0 1 0 0 0
L,%(z) = 0 1 0 0 0 g—f % O] |0 cos¢p sing O
bW =0 0 1/r 0 0 92 % 0| |0 —sing cos¢ 0
0 0 O 1 0 0 0 1 0 0 0 1

Therefore, the tensor of the second rank H transforms according to the rule
Hcart _ [H(cag*)tL Hcyl — (L ® L)Hcart — LHcarti )

Correspondingly, the helicity operator transforms to cylindric tetrad as follows (in 10-
dimensional representation, the S is a 10 x 10 matrix)

Hcyl _ (L ® L)Hcart — Hcyl _ SHcaTt,

sing 0
B

cos¢ 0
¢

Ecyl:S(qﬁ) {J23(cos¢%— )—i—JIQQ}S(—QS);

s, O
)+J (Sln¢8r+ 0z

whence we get

nevl — {S(¢)J23SQ(7¢) cos ¢ + So(¢) 3 S(—¢) sin gb} %

+1 [ — () TBS(—p) sind + Sa(¢) T3 S (— ) cos ¢} 9

r 9¢
2]~ sin ¢S(¢)J23%f) + cos ¢S(¢)J3lasé;¢)] + S(¢)J12S(—¢)% .

Taking in mind the structure of the field function (it contains the multipliers e/™? and e?*%),
we can change the last relation to the form

£ = [(6)725 () cos 6 + S(6)7 S(~0) sin ] -

FI [ S(0)7225(-6) sin 6+ S(6)7 (~6) cos ]

95(=¢) 95(=9)
d¢ 9¢
the inverse matrix equals S=! = S(—¢).

Let us find expression for ten components of H in the cylindric tetrad basis. We will
apply the following notations

+1[ - sinos() + cos 65(6)J | +ikS(9)725(-9).

H%' = the column(f1, fa, f3, c1, 2, ¢3, dy, da, ds, fo),
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sin 2¢
—sin 2¢

sin? ¢
cos? ¢

cos? ¢
sin? ¢

—sin¢

cos ¢
sin ¢

cos ¢

cos 2¢

cos ¢ sin ¢

— cos ¢sin ¢

sin ¢

cos ¢
—sin ¢

cos ¢

After simple calculation we derive the following expression for helicity operator in cylindric

basis
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taking in mind explicit form of generators for tensor we obtain its shorter form
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It is convenient to use the cyclic representation, in which the generator J'? becomes
diagonal, which leads to

0 0 0 0 0 V2 0O 0 0 0
0 0 0 —iv2 0 —iv2 0 0 0 0
0 0 0 w2 0 0 0 0 0 0
0 0 —iv/2 0 0 0 0 0 0 0
ceyl 723 d imooyy | ooon 1 0 0 0 -= 0 -4 0 0 0 ©
e N A 0 0 0 o 0o o0 o}
0 0 0 0 0 0 0 0 0 ©
0 0 0 0 0 0 -2 0 -5 0
0 0 0 0 0 0 0 0 0 ©
0 0 0 0 0 0 0 0 0 ©
where [31]
) . =2
-2 . =2
. =28
-7 —1 . —1
23 1 . —1 —1
d 2 =1 —i —i . ’
. —i .
—1 . —1
—i
} -2
-2 2
)
1 -1 . 1
=31 1 . -1 1
7 211 -1 -1 . ’
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1 . -1
1
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0o .
+2i .
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J_12: . . . . 0 . . . . .7
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The eigenvalue equation XH = o H gives the following system

2¢% —M%—!—i\@(o—ﬂc)ﬁ,
2(c) +cf) = —2(mr+ Do+ Z(mr_ Y s 1 ivo fo.
2¢) = iV2(2k + o) fs + wcl,
G+ fy o+ f = V3 + e+ (o) - T
1 m—1
Aty =— : 1 + iV 20¢y + —cs, (13.4)
o+ fl+ I = VAo — e + T = T e+ o),

&y = iv2(0 — k)dy — Zds,
T

1 1
& dy =" 4 ivaed, -
T T

d37

dy = iv2(k + 0)ds + %dz,

\/§Uf0 = 0
Let us apply special notations for eight differential operators:

1 ,d m 1 ,.d m+1 1 ,d m-—1
Ly 4y _* — (%4 _ +
\/i(dr r ) Qs \/i(dr r ) am-‘,—l? \/ﬁ(dr r ) Q15

1  d m+2 4 1 ,d m-—2 _

E(%""T):am-ﬂ’ E<5_T):a7"_2'
Then the above system may be presented as three independent subsystems:
I atds =i(oc —k)d,
ay,_1d1 + a1 ds = iods, (13.5)
apde = i(o + k)ds;

S

m—1

O
17 + C3 = 2(5 - k)fh

(o
+ — s
am+1C1 + @, _1C3 = Z§f27

_ .0
Oy 1C1 = 2(5 +k)fs, (13.6)
a,.ca+a,, fo+ a;+2f3 =i(o+k)c,
a;Hcl +a,,_,c3 = i0ca,

afca+an, o f1 4+ af fo =i(o — k)es;

IIT ofg=0 = o#0,f =0. (13.7)

Consider the system I; after eliminating the variables d; and d3, we get the equation for
dg!

1 1
—a. L R — —i40|dy =0. 13.8
i(J — k)am—la’m + i(a n ,l{:) Ay 1 Gy — 10| A2 ( )
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Similarly, in the system II one can eliminate the variables fi, fo, f3:
2 2 2 _ 2 _
fl = ma;_103a f2 = Eaj_n—&-lcl + Eam—lc& f3 = mam+lcl’

this results in the system for ¢y, co, c3:

+ — _
am+2a7n+1cl - Z(U + k)cla

IS SR D
C -—a,, a C —a,, a C v E—————
Am€2 T g5 OmEm1 LT G GmGm =163 7 50 o0y

2 2 2
+ - + + .+ + - ;
a, Co + - a a c3+ —a,a c1+—a'a cz =10 k63
m ’L( 2/€) m—2-"m—1 i m~m-+1 i m-m—1 ( ) ’
a c1+a c3 = 10cC
m+1¢1 m—13 2:

With the help of third equation, we can eliminate the variable co, so deriving the system
for ¢y, co:

_ 20 _ _
|:3ama$+1 + ma;+2am+l + U(U + k):| c1+ 3amam—1c3 = Oa
(13.9)
20
[3612;@;,_103 + ma,}_2a;_l +o(o— k)} cs +3atat o1 =0.

In order to take into account the presence of external magnetic field, it suffices to make
one change, m = m + eBr?/2, this leads to new eight operators

4 1 .,d im—i—eBrQ/Q

m:ﬁ(ﬂ r )7

a

1 d , m+eBr?/2+1_ 1 ,d  m+eBr?/2—-1

= ——(— . A — = (-4 —

am+l 2<dr + r )’ m—1 Z(d’f‘ r )7

1 (d +m+eBr2/2+2) - 1 (d m+eBr2/2—2)

a =—(— 4+ ——-_" = (— - — 1=
mt2 2 dr 7 P ome2 2 dr r

13.3 The system I, the free particle

Let us turn to the case I, first consider eq. (13.8) for a free particle. Allowing for the identities

1 d? 1 d m? n a__liz_ii+(2—m)m7

- 4_r& La m -
Um—10m = 5 2 + 2rdr  2r2?’ Um—19m =502 = 9 4y 2r2

we get

d? kE d mk+m(m—1)o 9 9
- L — (k* — ds = 0. 13.10
[dr2 + or dr or? ( 7 ) 2 ( )

Near the point » = 0, this equation becomes simpler

d? kd mk+m(m-—1)o A
_— —— — do =0, dy=1r";
[er ordr or? } 2 ’ 2=T5

so that

~1
AA-1) 4 Eqombdmm=bo 0 4k (13.11)
g (o)

g
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Near the point r — oo we have

[d—g LBC(r g [d2 =0, dy = Ve (13.12)
dr?  ordr 2 nT ' '
Solutions should be searched in the form dy = r4e®" f, which yields

f,,+<20+?+£)f,+[M+ﬁi_mk+m(m—l)ai]f

or? o r? o 72
2A 1
+{C2—(k2—a2)+ C_i_E,}f:o.
r or

Imposing the known restrictions

m/c—i—m(m—l)oz07 C2 (k2 — 0%) =0,

AA—1)+ 54
(o g

we reduce the above equation to the form

d? k d, k
L (24+2 +2Cr)—f +(24c+2C)f =0,
dr? o dr o
the possible expressions for A and C' are known. Changing the variable, z = —2Cr, we
reduce the equation to hypergeometric form (for definiteness let C' = +ivo? — k?):
d’f k df k
722 +( +0’ Z)dz ( +20)f 0,

. 8 (13.13)
dy = 22 *%®(c,a,2), a=A+ —, c=24+ = = 2a.
20 o
Solutions will be regular in the point r = 0, if we take positive values for A:
(@) m>0, dy~z"=2"—0;
" . (13.14)
(b)) m<0, do~z?=2""""5 1-m>k/o.

These solutions may be presented in terms of Bessel functions. Indeed, starting with the

eq. (13.10), let us make the substitution da(r) = ¢(r)da(r):

d . . d? - . .
—dy = ¢'dy+ dy, —5dy =" dy + 2¢'dy + pds,

dr dr?
then we get
_ / k _ k ! 1 k _ 1 _
G+ (224 D)+ (L + 2 -8 Tmim =)o g ~0%))dz = 0.
w or or ¢ ® or
We fix the function ¢ as follows
! k 1 o1
22 + Lo = Lo C(1-kfo))2 = p=r0-K)2 (13.15)
¢ or r w T

accordingly the above equation takes the form

(m — 1/2—|—k/20)2) -

1.
d’2’+;d’2+(—(k2—02)— dy = 0.

)
In the variable y = i1v/k2 — 02 r, it has the Bessel structure
(dj 1d
dy* ~ ydy

2\ 1k
+1—V—2)d’2:0, v=m—s+ o,
4 7 (13.16)

dy(y) = CrJyu(y) + Cod_u(y), da(y) =72 da(2).
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13.4 The case I, particle in magnetic field

In the presence of the magnetic field, the equation for dy takes the form (for brevity we
simplify the notation, eB = B)

[d2 k d =20 (B(2m—1)+2k?) + 2Bk + 40°

dr2 " rodr 4o
B? ,  —km—(m—1)mo
—=rt e }dg =0. (13.17)

Near the point r = 0, we get
d? kEd Ekm+(m-— l)mo}

[dr2 ro dr orio

which coincides with what we have in the case of a free particle. Near the point r = oo we
get

dy =0,

2k d , B
( ——732 2>d2—0 dy =7, O =t

Making the change of variable r? = z, we transform eq. (13.17) to the form

dr? " rodr

[dQ (k+a)d_iB2+B(k:—2ma+a)

dx? 20x dr 16 8ox
(k? —0%)  m(o— k) m?
P + tor2 12 do = 0. (13.18)

Its solutions are searched in the form dy = x4e“® f, and for f(x), we obtain the equation

" 24 (k+ a) 4A(A=1)—m?  m(o—k)+2A(k+0)
U ( T o0 20 * 2C)f + [ 422 + dox?
_ 2 _ 52) =
+B(k 2m0+0)+4C(k¢+0)7(k o?) 8AC+C’2fiB2}f:O.
S8ox 4z 16

Imposing the constraints

4AA =)o —om?® +m(o — k) +2A(k+0) =0, C?— Lpe_ 0;

16
we get the expected results
m 1l—m k B B
A= —— = C=-=, +=; 13.1
27 2 20" ¢ 4’+4’ (13.19)
below assume C' = — £ (B > 0). The main equation becomes simpler
k
of + (2A+ ( ;”) +2C )f
B(k—2mo +o0)+4C(k+0) (k* —0?%)—8AC
+] - [r=0.
8o 4
In the variable 2Cx = —z, it reads as an equation of confluent hypergeometric type
2f"+(c=2)f' —af =0,
de// (1320)

kt+o )df (m k? — o2

24 A)f=o.
Zd22+( t 5, &z \2 T o T )f
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Imposing the usual constraint to get polynomials

a= +A=-n n=0,1,2,3,...;

m+k2—02
2 2B

we find expressions for o:

o= i\/k2 + (A % +n)2B. (13.21)

Depending on the sign of m, we have two possibilities

m>0, o==xvk%2+ (m+n)2B;

13.22
1 _2k/0)2B, ( )

m < 0, U:ﬁ:\/k:2+(n+

the second equation determines o in inexplicit form. Assuming that solutions are regular at
the point z = 0, we follow two possibilities depending on the sign of m:

1k

m>0, dyn~ zm/26_2/2<1>(—n, ¢ z), c=m-+—=-+—; (13.23)
2 20
—m 3 1-— k
m<0, dy~ 23 _ﬁe_’zﬂ@(—n,c’,z), c==—m, m. (13.24)
2 2 20
Equation (13.24) leads to the cubic equation
o3 —o[(k* + B(2n+1)]+ Bk =0, B > 0, (13.25)
with the roots
V2(B+k*+28n) &
o1 = + ==
¢ 372
. . . . 9
02:1(\/§+1)¢_Z(\/§ i) (5 +k +2B"), (13.26)
6\375 22/3¢
(B (BE+20n)  (1+iv8) ¢
3= 22/34 672

where ¢ = i/\/729ﬁ2k:2 — 108 (8 + k2 +28n)* — 278k. In the dimensionless variables
o/k =x, B/k®>=b, we have

V220 +b+1) @

3— = =
2°—z[l4+b2n+1)]4+b=0, =z m + 395"
i(V3+i)v  i(V3—14)(2bn+b+1)
= Sl : (13.27)
(VB4 2m+b+1)  (1+iV3) Y
r3 = 22/3w - 6\3/5 )

where 1 = {/\/7206% — 108(2bn 1 b+ 1)? — 27b.
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TABLE 13.1

The values of z; (i =1,2,3)

and b=1
1 1.861 | -2.115 | 0.2541
2 2361 |-2.529 | 0.1674
3 |2.764 |-2.889 | 0.1252
4 3.111 | -3.211 | 0.1001
5 13.422 |-3.505 | 0.08338
6 |3.705 |-3.777 | 0.07145
7 13.968 |-4.031 | 0.06252
8 |4.215 |-4.270 | 0.05557
9 |4.447 |-4.497 | 0.05001

10 | 4.668 | -4.713 | 0.04546
11| 4.878 |-4.920 | 0.04167
121 5.080 |-5.118 | 0.03846
13| 5.274 |-5.309 | 0.03572
14| 5.460 |-5.494 | 0.03333
15| 5.641 |-5.672 | 0.03125
16 | 5.816 | -5.846 | 0.02941
1715986 |-6.014 | 0.02778
18 | 6.151 | -6.178 | 0.02632
191 6.312 | -6.337 | 0.02500
20 | 6.469 | -6.493 | 0.02381

Let b = 1,10, then the roots behave as shown in two tables below
where
b=1, z1(n) = ..., xa(n) = ..., x3(n)=..

b =10, z1(n) = ..., z2(n) = ..., z3(n)=..

343

13.5 The case 11, free particle

Let us turn to the case II for a free particle, the system (13.9) in explicit form reads

{3(d2 1d_(m—|—1)2> ( o (d2 1d_(m—|—l)2

Nt ra 2 cram\a? Trar T 2 ) +olo+ R

3/d>  (1-2m)d (m?-1) B

+§<W+ e >C3_07

3/d> 1d  (m-—1)? o a2 1d (m-1)?

e I da 1d (m—-1)~ o

[2 (dr2 + rdr 72 ) + (o —2k) (dr2 + rdr r2 ) +olo )}63

+%<d2 (1+2m) d +(m2—1))61:0.

dr? r dr r2
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TABLE 13.2

The values of z; (i =1,2,3)

and b =10
1 13.048 |-3.230 | 0.1827
2 13.935 |-4.044 | 0.1097
3 |4.648 |-4.726 | 0.07838
4 |5.263 |-5.324 | 0.06099
5 |5.812 |-5.862 | 0.04992
6 |6.313 |-6.355 | 0.04225
7 |6.777 |-6.813 | 0.03662
8 | 7.210 |-7.243 | 0.03232
9 |7.619 |-7.648 | 0.02892

10 | 8.007 |-8.033 | 0.02617
11 ] 8.377 | -8.401 | 0.02389
12 | 8.731 | -8.753 | 0.02198
13 19.071 |-9.092 | 0.02036
141 9.399 |-9.418 | 0.01895
151 9.716 |-9.734 | 0.01773
16 | 10.02 | -10.04 | 0.01666
17110.32 |-10.34 | 0.01571
18 1 10.61 |-10.62 | 0.01486
191 10.89 |-10.91 | 0.01410
20 | 11.17 |-11.18 | 0.01341

These equations can be transformed to other form

% & 1d (m+1)?
6+ G e e ) H2 e
d? 1—-2m) d m? —1
+3(dr2+( r )%—F( r2 )>C3:0’ (13.28)
20 2 1d (m-1)?
B+ @ (Gt g~ ) F 2=
d? 14+2m) d m? —1
+3(W+( , )%“r( ) )>61=O. (13.29)

This system may be considered as linear with respect to the variables ¢f, c4:

o

2k+o

20
3 3= 2k—o

‘3+ 20 3

[(3 + 0-25-021@)(1 4 _ W;” )+ 20(k + 0)} c1 + 3((172m) % + (mT,;l))c;),

rdr T

(U2 + ey + 3+ 5250) (2 - CmH) — 20(k - o) s

T r2 72

)

evidently it is symmetric under the change
3¢, mE —m, o0& —o. (13.30)

Its solution has the form
(9m —8)o? — 36 k*m

"o 1 c
8 o2r 1

€1
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18ck?+12k>-90%k—50% 1 (m+1)(=170%*m — 80> +36k2m)}c
1

8 o 8 o?r?
3m(—4ok+12k*-50%) , 13 (2k®+02—-30k)(0c+2k)
3 42
8 o?r 8 o
3m(—4omk+12k?m +502 + 40k —12k? —50%m)
+= }03,
8 o?r?

. §m(40k‘—|—12k‘2—502) ,

€3 = €
8 o?r
3 (c+k)(—0?+4k%) 3m(6k+50)(—0c+2k)(m+1)
+ [ -3 + 3 55 }Cl
8 o 8 o4r
1 36 k?m — 90°m — 8 02 o
8 o?r 3
1 -90%k+50% -8 k> +12k% 1 (—=170*m + 802 +36k?*m)(m — 1)
= s o
8 o 8 o?r?
the above symmetry may be noted in these formulas as well. Shortly we can write
d? d Ly d G
S0 =Kie+ (o +M1)cl+(—1—+ -+ Hi)es,
e 4L B G 1831
3
d’l"2 Kgd Cg+( +M3)63+(7d7+7 H3)01

Let us eliminate from this system the variable c3. To this end, first we present this
function as c3 = pcs, and require that

Fi d G1 Fod
il H 17 s
( a2t 1)pcs = ¢ e
Whence it follows P o . a rod
Dt Ddt e+ HiG= — 6,
rop r r r dr

or differently
i (B8 ) B
r dr

F1 (p/ Gl Gl]. H1
—— =—-——-H — —1 =———-——r,
ro r2 ! ar ¥ Fr F
So we obtain
G Hy , G /F H,
o= -Cr - e gy (o) = e
ny 7 nr 2F1r nle 2F1r

whence it follows

H12

er@t/f — T — =G/ P A, (13.32)

Therefore, the initial system reads

d? d Ly Fi d
ﬁcldeq—‘r( +M1)C1+<P*$737 €3 = YC3,
(13.33)
d? d Ls Fsd G
Fihae I K?’d pcs + ( + M3)pes + (— a2 3 + Hj)er
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From eq. (13.33), we express the derivative d% C3:

d 1 r/d? d Ly
N S P M )
dr Fip (dr2 “ Var ( v

below we will need the second derivative as well

2z d (1l ry/d? d L4
7= a7 o (ge — Kigre = Gz + Mo )}

Expression for function cg itself is found by integrating

B 1 7/ d? d L
& = / E;(Wq - K= (S 4+ Mie )dr. (13.34)

Now we turn to the second equation from eq. (13.33)

d? d Ls Fs d G3

—pC3 = Kg— ¢ — + M3)pc —— H

a2 Pes 3, P03 + (T2 + M3)pcs + ( o + + Hs)er;
taking into account two identities

dz dr ,_ _ _ - . d _ _
PR Rl [‘P/CB + 900/3} = ¢"'C3 + 285 + ef, K3 ¢ts = K {@’C:a + <PC§}

we transform the above equation to other form
L F: G
"3 + 20/ + il = K3¢'e5 + K + (T—S’ + Ms)pes + 73c’1 + 72301 + Hsey.

Whence after re-grouping the terms we obtain

_ _ L F. G
@t + (2¢" — K3p)es + (90” — K3¢' — (773 + M3)p )03 - 736/1 7301 Hzcy =0,

which is equivalent to
! 4 ! L 1F 1G
At F Kot + (5 K (G M) Jes - [+ o

With the help of the notation

80) = (£ - - (2 1),

we re-write the last equation differently

L o1 ¢’ _ _ 1 1Fs, 1Gs
- 27 _ K _ - |=28 -3
A(r) [03 +( © 3)03] +es A(r) [gp r @ o r?

After differentiating this equation we obtain

R

1
_— 1 + cl + H3Cl:|} = 0’ (1335)
wr ®
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this is the 4th-order equation for function ¢;(r). Recall that

1 d? d L
Eg = 71<761 — Kl—cl — (71 +M1)Cl),
Fy o \dr? dr r? (13.36)
d (1 ry/d? d Ly '
=21 (kY (P im )}
s dr{F1 @(ercl Var (72 + M)

In similar manner we can derive a 4th-order equation for function cs.
Equations of the 4th-order for two (initial) functions ¢1(r), cs(r) in explicit form read

d*cy 2d3¢ 5 5 5,  —3—4m—2m*\d*c;
e R g Y )
drt +r dr3 +(4U + 72 dr?
(1502—8k2+3+4m+2m2)@
4 r 73 dr
2
5 00 1 4 4 1(=502+8k%) (m+1)
—&-[ 4ak+4a+k+4 2
3)(m—1 1)?
NUESIUESIGES S B
r
d*cs 2 d3cq 5 4 5  —3+4m—2m? d’c3
L N (g Y
dr r dr3 +<40 + r2 )dr2
+(150278k2+3—4m+2m2)%
4 r r3 dr
2
5 50 1 4 4, 1(-50+8k*)(m—1)
*[ PR L 2
-3 1) (m—1)>
UELTUES TGS I

Both equations may be factorised:

(Lld el WG 1L [ e o D, g,

dr? ~ r dr 4 72 dr?  rdr 2
(e b [ dor BV [ W)

where two multipliers are permutable.
It suffices to solve two 2nd-order equations for c¢y:

2 2
I, [i }i,k2+g2,M}clzo;
dTQ T d’l‘ T2 (13 37)
2 14 1 (m+1)? '
i, |-kt e =0
dr? =~ r dr + 17 r2 =0
they reduce to Bessel equations
d 1d 1)?
I, xz=iVk?—o02, [*4—7* 1_(m+ ) }c{(x)z(),
dx?  xdx 2 (13.38)
) d 1d (m+1) ’
I, y=iVk2—o2/4, [—d sty Tl el =0
Similarly, for function c3 we get
d 1d 2
I', xz=iVk%—-02, [——i—f— 1_(m ) }cé(x)zo,
dr?  xdx 2
J 1 d (m—1)21 ,, (13.39)
! — i k2 _ 52 el _ =
IT, y=iVk?—o02%/4, {d2+ydy 7 }cg(y) 0
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13.6 The case II, the presence of magnetic field

Here, we have the following system of equations for the variables ¢1,c3 (for brevity we
change the notation eB = B):

3rd> 1d (m+Br?/2+1)?
Glaztra- 2 +5]

o d 1d (m+Br?/2+1)?

_7 _[e L te _B
+(J+2k) [dr2 rdr r? }+U(U+k)}cl
3rd*> 1-2(m+Br?/2)d (m+ Br?/2)? -1

t5lae ; ar 2 - Bles =0,
{?{ﬁ 1i_(m+Br2/2—1)2_B}
2Lldr2  rdr r2
o A 1d (m+Br?/2-1)?

g |4 24 B _
+(O’—2k‘) [dr2 rdr r2 + }—FU(U k)}03
3rd*> 1+4+2(m+DBr?/2)d (m+ Br?/2)? -1

t5lae ; ar T 2 +Bja =0,

They can be transformed to other form

(34 2% ) (A ¢ LAl B2 Ry | (5= 27 V5 2(o + )]

o+2k/)\dr2 " rdr r2 o+ 2k
d>  1-2(m+Br?/2)d (m+Br?/2)*> -1
+3] g + ; ar = - BJea =0,
20 > 1d (m+Br?/2-1)> 20
L oy - _ B+2 _
[<3+072k)(dr2+rdr 72 )+( 3+072k) +20(o k)}03
2 2 2 /002
+3[i+1+2(m+Br /2)i+(m+Br /2) 1+B]c1:0.
dr? r dr r2

Whence it follows 4th-order equations for ¢; and c3:

w2 e2B?r? 503 —80k? —8omB +80B + 12kB  2m? +4m +3\ ,
atrat{TTy + 4o B r2 “

N —§B%+ 150° — 80k® — 8omB + 80 B + 12kB N 2m? +4m + 3 "
2 4 ro 7"3
1 .4 1 B*(50%—80ck?*—8omB+ 80B + 12kB) r?
+|=B"r" - —
16 16 o

4 r2og rd

1(m+1)> (503 — 80k* — 8omB + 80 B + 12kB) N (m+3) (m—1) (m+1)°

1
o (—05 +50°Bm — 56°B + 56%k% — 216%kB — 6om?B?
o

+40B?m + 16B%0 — 80k*Bm + 80k*B
—4ok* +12kB*m — 12kB” + 12k° B)] ¢; = 0;
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2 1
Cg”‘F*Céﬂ"‘r (_B2r2+ 3

1503 — 80k? —8omB —80B +12kB  2m? —4m +3\ ,
- — c
r 2 4 o r?

3 9 150% — 80k? —8omB — 80B + 12kB 2m? —4m + 3\ ,
+ *7B T + - + CS
2 4 ro 7”3
[ L paa 1 B(50° — 80k? —80mB — 808 + 12k5) 1
16 16 o

1(m—1)> (50° — 80k?* — 8omB — 80 B + 12kB) N (m—3)(m+1)(m—1)°

4 r2o r4

1
- (=0° 4+ 50°Bm + 50° B + 50°k* — 210°kB — 60m* B*
—40B*m + 16B%0 — 80k Bm — 80k*B — 4ok*
+12kB? + 12kB*m + 12k B)] ¢3 = 0.

Both equations can be factorised. For the variable ¢; we get

2 1d 1 (m+1)?
Bl Tl 5 LA R S
{dr2 rdr 47" r2
L9 (502 — 8k?) — 8Bo (m — 1) 4+ 12kB =+ 3,/0% — 24kBo3 4 16 (202 + k?) B2 }
8o
| 1 1)°
{CL ,i — ZB%p2 _ M
dr2  rdr 4 72
Lo (502 — 8k?) — 8Bo (m — 1) 4+ 12kB F 3,/0% — 24kBo? 4 16 (202 + k?) B2 } o
8o a=r
For the variable cs, we have slightly different equation (note the change m — 1 = m+ 1)
Z? 1d 1 (m—1)32
Il Tl 5 L R S
{dr2 + rdr 47" r2
L9 (502 — 8k*) — 8Bo (m + 1) + 12kB + 3,/0° — 24kBo3 + 16 (20 + k?) B2 }
8o
2 1d 1 (m—1)?
~ 4 - I RB%2_
{dr2 rar 4° " r?
L9 (502 — 8k?) — 8Bo (m + 1) 4+ 12kB F 3,/0% — 24kBo3 4 16 (202 + k?) B2 } .
S0 Cc3 = U.
It suffices to examine one equation
2 1d 1 ,, (m+1)?
R e L

o (5% — 8k?) —8Bo (m — 1) + 12kB + 3,/0% — 24kBo® + 16 (202 + k%) B2\ 0
+ So }(,1 = u.
1

In the variable z = § Br?, the last equation reads

a2 Toa T

d201 1deq |: 1 l(m—l— 1)2
4 4 x2
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Lo (502 — 8k?) — 8Bo (m — 1) 4+ 12kB =+ 3,/0% — 24kBo? + 16 (202 + k?) B2
160 Bz
With the use of substitution ¢;(z) = A2z F(x), we get the following equation for F(z):

6120.

d*F dF

1 14C% — (m+1)
L @Ar 20+ 1) p f(a2 - Syt T
xde—l—( T+ )d:r+{( 4)95—1—4 T
11
b= [16Aa(1 +20)B + o(5o® — 8k?) — 8Bo (m — 1) + 12kB
16 0B

+3./0% — 24kBo® + 16 (202 + k2) Bﬂ }F ~0.

Imposing restrictions on parameters A = —%, C= :|:|mT+1|, we simplify the above equation

to the form 2P e
—_— 20+1—x) —
x dx? +(2C+ 7) dx

1 1 2 2
+1—60—B[—8a(1+20)3+a(5a — 8k%) — 8Bo (m — 1) + 12kB

+31/0% — 24kBod + 16 (202 + k2) BﬂF ~0.
It is identified with the confluent hypergeometric equation with parameters

1 o
o= 16063{ 80(1 4 2C)B + 0 (50 — 8k*) — 8Bo(m — 1) + 12kB

+31/06 — 24kBo + 16(202 + kQ)Bﬂ, N =20 +1.
The known polynomial condition (ax = —n, n =0,1,2, ...) gives the quantization rule

1

e _ _ 2 2
1603[ 80B(1 + 2C) — 8Bo(m — 1) + o(50 — 8k2) + 12kB

+31/00 — 24kBo3 + 16 (202 + k2) BQ} —n, n=0,1,2,..
or differently (let C' = +| L))

o(50% — 8k?) + 12kB

+3+/06 — 24kBo3 + 16(202 + k2)B2 = 80 B(2n +m + |m + 1|). (13.40)

Let us change the notation 2n +m + |m + 1| = N, then we have

+3+/06 — 24kBo3 + 16(202 4 k2)B2 = 8¢ BN — o (502 — 8k?) — 12kB.
After squaring the above equation, we obtain
o{o® =5 (BN +k2) ¢* + 21kBo”
+[4(BN +#2)° = 18B| 0 — 12kB (BN +4%) } = 0; (13.41)
the root 0 = 0 is nonphysical. So we get 5th-order equation

BN +k* =7, o°—570°+21kBo® + [4+4° — 18B%| 0 — 12kBy =0. (13.42)
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In dimensionless variables

o B y
x:E7 b:ﬁ’ F:o.2:bN+17
we have the equation
2® — 5T + 21ba® + (472 — 18b?)x — 12bT = 0. (13.43)

Thus we have constructed the following solutions

1 1
mtll  _lpe (13.44)

Cl('r) = e—I/QxCG(ai =N, Z‘), C==x 2 ’ )

Having known the functions ¢;(z), one can find an explicit form of the concomitant
function c3(x) (we should use a formula of type (13.34)). When solving the 2nd-order equa-
tion for function c3, we obtain a similar result with one formal change m +1 = m — 1.
Therefore, in this case, we have constructed the following solutions

(@) = 20 Gla), 0= £

2n+m' +|m' +1/ =N, bN' +1=T1", (13.45)
X5 —5IX? + 216X2 4 (4% — 18b%) X — 120I" = 0.

m =m —2,

We can see that solutions (13.45) and (13.44) provide us with one the same spectrum for o.

13.7 Numerical study of the 5th-order equation
We start with the equation

x° — 502 4 21ba? + (417 — 18b%)x — 120 = 0, (13.46)
where ~ o

The five roots of eq. (13.46) at different values of b are given in the tables below
b=1/20

N= 1. =z= -217999 -0.962925 0.142914 1.1127 1.8873
N= 3. = —2.265643 —1.01463 0.130574 1.14949 2.
N= 5. z= -—-234817 —1.06388 0.120171 1.18679 2.10508
N= 7. x= -242843 —1.11095 0.111288 1.22404 2.20406
N= 9. z= -250641 —1.15609 0.10362  1.26091 2.29798
N= 11. z= -—-258228 —1.19952 0.0969351 1.29726 2.38761
N= 13. z= -265619 —1.2414 0.0910573 1.333  2.47354
N= 15. x= -—272827 —1.28189 0.0858495 1.36809 2.55622
N= 17. z= -2.79865 —1.3211 0.0812038 1.40254 2.63601
N= 19. z= -286743 —1.35916 0.0770342 1.43633 2.71322
N= 21. = —2.93471 -1.39614 0.0732713 1.4695 2.78809
N= 23. z= -3.00059 —1.43215 0.0698584 1.50204 2.86084
N= 25. z= -3.06514 —1.46724 0.0667491 1.534 2.93164
N= 27T. = —3.12844 —1.50149 0.0639046 1.56538 3.00065
N= 29. z= -=-319055 —1.53496 0.0612925 1.59622  3.068

N= 31. z= -—3.25154 —1.56769 0.0588855 1.62653 3.13381



b=1/10
N=
N=
N=
N=
N=
N=
N=
N=
N=
N=
N=
N=
b=1
N= 1.
N= 3.
N= 5.
N= 7.
N= 9.
N= 11.
N= 13.
N= 15.
N= 17.
N= 19.
= 21.
N= 23.
N= 25.
N= 27.
N= 29.
N= 31.
b=>5
N= 1.
N= 3.
N= 5.
N= 7.
N= 9.
N= 11.
= 13.
N= 15.
N= 17.
N= 19.
N= 21.
N= 23.
N= 25.
N= 27.
N= 29.
N= 3lI.
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1. = -2.33231 -0.941056 0.273369 1.27639
3. x= —248561 —1.04282 0.232139 1.29629
5. x= -—2.63167 —1.13638 0.201333 1.34651
7. = -=277131 —1.22319 0.17761 1.4046
9. x= -290523 —1.30439 0.158835 1.46478
11. = —-3.034 —1.38085  0.143627  1.52497
13. == -3.15814 —1.45327 0.131067  1.5843
15, = —3.27806 —1.52218 0.120522 1.64242
17. = —3.39415 —1.58804 0.111546 1.69918
19. == -3.50674 —1.6512 0.103813  1.75457
21. z= -=3.61609 —1.71196 0.0970826 1.8086
23. = -—3.72247 —1.77057 0.091172 1.86131
25. r= -—3.82609 —1.82724 0.08594  1.91277
27. r= -—3.92714 —1.88214 0.0812762 1.96304
29. = —4.0258 —1.93544 0.0770928 2.01218
3l. z= —4.12224 —1.98726 0.0733192 2.06026
r= —3.88897 —0.874754 1.76372 1.5 — 1.32288:
r= —4.68178 —1.57434 1. 2.
r= —539489 —2.12642  0.560557 2.52299
r= —6.04347 —2.57469  0.399957 2.90122
r= -—6.63991 —2.95589  0.312755 3.22922
r= -=7.19373 —3.29137 0.257403 3.52515
r= —7.7122 —3.59382  0.218965 3.79751
r= -—820088 —3.87118  0.190647 4.05139
r= -—8.66411 —4.12876 0.168885 4.29019
r= -—9.10531 —4.37026 0.151622 4.51638
r= —9.52723 —4.59838  0.137585 4.73179
r= -—9.93211 —4.81513 0.125943 4.93783
r= -—10.3218 —5.02209 0.116128 5.13564
r= -—10.6978 —5.22048  0.107739 5.32615
r= -—11.0615 —5.41131  0.100486 5.5101
r= —11.414 —5.59539 0.0941509 5.68813
r= -—7.06827 —0.861037 4.92931 1.5 — 3.1225:¢
r= -—9.12978 —2.89737 2. 2.36969
r= —10.9342 —4.40461 0.68878 4.75043
r= -—12.5362 —5.51294 0.45526 5.84134
r= —13.9825 —6.41459  0.344015 6.69765
r= -—15.3071 —7.19146 0.27765 7.43516
r= -—16.5344 —7.88402  0.233208 8.09639
r= -—17.6821 —8.51511 0.201238 8.70266
r= —18.7633 —9.09894  0.177082 9.26654
r= -—19.7881 —9.64497  0.158161 9.7963
= —20.7641 —10.1599  0.142927 10.2977
r= —21.6976 —10.6486  0.130391 10.7751
r= —225936 —11.1147 0.119891 11.2316
T = —23.4562 —11.5614 0.110964 11.6699
r= —24.2888 —11.9907 0.103281 12.092
Tz = —25.0943 —12.4047 0.0965976 12.4997

1.72361
2.
2.22021
2.4123
2.586
2.74626
2.89603
3.0373
3.17146
3.29955
3.42237
3.54056
3.65461
3.76497
3.87197
3.97592

1.5 4 1.32288:
3.25612
4.43776
5.31699
6.05382
6.70255
7.28954
7.83003
8.3338
8.80757
9.25624
9.68347
10.0921
10.4844
10.8623
11.2271

1.5 +3.122514
7.65747
9.89959
11.7526
13.3554
14.7857
16.0888
17.2933
18.4186
19.4786
20.4833
21.4407
22.3569
23.2367
24.0842
24.9027
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b=10
N= 1.
N= 3.
N= 5.
N= 7.
N= 9
N= 11
N= 13.
N= 15.
N= 17.
N= 19.
N= 21.
N= 23.
N= 25.
N= 27.
N= 29.
N= 3lI.
b=20
N= 1.
N= 3.
N= 5.
N= 7.
N= 9
N= 11.
N= 13.
N= 15.
N= 17.
= 19.
N= 21.
N= 23.
= 25.
N= 27.
N= 29.
= 31.

r= —949571
r= —12.5237
r= —15.1536
T = —17.4718
r = —19.5539
= —21.454
r= —23.2101
r= —24.8492
r= —26.3911
T = —27.8509
T = —29.2401
r= —30.5679
r= —31.8416
r= —33.0671
= —34.2497
r= —35.3933
r= —12.9446
r = —17.3456
r= —21.1458
r= —24.4773
T = —27.4579
r= —30.1708
r= —32.6736
r= —35.0066
r= —37.1992
r= —39.2734
T = —41.2461
r= —43.1307
r= —44.9378
T = —46.6762
r= —48.353
r= —49.9743

—0.859116
—3.93691
—6.18624
—7.78036
—9.06292
—10.1636
—11.1433
—12.0355
—12.8607
—13.6324
—14.3602
—15.0509
—15.7098
—16.3411
—16.9481
—17.5334

—0.858136
—5.42331
—8.73507
—11.0107
—12.8278
—14.3837
—15.7676
—17.0276
—18.1931
—19.2831
—20.3111
—21.2869

—22.218
—23.1101
—23.9678

—24.795

7.35482 1.5 —4.4441:
2. 3.41554
0.709576 6.52082
0.463418 8.108
0.348415 9.34695
0.280425 10.4085
0.235128 11.3568
0.202649 12.224
0.178165 13.0291
0.15902 13.7844
0.143625 14.4986
0.13097 15.1778
0.120378 15.8271
0.111381 16.45
0.103642 17.0497
0.0969125 17.6287

10.8028 1.5 — 6.304761
2. 4.90515
0.720469 9.06352
0.467621 11.3378
0.350662 13.1123
0.281836 14.6292
0.236101 15.9816
0.203363 17.2166
0.178712 18.3619
0.159452 19.4354
0.143977 20.4498
0.131261 21.4141
0.120624 22.3354
0.111591 23.2192
0.103823 24.0696
0.0970707 24.8904

1.5 +4.44414
11.045
14.1094
16.6808
18.9215
20.9287
22.7615
24.4581
26.0446
27.5399
28.9581
30.3099
31.6039
32.8469
34.0444
35.2011

1.5 +6.304761

15.8637
20.0969
23.6825
26.8227
29.6435
32.2235
34.6143
36.8517
38.9616
40.9634
42.8722
44.6997
46.4555
48.1474
49.7818
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13.8 Conclusions

The explicit form of the helicity operator for a symmetric 2nd-rank tensor describing the spin
2 particle is specified in cylindrical coordinates. After separating the variables, the system of
ten differential 1st-order equations is derived. It is split into two independent subsystems
of four and six equations. The system of four equations is solved straightforwardly in terms
of confluent hypergeometric functions, there are corresponding eigenvalues and eigenfunc-
tions. A subsystem of six equations can be reduced to one ordinary differential equation of
the 4th-order. Corresponding 4th-order operators are factorised into permutable 2nd-order
operators, so the problem reduces to solving two differential equations of the 2nd-order.
Their solutions are constructed in terms of Bessel functions. This analysis is extended to
the presence of an external uniform magnetic field, when solutions are constructed in terms
of confluent hypergeometric functions.
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